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Abstract:

In this paper, we study a class WR(A, S, «, i, 6) , which consists of analytic
and univalent functions with negative coefficients in the open unit disk
U ={zeC :|z| <1} defined by Hadamard product (or convolution) with Rafid —

Operator , we obtain coefficient bounds for this class. Also and some results for
this class are obtained.
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1- Introduction :

Let R denote the class of functions of the form :
f()=2-Ya,2" (a >0neIN ={123,.}) )
which are analytic ann;univalent in the unit disk U ={z e C :|z| <1}
If feRisgivenby (1)and g R given by
g(2)= z—ibnz”,bn >0
n=2

then the Hadamard product (or convolution) (f,g) of f and g is defined by
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(1.0)D) =2 Y ab,2" =g 1)(2) @

Lemma 1: The Rafid —Operator of f € R for 0< £ <1,0<6<1 is denoted by
Rff and defined as following :

t

0 — 1 * 501 7[5]
R;,(f(Z))—(1_ﬂ)1+9r(9+1)Lt e ‘4 f (zt)dt

:z—iK(n,y,e)anz", 3

: (1-p)"'T(@+n)

where K(n, 1,0) = NG

t

. Do _ 1 * 61 7[@]
Proof : Rﬂ(f(z))_(l_ﬂ)w(eﬂ) jo t0% £ (zt)dt

1 rt“e{l‘t“)[zt - a,(zt)" }dt

T @)@+ %

L [zjwt‘ge[lt”]dt - ianz“'fwt"“”e[lt”]dt]
n=2

T @-@) T+ 0

Let X=L, thenif t=0,weget x=0
1-u
t= oo ,weget X=00
and t=(1- )X, then dt =(1— x)dx.

Thus
Rz(f (Z)) = (1—[L[)l+]6-r(9+1) |:ZJ:O (:]__lu)l+ge—><xl9dx_ianznj;30 (1_ﬂ)¢9+n e—xX9—1+ndX}
= (1—,11)1+1-F(6?+1) |:Z(l_ u)1+gr(0+1) —ianzn(l_ ﬂ)9+nr(e+ n):|

R ) i A CA ) P
-t 22 ro+1y o

=z-) K(n,u,0)a,z".
n=2
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Definition 1:

A function f e R,z eU is said to be in the class WR(4, 8, «, 1, 6) if and only
if satisfies the inequality :

>

Re{ z(R,((f.9)(2)))' + 42° (R, ((1.9)(2)))"

(- DRy ((£.9)(2) + 22(R; ((£.9)(2)))’
{Z(Rff((f*g)(Z)))'MZZ(R,‘f((f*g)(Z)))" }

p -1+,

4
1-DR;((£.9)(2) +A2(R] ((£.9)(2)))’ @

where 0<a <1, 0<1<13>0,zeU0<u<1,0<0<1 and

g(z) e Rgivenby g(z)=z-> b,z",b, >0
n=2
Lemma 2[1] : Let w=u+iv . Then Rew> ¢ if and only if

w—(1+0) <|w+(@1-0)

Lemma 3[1]: Let w=u+iv and o,y are real numbers. Then
Rew > o|w—1+y if and only if Re {w(1+ Oei¢)_oei¢} >y

Here ,we aim to study the coefficient bounds, Hadamard product of the class
WR(A, B, a, u,0) ,radius of close-to-convexity, integral representation for

9 - - -
R, ((f.9)(2)), inclusive properties of the class WR(4, 8, a, 11,0)

(n,z)- neighborhoods on WR' (4, 3, 11,6) .

2. Coefficient Bounds:
Here we obtain a necessary and sufficient condition and extreme points for

the functions f in the class WR(4, 8, «, 1, 6) .

