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Abstract:

A harvested prey-predator model with infectious disease in prey is
investigated. It is assumed that the predator feeds on the infected prey only
according to Holling type-Il functional response. The existence, uniqueness and
boundedness of the solution of the model are investigated. The local stability
analysis of the harvested prey-predator model is carried out. The necessary and
sufficient conditions for the persistence of the model are also obtained. Finally,
the global dynamics of this model is investigated analytically as well as
numerically. It is observed that, the model have different types of dynamical
behaviors including chaos.

1. Introduction:

There has been growing interest in the study of diseases in prey-predator
models. It is well know that, in nature species does not exist alone. In fact, any
given habitat may contain dozens or hundreds of species, sometimes thousands.
Since any species has at least the potential to interact with any other species in its
habitat, the possibility of spreading of the disease in a community rapidly
becomes astronomical as the number of infected species in the habitat increases.
Therefore, it is more of biological significance to study the effect of disease on
the dynamical behavior of interacting species. In the last two decades, some prey-
predator models with infections diseases have been considered [1-5] and the
references their in. All these studies, reached at the conclusion that disease may
cause vital changes in the dynamics of an ecosystem.

On the other hand, harvesting has generally a strong impact on the
population dynamics of a harvested species. The severity of this impact depends
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on the nature of the implemented harvesting strategy, which in turn may range
from the rapid depletion to the complete preservation of a population. The study
of population dynamics with harvesting is a subject of mathematical bio
economics, and it is related to the optimal management of renewable resources
[6]. The effect of constant rate of harvesting on the dynamical behavior of
interacting species has been considered by many researchers [7-8] and the
references their in. The conclusions of these studies can be summarized as
follows: Harvesting may be used as a biological control for the coexistence of the
species, but unregulated harvesting might lead to extinction in one or more
species.

Keeping the above in view, the effect of disease on the dynamical behavior
of the harvested prey-predator systems is important from economical viewpoint.
Little attention has been paid so far in this direction Chattopadhyay et al [9],
proposed and analyzed a mathematical model of a harvested prey-predator system
with infection on prey population. They assumed that, the predator feeds on the
susceptible prey population according to Holling type-l1lI functional response,
while it feeds on infected prey population according to Lotka-Volterra predation
form. They reached to the following result, harvesting of infected prey may be
used as a biological control for the persistence in an infected prey-predator
system. In this chapter, Chattopadahyay et al model [9] modified by assuming that
the predator feeds on the infected prey only according to the Holling type-II
functional response. The possibility of occurrence of chaotic behavior is also
considered, and then the effects of disease and harvesting on such chaotic
behavior are studied.

2. The Mathematical Model

Let S(t) and I(t) be the numbers of the susceptible and infected prey
population at time t respectively. Let Z(t) be the number of the predator

population at time t. The dynamics of a harvested prey-predator model with
infection on prey population can be represented by the following set of
differential equations:

d_S:rs[l_S;'j-c& ~E,S =Sf,(S,1,Z), S(0)>0

dt

dl alZ

— =CSl ——— -l —E, I = 1f,(S,1,Z), 1(0) >0 1
" — 1 =1,(8,1,2)100) (1)
dz hiZ

—=-@ +—-E,Z=27f,(S,1,Z) Z(0)>0
dt y+1 s 3( ) ©

Here the positive constants r and K are, respectively, the intrinsic growth rate
and carrying capacity of the prey species in the absence of predation and
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harvesting. The positive constants c,«, and y represent the infection rate,
maximum attack rate, and the half saturation coefficient, respectively. However,
the positive constants 4 and € denote to the death rates of the infected prey and
the predator, respectively. The positive constant h represents the growth rate of
predator due to predation of infected prey and hence it can be written as h=e«a
with 0<e<1. Finally, the non-negative constants E;,E,, and E; are the
harvesting efforts for the susceptible prey, infected prey and predator,
respectively.
Obviously, the interaction functions in the right hand side of system (1) are
continuously differentiable functions on R3 = {(S, ,Z2)eR%,5>0,120,Z > O}
and hence they are Lipschitzian functions. Therefore the solution of system (1)
exists and is unique.
Note that, according to the form of f,(S,1,Z) in system (1), it is easy to verify
that the necessary condition of coexistence of all species in system (1) is given by
r-gp>0er>g (2)
Therefore, from now onward, we assume that condition (2) is always holds.
Furthermore, the solution of system (1) with non-negative initial conditions is
bounded as shown in the following theorem.

Theorem 1.

