
Journal of Al-Qadisiyah for Computer Science and Mathematics 

3
nd

.  Sinentific Conference 19-20/ APRIL -2011 

Vol 3       No.2          Year 2011 

 

 321 

A CLASS OF UNIVALENT FUNCTIONS WITH NEGATIVE 

COEFFICIENTS DEFINED BY HADAMARD PRODUCT 

WITH RAFID - OPERATOR 

*Waggas Galib Atshan          **Rafid Habib Buti  

Department of Mathematics  

College of Computer Science and Mathematics  

University of Al-Qadisiya  

Diwaniya – Iraq  

E-Mail: *waggashnd@yahoo.com, 

E-Mail: **Rafidhb@yahoo.com  

 

Abstract: 

         In this paper, we study a class  ),,,,( WR  , which consists of analytic 

and univalent functions with negative coefficients in the open unit disk 

CzU { 1: z } defined by Hadamard product (or convolution) with Rafid – 

Operator , we obtain coefficient bounds for this class. Also and some results for 

this class are obtained.  
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1- Introduction :  

 
        Let R  denote the class of functions of the form :  
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which are analytic and univalent in the unit disk CzU { 1: z }.  

If  Rf   is given by (1) and Rg  given by   
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then the Hadamard product (or convolution) )( gf  of f and g  is defined by 
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Lemma 1: The Rafid –Operator of Rf   for 10   , 10   is denoted by 

R  and defined as following :  
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Definition 1: 

   
     A function UzRf  , is said to be in the class ),,,,( WR  if and only 

if satisfies the inequality :  
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Lemma 2[1] : Let ivuw   . Then wRe  if and only if  
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Here ,we aim to study the coefficient bounds, Hadamard product of the class 

),,,,( WR ,radius of close-to-convexity, integral representation for 
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2. Coefficient Bounds:  

       Here we obtain a necessary and sufficient condition and extreme points for 

the functions f  in the class ),,,,( WR .  

 

Theorem 1:  
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where 10  , 10,10,0    and .10   
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Then by Lemma 3 , we have  
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There are many authors who have studied the various interesting properties of the 

classes, Y. Komatu [ 4 ], W. G. Atshan and S. R. Kulkarni [ 2 ],  

S. Kanas and A. Wisniowska [ 3 ], Rosy et. al.[ 5 ] .   
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Theorem 2: 
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                          .1)(
1

2







n

n

n

znazf  

Thus                  11)(zf  if  .1
1

1

2


















n

n

n

za
n


                               (8) 

According to Theorem 1, we have 

                 .1
)1(

),,()]()1()[1(

2










nn

n

ba
nKnn




                      (9) 

Hence (8) will be true if                                                           

)1(

),,()]()1()[1(

1

1





 








n

n

bnKnnzn
 

equivalently if                

.2,
)1(

),,()]()1()[1)(1( 1

1

















n
n

bnKnn
z

n
n




                  (10)                                                                                                                   

The theorem follows from (31). 

The following theorem provides integral representation for .)),)((( UzzgfR 

    

 

Theorem 3: 

        Let f ),,,,0( WR .Then 
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
















  dt

tt

t
zgfR

z

))((

)(
exp)))(*((

0



 , 1)( t , .Uz  

proof: The case 0 is obvious . Let 0 , for f ),,,,0( WR and  

                 
)))(*((

))))(*(((

zgfR

zgfRz
w








 , 

 we have       wRe .1  w     Therefore  

                      




w

w 1



1
          or equivalently       ,

)(1







z

w

w





 

where             1)( z , .Uz  

so               
))((

)(

)))(*((

))))(*(((

zz

z

zgfR

zgfR
















 

after integration , we get  

                   dt
tt

t
zgfR

z

))((

)(
))))(*((log(

0








   .  

Thus         











  dt

tt

t
zgfR

z

))((

)(
exp))))(*(((

0



  . 

This completes the proof . 

 

Theorem 4: 

      Let   





2

)(
n

n

n zazzf  ,  





2

)(
n

n

n zbzzg    belong to ),,,,( WR . 

Then the Hadamard product of f and g  given by 





2

* ))((
n

n

nn zbazzgf  

belongs to ).,,,,( WR  

Proof : Since f  and ),,,,,( WRg  we have  

                
 

1
1

),,()()1()1(

2


















n

n

n a
bnKnn




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and  

               
 

1
1

),,()()1()1(

2


















n

n

n b
anKnn




 

and by applying the (Cauchy- Schwarz) inequality , we have 

             
 

nn

n

nn
ba

banKnn



 

















2 1

),,()()1()1(




  

         

 

 
.