Theorem 1:

The function f defined by (1) is in the class WR(A, £, «, i,0) if and only if
> @-2+n)nA+ B - (B+a)K(n, 1,0)ab, <1-a, (5)

n=2
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where 0<a<1,4>0,0<4<10<pu<land 0<O<1,

Proof: Let (5) holds true . Then we must to show that f e WR(4, £, «, 1, 0) .By
Definition 1, we have

e { 2(Ru((£.9)(@) + 22* Ry (.9)(2)’ }

>

(1= DR;((f.9)(2) + 22(R; ((£.9)(2)))

| 2RI((F.9) @) +42* Ry (F.0)()' _l‘m
- DRI(L0)@)+ 2(RI(F.0) @)Y

B

Then by Lemma 3, we have

Re{ 2(R, ((f.9)(2))' + 22° (R, ((£.9)(2)))"
(1= DR;(1.9)(2)) + Az(R; ((.9)(2))’
—-T<P<rm
or equivalently
Re{(Z(Rﬁ ((f.9)(2))) +22° Ry ((f.9)(2)))"(L+ Be")
(1= (R ((1.9)(@))) + Az(R; ((f.9)(2)))

1+ pe) —ﬂei¢} za,

e (- MRU(£.9)(@) + 22 (RU(( f*9>(z)))')}za. ©

(1~ AR;((£.9)(2) + A2(R; ((1.9)(2)))

Let F(2) =[2(R]((f,9)(2)))’ + Az* (R} ((f.9)(2))"T @+ pY)
— e [(1- )R, ((£,.9)(2))) + A2(R; ((£,9)@))'],

and E(2) = (- AR} ((f.9)(2)) + 22(R}((f.9)(2)))"-

By Lemma 2, (6) is equivalent to

IF(2)+(1-a)E(2)|2|F(2)-(+a)E(z)] for 0<a<l.
But |F(z)+(1-a)E(2)|

{z — i K(n, &,0)a b z" - li n(n—DK(n, 4, e)anbnz“}(1+ £e'?)
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_ﬁei{(l—/l)(z —iK(n,u,é’)anan”) Az ‘ﬁi“K(n’”'e)a"b"zn}

; (1—05){2 ~S A+ n/l)K(n,,u,&)anbnz”}

n=2

o0

=‘(2—a)z > [(n+an(n-D) + L—a)1- 2 +nA)] K(n, 1, 0)a b, 2"

n=2

- ﬂe"’i[n +An(n=1) —(A-2+nA)|K(n, u,0)ab, 2"

n=2

> (z—a)|z|—i[(n +An(n-1)) + (1 - @)(L— A+ )| K(n, &, O)a,b,|z["

0

= B> [n+An(n-2) -1+ 2] K(n, 1, 0)a,b, |2

n=2

Also |F(z) - (1+a)E(z)| =

{z—inK(n,y,@)anbnz“
_gin(n_1)K(n,,u,6?)anbnz”}(l+ ﬂe”’)
_Igew[z - (1—l)i K(n, u,6)a,b,z" —/’ti”K(n,ﬂﬂ)anann}

- (1+a){z ~S A+ M)K(n,,u,&)anbnz”}

n=2

—az -3 [(n+n(n-1)) - 1+ &)L A +n2)] K(n, 1, 0)a,b,2"

—ﬂe”’i n+nA(n—1)—(1—A+n)] K(n, u,Oa,b, 2"

<al]+ S [(n+na(n-1) - @+ @)@~ 2+n2)] K(n, 1, 0)a b, |2

n=2

+ﬁi[n +nA(n-1) - (1-A+n2)] K(n, 1, 0)a,b, 2|
and so |F(_z)+(1—a)E(z)|—|F(z)—(1+ a)E(2) > 2(1-a)|z|
-3 [@n+2n4(n-1)) - 2a(1- A +n2) - B(2n+2nA(n 1) -

—2(1-A+nA)] K(n, 1, 0)a b,z >0
or

127



Journal of Al-Qadisiyah for Computer Science and Mathematics

3" Sinentific Conference 19-20/ APRIL -2011
Vol 3 No.2 Year 2011

i[n(1+ B)+ni(n-1)(1+ B)—(1-A+nA)(a+ p)] K(n,1,6)a b, <1-a.