All the solutions of system (1), which initiate in R® are uniformly bounded.
Proof:
Let (S(t), 1(t), Z(t)) be any solution of the system (1) with non-negative initial
conditions. According to first equation of system (1) we have
9 <rsfi-$)-EsS.
Then due to the comparison theorem [10], we obtain

s(t)s@-vwo 3)
Let W(t)=S(t)+21(t)+ Z(t), then by straight forward computations we get that
aW < s - N[S+h|+z]
where N =min{E;, 1+ E,,0+ E3}. Hence, by using Eq. (3) we obtains that:
W4 NW <K(r-E)

Again, by applying the comparison theorem on the above differential inequality
gives

W(t)<Z;vt>0, where §=K(r—E;)>0.
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Hence all the solutions of system (1) that initiate in Rf are confined in the region

Q= {(S, | ,Z)e Rf ‘W £€+gfor any ¢ > 0}. Thus these solutions are uniformly

bounded, and then the proof is complete.
Now, since an ecological system is said to be dissipative if the solution of the

system, which initiate in Rf is uniformly bounded as t — oo . Therefore, system
(1) is dissipative.

3. Stability analysis with Persistence:

In this section, the existence and stability analysis of all possible equilibrium
points of system (1) are discussed and the following results are obtained

1. The equilibrium points F, =(0,0,0) and F, = (@,0,0) are always exist.
2. The planar equilibrium point F, :(S_, f,O), where

= A+Ey o oK(r—E)-r(A+E,)
5= c 1= c(r +cK) )

exists in the Int. R? of the SI — plane under the following condition
cK(r—Ey)>r(1+Ey) (5)

3. The positive equilibrium point F; = (S*, I*,Z*), where:

« [K(r=E))(h—(0+E;3))- (6 +E3)(r+cK)|

> = r(h—(¢9+E};)) ©2)
« 7(0+E;3)

! :Z—e——% (6b)
Z*z(cs*—/l—jz)(yu*) 60

exists in the Int. Rf if and only if the following set of conditions hold.
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K(r—&)(h-(0+E;))

< 7a
7 (05 Ey)(r+ oK) (7a)
h—-0-E;>0 (7 b)
cs*—;t—Ez>o©s*>“E2=§ (7¢)

c

Now to analyze the local stability of system (1) around each of these equilibrium
points, the Jacobian matrix J(F;); i =0,1,2,3 of system (1) at each equilibrium

point is computed and then the eigenvalues are determined. The following results
are obtained.

The eigenvalues of J(F,) are given by Ay, =r—E; >0, Agp =—(A1+E,)<0,
Jo3 =—(6+E3)<0, and hence F, is a saddle point. However, the eigenvalues of

I(F,) are Ay =—(r—Ey)<0, A, =FE) 5 E) and 4y =—(0+E;)<0.

Therefore, F; is locally asymptotically stable provided that:
cK(r—E;)<r(1+E,) (8)

While, it is a saddle point, with locally stable manifold in the SZ — plane and
with locally unstable manifold in the | —direction, under condition (5).
Obviously, if F; is locally asymptotically stable then F, does not exist.
However, F; is a saddle when F, exists.

The eigenvalues of J(F,) satisfy the following relations

r(A+Ey) _

/121"'222 = — 0 (9 a)

(A+E, K (r—E;)-r(A+E,)]
cK

221.122 = (9 b)

. hi _1(h-60-E3)-y(0+Ej3)
223— 6+(7/+—|_) E3— (7/+|_) (9C)

Where, A, (i=12,3) represent the eigenvalues in the S—, |- and

Z —direction respectively. Note that, from Egs. (9 a)-(9 b) we obtain that, the
eigenvalues A,; and 4,5, which are describe the dynamics in the S- and I -
direction respectively, have negative real parts under the condition (5). Therefore,

F, is locally asymptotically stable in the Int. Rf of the SI — plane whenever it is
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exists. Further, F, is locally asymptotically stable or saddle point in the Int. Rf :
depending on whether the eigenvalue A,, is negative or positive respectively.

Theorem 2.

The equilibrium point F, is a globally asymptotically stable in the Int. Rf of
the SI — plane.

Proof:
Clearly in the Int.Rf of the SI — plane, system (1) reduces to the following
subsystem

d_Ser(l_SE'j_cs, ~E;S=h(S,1)

dt

dl
— =cSI - Al —=E,I =h,(S, I
at c 2 2( )

for which (S, 1) is a unique positive equilibrium point.
Let H(S,I):S—lI be a C! positive function in the Int.R? of the SI — plane.

Now, since
A(S, |)= 8(Hh1)+ a(HhZ) — __r <0
oS ol IK
is not change sign and does not identically zero. Hence, according to Bendixson-

Dulic criterion [11], there is no closed curve in the Int. Rf of the SI — plane.