1

),,()()1()1(

1

),,()()1()1(

2

1

2

2

1

2
























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



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
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

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


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




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n

n
n

n

n
n

b
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a
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
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
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However , we obtain  

            
 

.1
1

),,()()1()1(

2























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n
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ba

banKnn




 

Now, we want to prove 

            
 

1
1

),,()()1()1(

2


















nn

n

ba
nKnn




  

Since   

             
 
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n

ba
nKnn


















2 1

),,()()1()1(




 

          
 

nn

n

nn
ba

banKnn



 


















2 1

),,()()1()1(




 . 

Hence, we get the required result. 
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Theorem 5: 

     Let the function f  defined by (1) and g given by 





2

)(
n

n

n zbzzg be in the 

class ),,,,( WR .Then the function h  defined by 





2

22)(
n

n

nn zbazzh is in 

the class ),,,,,( WR where 10   , 10  ,  

10   , 0 , ,Uz 10   , 10   and 

                    
22

2

)1()1)(1()2)(1(

)1()1(
1









  . 

 

Proof: We must find the largest   such that 

                    
 

.1
1

),,()()1()1( 22

2









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n
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nKnn




                     (11)  

Since f  and g  are in the class ),,,,,( WR  we see  that 
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n
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
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     and 
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            (13) 

     Combining the inequalities (12) and (13) ,gives 
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but ),,,,,( WRh if and only if  
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1
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

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.                   (14)   

The inequality (14) would obviously imply (11) if 
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1
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u
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
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),,()1(

),,()1)(1(

1

1
2 
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



nKnu

nKnn









  

The right hand is a decreasing function of n  and its maximum if 2n  . 

Now  

      
   22

2

)1)(1(),,()()1()1(

)1)(1)(1(

1

1
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Simplifying (15) we get 
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




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
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or 
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2

)1()1)(1()2)(1(

)1()1(
1









 . 

This completes the proof of theorem. 

Next, we obtain the inclusive properties of the class ),,,,( WR . 

 

Theorem 6 :  

       Let 10,0,10,10,0    and 10  . Then 

),,,,0(),,,,(  WRWR   , where  
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.2,  nINn  

Proof: Let ),,,,( WRf  .Then in view of Theorem 1, we have 
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we wish to find the value   such that 
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
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
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The inequality (16) would obviously imply (17) if 
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
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


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Therefore  
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u
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








                                              (18) 

Now (18) gives on simplification  
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1
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
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





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    , ),2( INnn  .                              (19) 

The right hand side of (19) decreases as n  increases and so is maximum for 

2n . 

So (19) is satisfied provided  
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
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Obviously 1d and  

                       
 

.
),,()1(),,()()1()1(
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1






nKnKnn

nKn
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
  

This completes the proof of theorem.  

 

Theorem 7 : 

      Let 10,10,0,10,0 21   .Then  

                         ).,,,,(),,,,( 21  WRWR   

The proof of theorem follows also from Theorem 6 . 

Now, we determine a set of inclusion relations involving ),( n neighborhoods. 

Following [ 6 ], we define the ),( n neighborhoods  

of a function Rf    by  
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







 








10, and)(:)(
22

,  nn

n

n

n

n

n banzbzzgRgfN      (20) 

 

We need the following definition: 

 

Definition 2:  

The function f defined by (1) is said to be member of the class 

),,,,( WR if there exists a function ),,,,( WRg  

such that           11
)(

)(

zg

zf
 ,    )10,(  Uz . 

 

Theorem 8: 

 Let ),,,,( WRg  and  

                         
)}1()1)(1)(2)(1{(2
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1
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

a

a
                  (21) 

Then                 ).,,,,()(, 
WRgNn   

Proof: Let )(, gNf n   .Then we have from (20) that  

                        




nn

n

ban
2

, 

which readily implies the coefficient inequality    
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





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n

ba  . 

Also, since ),,,,( WRg ,we have from Theorem 1 
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
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so that 



Journal of Al-Qadisiyah for Computer Science and Mathematics 

3
nd

.  Sinentific Conference 19-20/ APRIL -2011 

Vol 3       No.2          Year 2011 

 

 311 

   

n
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a
 

                                    1 . 

 

Thus by definition , ),,,,( WRf  for   given by (21). 

This completes the proof.  

We further define the integral operator , in the following  discussion : 

 

Theorem 9: 

       Let c  be a real number such that 1c . If ),,,,( WRf  . Then the 

function cF defined by 
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also belongs to ),,,,( WR . 
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Therefore , 
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This completes the proof.  
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