n=2

This is equivalent to

o0

1-2+n2) n@+ B)—(B+a)| K(n, 1,60)a b, <1-a.

n

Conversely , suppose that (5) holds. Then we must show

. {[z(Rz« L)) + 22 (RE((F.0)(2) Ja-+ pe)

(1= DR;((£.9)(2) + Az(R;((1.9)(2))

Al HR(19)@) + 22(RA f*g)(z)))']} oy
- DRI + 2RO |~

Upon choosing the values of z on the positive real axis where
0<z=r<1,the above inequality reduces to

l-a) -i[n(1+ Be?) (- A+ An) = (a + fe)1— A+ nA)K(n, 1, 0)a b r™
Re =2 — > 0.
1-> (A-2+n2)K(n, 1, 0)ab,r"

n=2

Since Re (—e)> —e**| =—1, the above inequality reduces to

1-a) -i[n(u BYA=A+n)—(a+ B)A-A+nA)|K(n, u,0)a b r"
Re n=2 — > 0.
1-> (A-2+n2)K(n, ,0)a b, r"*

Letting r —>1 , we get desired conclusion .

There are many authors who have studied the various interesting properties of the
classes, Y. Komatu [ 4 ], W. G. Atshan and S. R. Kulkarni [ 2],
S. Kanas and A. Wisniowska [ 3], Rosyet. al.[5] .

In the next discussion, we concentrate upon getting the radius of close —to—

convexity .
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Theorem 2:

Let the function f defined by (1) be in the class WR(A, 8, «, 1,6) .Then f

is close — to—convex of order § (0< 5 <1)in |z <r(4, B,a, 11,0,6), where

1L-5)A-2+n)[n@+ B)— (B + a)Ik(n, &, O)b,
n(l-a)

ru’ﬁ’“’“'g’a):"lf{ }nl,nzz.(Y)

Proof: We must show that

f'(z)-1<1-5 for |z <r(4,B,a,10,5),

we have
f'(z)-1<> na,|z"".
n=2
Thus F@)-1<1-5if > (L)anm”‘l <1. )
n=2 1-6

According to Theorem 1, we have

i @-1+ n/i)[n(1+(f) —§ﬁ+a)]K(n,,u,¢9) ab <1 )

n=2 -

Hence (8) will be true if

nlZ"" _ (- 2+n)n@A+ B)— (B +a)K(n, 1. 0)b,
1-5 l-a)

equivalently if
|7 < {(1— S)(L—- A+ ni)[n(i]zrl,f)a—) (B+a)IK(n, 1, 0)b, }H, n>2. (10)

The theorem follows from (10).

The following theorem provides integral representation for Rff((f *0)(2)),z€U.

Theorem 3:
Let f e WR(0, B8, cx, 11,6) . Then
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Rﬁ((f*g)(z))zexp(j. wdt}, w(t)<1, zeU.

t(B-y (1)

proof: The case S =0isobvious. Let =0, for f € WR(0, #,, u,0) and

_ (R, ((f*9)(2)))’

RI((f*9)(2))

we have  Rew> gw-1+a. Therefore

‘ wolj 1 or equivalently w=l M

wW—-a| fp wW—a f

where w(z)|<1, zeU.

RI(F*9)@)) _ B-v(D)a
RI(f*0)@)  2(B-w(2)

after integration , we get

SO

ogR(( *g)@N =[ - Kt

Thus (Rz((f*g)(z))):exp[j %dt]

This completes the proof .