Therefore, F, is a globally asymptotically stable in the Int. Rf of the SI — plane.
Finally, the Jacobian matrix of system (1) at the positive equilibrium point
Fs :(3*1 1.7 ) IS given by J F3 [a,ljs 3 I, ] =1,2,3 where:

*

ag; =1 <0; a, = (L +cf5"<0; a,=0; a,=cl”>0; 8y = “LE->0;

a23:——<0 a31—0 a32—h =0 andB }/+|

Then the characteristic equation of J (F3) can be written as

B+ A +PAA+A =0 (10 a)
with A =—(ag +225); Ay = (83832 + 212821 —81182) and Ag = 84485333,
Then, by substituting the values of a, ., and then simplifying the resulting terms
we obtain:

ij?
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_rB%ST —aKI'Z”

(10 b)

A KB?

A; = myh# > 0 always (10c¢)
KB

And  A=AA; —Ag =—(ay; +ay;)(a1182 — 8383y — A128p1) — 81139383).

*

I
" k2B°
Now, it is easy to verify that A >0 and A >0 under the following set of
conditions

[S*B(rBZS* —aKI"Z")(B2(r + oK) raz” - a?hpk 21°Z }(10 d)

rB%S™ > aKl'Z” (11a)
B?(r+cK)>raz” (11 b)
* 2a%* *x 2 *
S B(rB2S" — kI “Z")(cB (2r+cK)—faZ )_H, (11 ¢)
a’yK21°Z" H.

Therefore, according to the above analysis, the following theorem can be easily
proved.

Theorem 3.

Assume that the positive equilibrium point F; exists in the Int. Rf . Then,
F; is locally asymptotically stable if and only if conditions (11 a)-(11c) hold.

Keeping the above in view the persistence conditions of system (1) are established
in the following theorem.

Theorem 4.

Suppose that, F, exists in the Int. Rf of the SI — plane. Then the necessary
condition for the persistence of system (1) is

I(h—0—E3)—y(@+E3)=0 (12)
However, the sufficient condition for the persistence of the system (1) is
I(h—0—-E3)—y(@+E3)>0 (13)

Proof:
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Clearly the solution of system (1) is bounded as shown in theorem 1. Now,
: 1 (h—6-E3)-y(6+E3)
since A3 = )
positive direction orthogonal to the SI —plane. In addition, F, is a globally

Is the eigenvalue, which gives the stability in the

asymptotically stable in the Int. Rf of the SI — plane whenever it exists, therefore
if condition (12) violates then A,, <0 and there are orbits in the positive cone

approach F,. Hence condition (12) is the necessary condition for the persistence.

For the sufficient condition (13), it is easy to verify that; system (1) satisfies the
following hypotheses:

vy T X o Fig, Feiong, T <0;

ol K oz S oz  (y+1)

oy _y. M __yh

s ol (y+1)
(M2) The prey grows to carrying capacity in the absence of predation, infection
and harvesting, that is f,(0,0,0)=r>0, %(S, 1,Z)=-L <0. However, the

predator population dies in the absence of the prey (i.e ,(0,0,0)=—(@+E,)<0).
(M3) There are no equilibria in the 1Z -plane and SZ — plane.

(M4) In the absence of the predator the susceptible prey and then the infected prey
can survive in the interior of positive quadrant of SI — plane. Therefore, there
exists an equilibrium point F, inthe SI — plane, which is globally asymptotically
stable.

Hence, an application to the Freedman and Waltman persistence theorem [12],
system (1) persists provided that condition (13) satisfied, and that completes the
proof.

Finally, the global dynamics of system (1) in the Int. Rf is investigated in the
following theorem.

>0; f,(0,1,2)<0 and f,(0,0,2)<0.

Theorem 5.

Assume that, the positive equilibrium point F; is locally asymptotically
stable with

al” * )2 cr * 2
— Il =1 < S-S 14
R ( ) r+cK( ) (14)
Here R=(;/+I)(7/+I*). Then F; is a globally asymptotically stable in the
Int.R3 .

Proof: Consider the following positive definite function
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v(s,|,z)=c1}£9i)d3+czlju)dl+C3?£Z_—Z*)dz
&S Lo oz

Where C;,C, and Cj are positive constants to be determined. Now, straight
forward calculations give that

d_V=cl[‘?r}(s -s") {—EJ o +ccz}(s -s")(i-17)

dt
-C,ay C,al  C,hy . .
{ R }(I—I Nz-z")

{CZOF‘QZ*}(l -1

By choosing the positive constants as C; = (rféK); C,=1;C5= %;') then

o fo-s T T

Hence %—\t’<0 provided that condition (14) holds, and then V is a Lyapunov

function. Therefore, F5 is a globally asymptotically stable in the Int. Rf .

4. Numerical Simulation:

The globally dynamical behavior of the prey-predator system (1) with
infectious disease in prey species is studied numerically. The solution of the
system with a positive initial condition is obtained for biologically feasible range
of parametric values. In all the cases being considered here the data is chosen
depending on two factors: first, we wanted to investigate biologically reasonable
harvested prey-predator system with disease, and the second, we wanted to
determine if chaotic dynamics were likely. Therefore, as the solution of the
system is bounded we expect that system (1) have a rich dynamic including limit
cycle, and chaos. Consequently, system (1) is solved numerically, and then
number of bifurcation diagrams are drawn between the Maximum value of
predator and the control parameter.

The first bifurcation diagram, Fig. 1, shows the dynamical behavior of system (1)
as a function of the intrinsic growth rate (i.e parameter r)in the range
15<r <25 keeping other parameters fixed at

K =400,c=0.06,y =15.0,E; =0.0,a =15.5,

(15)
A=3.4,E,=00,0=80,h=100,E;=0.0
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The evidence for the existence of cascade of periodic doubling leading to chaos
can be seen clearly in Fig. 1, and then the solution becomes chaotic in between
there are periodic windows too. Finally, the predator species, still survive for
r > 23.7 and the solution returns to periodic dynamic.

Fig. 1 Bifurcation diagram as a function of I inthe range 15 < r < 25 keeping other parameters
fixed as in Eq. (15).

Now the projection of the attracting set of the solution of the system (1) in
the SI — plane is drawn in Fig. 2 (a-d) for the parametric values given in Eq. (15)
with r=15, 16.55, 17, and 18 respectively. The figures show the evidence of
periodic doubling leading to chaos.

a b)
250 230

200 200

150 150
< -
100 100
10 30
0
VO )

Fig. 2 The projection of the attracting set of the solution of system (1) in the S-I plane, at the
parametric values given in Eq. (15). (a) r =15. (b) r=16.55. (c) r=17.(d) r =18.

Fig. 3 shows the bifurcation diagram as a function of the natural death rate of
infected species (i.e /1) in the range 1.5<1<6.5, keeping other parameters

fixed as in Eq. (15) with r =18. It is observed that there are number of periodic
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regions followed by the chaotic regions, and then the system return to periodic for
(4.8< A< 6.5). Finally the infected prey species and then the predator species
approaches to extinction for 4 > 6.5 due to the effect of increasing in the natural
death rate of the infected species, which is the sole food for predator.

Fig. 3 Bifurcation diagram as a function of A4 in the range 1.5<1<6.5, keeping
the other parameters fixed as in Eq. (15) with r =18.

Again, the projection of the attracting set of the solution of the system (1) in the
SI — plane is drawn in Fig. 4 (a-d) for the parametric values given in Eq. (15);
r =18, with 1=4.5, 5.0, 5.5, and 6.0 respectively. The figures show the evidence
of return to periodic attractor from chaotic attractor through cascade of periodic
halving.

00
¢l
-~ 100 -~ 100
50 50 k
0 0
( i) 00 200 W

Fig. 4. The projection of the attracting sets of the solution of system (1) in the S-I
plane, at the parametric values given in the Eq. (15) and r=18. (a) 1=4.5. (b)
A1=5.0.(c) 1=5.5.(d) 1=6.0.

Now the dynamical behavior of system (1), as a function of varying in the
infection rate in the range 0.03<c <0.1 keeping other parameters fixed as in Eq.
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(15) with r =18, is investigated in the bifurcation diagram given by Fig. 5. It is
observed that, the solution start with periodic and then periodic doubling leading
to chaos. The figure also shows the existence of narrow periodic windows within
the chaotic region and decline of predator species for ¢ > 0.063, approaching to
extinction, due to the effect of increasing in the infection rate.

Fig. 5. Bifurcation diagram as a function of ¢ in the range0.03<c<0.1, keeping
other parameters fixed as in Eq. (15) with r =18.
In the following, bifurcation diagrams as a function of harvest rate 0<E; <2,

0<E, <3,and 0<E; <0.6 are drawn in Figs. 6(a-c) respectively keeping other

parameters fixed as in Eq. (15) with r =18. All these figures show the alternate
between the chaotic and periodic dynamic, and then the solution approaches to
periodic attractors through sequence of periodic halving. Moreover, increasing the
bifurcation parameter E;; i =123 further, will leads to decaying in the predator
species Z approaching to extinction.