Theorem 4:

Let f(z)=2-Ya,2", g(z)=2-3b,2" belong to WR(A, Bz, 1,6).
n=2 n=2

Then the Hadamard product of f and g given by (f.g)(2) =z —Zanbnz”

n=2

belongs to WR(A, S, «, 11, 6).
Proof : Since f and g eWR(4, S, a, u,0), we have

i[(l— A+nA)[n@+ B) - (a+ K, 1,0)b, }an <1

l-«
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and

i{(l—/l +nA)[n(@+ ﬁi —(a+ B)K(n, 1, 0)a, }b <1
-

n=2

and by applying the (Cauchy- Schwarz) inequality , we have

o {(1 A+nA)nA+ B) - (a+ B)K(n, w1, 6)ab, }
1
2

z l-a

L [2{(1—,1 +nA)[n(+ ﬂi:éa + B)K(n, 1, 0)b, }a ]

X(i{a—@ +nA)[nA+ B)—(a + BIK(M, 1,0)a, }bHJZ-

n=2 l-a

However , we obtain

Z {(1—/1+n/1)[n(1+,3)—(a+ﬂ)]K(”’ﬂ'9)vanb”} a,b, <1.

LM

l-«

Now, we want to prove

o {(1—1+ni)[n(1+ﬂ)—(06+,3)]K(”’“"9)}a b, <1

l-a

]

n=2

Since

i [(1-2+n)[n@+B) - (a+ﬁ)]K(n,u49)} o.b,

l-a

[ 1-A+n)nA+ B) — (e + B)K(N, 1, 0)\/a b, } —

n=2 1- a

Hence, we get the required result.
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Theorem 5:

o0

Let the function f defined by (1) and g given by g(z) = Z—anz” be in the

n=2

class WR(4, B, &, 1, 6) .Then the function h defined by h(z)=z - a’b’z" isin

n=2

the class WR(4, B, y, 1, 6),where 0<1<1,0< <1,

0<y<1l,5>0,zeU,0<u<1,0<6<l1land

B (1-a)’ 1+ p)
A+ )2+ B-a) (- w)1+0)-(1-a)*

y<1

Proof: We must find the largest » such that
3 A= 2+0)l+ B) = (B + KO £.0) op
n=2 1_}/ "
Since f and g are in the class WR(A, S, «, 1,0), we see that

{[(1—1+ N[N+ B) = (B+a)K(n, 1, O)b, }an}z <

s

l-«a

Il
N

n

and

i{[ (1-A+n2)[n(L+ ,Bi: (B+a)|K(n, 1,0)a, }bn}z <
Combini:; the inequalities (12) and0213) ,gives
2{(1—ﬂ+ n/i)[n(1+f)_—a(ﬂ+a)]K(n,,u,H)}zagbf 1
but h eWR(4, 8,7, i, 0),if and only if
i{(l—/1+nﬂ)[n(l+f)_— (,B+y)]K(n,,u,0)}a§bn2 <1
The inequality (14) would obviously7/imply Q1) if

n=2

(1-2+nA)[n@+f) - (B+7)K(nm.0) _

1=y
[a—m M)[n(l+ﬂ)—(ﬂ+a)]K(n,ﬂ,9)T o
l-a
then
(-2+nA)n@+A) - (B+KMu0) _ -
1-y
or
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1-y S @—A+nA)(n-1)K(n, ,0)
1+8  u*—@1-A1+n)K(n,u,6)
The right hand is a decreasing function of n and its maximumif n=2 .
Now
-7 A-A+n)(n-)(1-a)?
1+ 8 [A-2+n)[n@+B) - (B+ ) K(n u1,0)—A1-A+n2)(1-a)?
Simplifying (15) we get
1-7 (-a)’
1+8 A+A)Q2+p-a)’(1-w)(@+1)-(1-a)’
or

(15)

B (1-a)’ 1+ )
A+ )2+ B -a)’ (- p)A+0)-(1-a)*
This completes the proof of theorem.
Next, we obtain the inclusive properties of the class WR(A, S, «, 11,6) .

y<1

Theorem 6 :
Let 3>0,0<a<10<A<1y>00<u<land 0<@<1.Then
WR(A, B, a, 1, 0) cWR(O, B, 7, 11,6) , where

~ (n-)(A- )AL+ BK(n, 1, 6)
(L-A+n2) [+ B) - (B+ MK, 1,6) - L—-)K(n, 1,6)’

y<1

nelN,n>2.

Proof: Let f eWR(4, S, , 1,6) .Then in view of Theorem 1, we have

§ 0 2enn@s f)—(a+ HKOWO), |, g (16)

n=2 l-a

we wish to find the value y such that

§ @A - BrKOwmO), o an
n=2 1- 7
The inequality (16) would obviously imply (17) if
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D@+ )= (B+PIK(,.0) - A=2+02)nA+ )~ (a+ AK(N1.0) _
1-y B l-a '

Therefore

@+ ) - (B+NKMw10) _ 18)
1-y T
Now (18) gives on simplification

1-y  (n=DK(n,u,0)
1+8 u-—-K(n,u0)

, (n>2,nelIN). (19)

The right hand side of (19) decreases as n increases and so is maximum for
n=2.
So (19) is satisfied provided

1_7> (n_l)(l_a)K(nuuve) :d
1+8 (1-2+nA)n@A+p) - (B+a)[K(N,1,0) - (1-a)K(n, 11,6)

Obviously d <1and

- (n—D)(A-a)(A+ B)K(n, 1, 6)
L= 2+n)[n@+ )~ (B+a) KN, 11,6) —A-)K (N, 1, 6)

This completes the proof of theorem.

y <

Theorem 7 :
Let #>00<a<1 A4 >4,>200<6<10<u<1.Then
WR(4,, B,a, 11,0) WR(4,, B, a, 11, 6).
The proof of theorem follows also from Theorem 6 .

Now, we determine a set of inclusion relations involving (n,z) —neighborhoods.
Following [ 6 ], we define the (n,z)—neighborhoods

of a function f eR by
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Nm(f)z{geR:g(z):z—i bnz“andi n|an—bn|£r,0£r<1} (20)
n=2 n=2

We need the following definition:

Definition 2:

The function f defined by (1) is said to be member of the class
WR' (4, B, 11, 0) if there exists a function g eWR(A, B, a, 1, 0)

such that ‘E—l{gl—ﬁ, (zeU,0<7<)).
9(2)

Theorem 8:
Let g eWR(A, B, x, 11,60) and

@+ AR+ A-a)l-p)(@+Da,
AL+ A2+ p-a)l-w)(@+Da, —1-a)}

Then N,.(9) cWR' (4, B,a, 1,0).

(21)

Proof: Let f e N, . (g) .Then we have from (20) that

i n|an —bn|ST,

n=2

which readily implies the coefficient inequality

Also, since g e WR(A, B, a, 1, 6) ,we have from Theorem 1

i o < (1-a)
="+ DR+ B-AA-w@+Da,’

so that
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‘@_4}; 2o 0 LT @+ D)@+ p-a)-p)(@+Da,
9@ Ty 3y, 2 A+ E-a)-k)@+Da;,~(-a)

Thus by definition, f eWR'(4, 8, a, u,0) for ¢ given by (21).
This completes the proof.

We further define the integral operator , in the following discussion :

Theorem 9:
Let ¢ be areal number such that c>-1. If f eWR(4, S, 11,6) . Then the
function F_defined by

F (2) = CZ—”j s £ (s)ds 22)

0

also belongs to WR(4, 8, &, 11, 6) .

Proof: Let f(z)=z-) a,z" . Then
n=2
F.(2) = Ctl_[ sH(s-D a,s")ds
z 0 n=2

_ C-tlj‘ (Sc _i Sc—l+nan)dS
0

Hence F(2)=2-)] Cfla
+
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Therefore ,
3 (c+DA-2+nA)n@+p) -~ (a+ HKOu.0),
2 (c+n) n
<@A-A+n)[nA+ p) - (a+ B)K(n, w1 0)a,b, <1-a.
Hence F. eWR(4, S, a, 1, 6).

This completes the proof.
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