Finally, the effect of infection rate on the dynamics of system (1), in case of
existence harvesting, is investigated in Figs. 7(a-e) for the range 0.03<c<0.1
and E, =0.2,0.4,1.0,1.25,1.5 respectively holding the rest of parameters as:

r=18 K =400,y =15, E; =0.4,¢ =155,1=34,0=8h=10,E; =0.02  (16)
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Fig. 6. Bifurcation diagram as a function of harvest rate keeping other parameters
fixed as in Eq. (15) with r=18:(a) 0<E; <2;(b) 0<E, <3;(c) 0<E; <0.6.

According to Figs. 7(a-e), it is observed that, system (1) has rich dynamics
including periodic, period doubling leading to chaos, chaos, and periodic halving.
The predator species Z start increasing as ¢ increases reaching its maximum, in
the range 0.05<c < 0.065, due to abundance of its sole food, and then declines
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for ¢ > 0.07, approaching to extinction due to rarity of its sole food. The chaotic
regions become wider as the harvest rate E, increases from 0.2 to 0.4 keeping
other parameters fixed as in Eq. (16). However these regions become narrower, as
E, increases further, and they are fully disappear for E, =1.5 and the system

becomes periodic.
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)

x

Fig. 7. Bifurcation diagram as a function of ¢ in the range 0.03<c<0.1, keeping
other parameters fixed as in Eq. (16). (a) E, =0.2.(b) E;, =0.4. (c) E, =1.0. (d)
E,=125.(e) E;, =15.

The projection of the attracting set of the solution of the system (1) in the
Sl — plane is drawn in Fig. 8(a-d) for the parametric values given in Eq. (16) with
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c=0.06 and E,=0.2, 0.4, 1.0, and 1.5 respectively. The figures show the

evidence of return to periodic attractor from chaotic attractor as the harvest rate of
infected prey increases.

400

Fig. 8. The projection of the attracting set of the solution of system (1) in the S-I
plane, at the parametric values given in Eq. (16) with c=0.06. (a) E, =0.2. (b)

E, =0.4.(c) E,=10.(d) E,=15.

5. Discussion and Conclusion:

A harvested prey-predator model with disease in prey population is proposed
and analyzed. It is assumed that, in the absence of predation and harvesting, the
prey species grows logistically. However, the predator species feeds on the
infected preys (infected preys are weakened and hence become easier to predate)
according to Holling type-1I functional response. Further, the mode of disease
transmission within the prey population follows the simple law of mass action.
The qualitative dynamical behavior of the proposed model is investigated
analytically. Numerical integration is used to investigate the global dynamical
behavior of the model system (1). The objective is to explore the possibility of
chaotic behavior. Extensive numerical simulations are carried out for various
values of control parameters and for different sets of initial conditions. It has been
shown that, the system (1) is very sensitive to the parameters
(r,A,c,E;,E,;and E;) and has different types of interesting attracting sets

including periodic, periodic doubling, chaos, and periodic halving. Moreover,
depending on the simulation results, the following conclusion can be drawn:

1. For small value of intrinsic growth rate of the susceptible prey population
(r <16) the system (1) has a periodic attracting set. However, increasing the
growth rate slightly increases the possibility of occurrence of chaotic dynamics. In
fact, if the intrinsic growth rate of susceptible prey increases further, the number
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of the infected prey increases and hence the predator population still survives and
periodic dynamics is observed.
2. The situation is different in case of varying the infection rate (c) keeping

other parameters fixed as in Eq. (16) with r =18. In this case, for small value of
¢ = 0.03 there is small number of infected prey and hence the system undergo
periodic dynamic due to the rarity in the sole food of predator. As the infection
rate increases slightly (0.03< c< 0.065) the number of infected prey start

increases, consequently the number of predator species will be increase, and
hence chaos is observed. Finally, increases the value of infection rate further
(0.065<c) causes decreasing in the number of susceptible prey and then

decreases the infected prey due to the effect of the predation. Accordingly the
system approaches to the extinction.

3. Similar conclusions can be drawn, in case of increases the natural death rate of
infected prey, as those in case of increasing of infection rate.

4. Obviously, the chaotic behavior of the system can be avoided and the system
returns to periodic dynamic by increasing the harvest rates, up to specific values.
However, increasing the harvest rates further will causes extinction of the system.
Finally, according to the above observation to control the chaotic behavior of the
system (1), and hence control the disease, the value of intrinsic growth rate of the
susceptible prey should not be very high.
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