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A B S T R A C T 

This work presents a systematic revision and rigorous extension of the classical theory on 
supra feebly-open sets within supra topological spaces. We formally define a supra feebly-
open (s.f.o.) subset A by the presence of a supra open set U∈ w such that U⊆A⊆sclsiw(U) and 
we rigorously establish the equivalent formulation A⊆ clwsi(Intw (A)). The manuscript 
explores the fundamental properties of these sets, presents the supra feebly interior and 
supra feebly closure operators, and meticulously charts their inclusion relations with supra α-
open, supra semi-open, supra pre-open, supra b-open, and supra β-open sets. This study 
enhances logical consistency, standardizes notation and puts the results in context of the 
overall generalized weak openness. The theoretical advantages  provide strong useful 
foundation for future topological applications in the areas of digital topology, rough set theory 
and fuzzy/neutrosophic supra structures. Mathematical consistency, logical coherence, and 
formal scholarly presentation have been meticulously ensured throughout the presentation to 
provide future topological uses. The principal results of this work establish that: (i) every 
supra feebly-open set is supra semi-open; (ii) the class of supra feebly-open sets is closed 
under arbitrary unions but not under finite intersections; (iii) the supra feebly interior and 
closure operators satisfy standard monotonicity and duality properties; and (iv) precise 
inclusion relations with supra alpha-open, supra pre-open, supra b-open, and supra beta-
open sets are rigorously characterized. 

 

MSC.. 

https://doi.org/10.29304/jqcsm.2026.18.32840 

1.  Introduction 

Supra topological spaces were introduced by Mashhour et al.in 1983 [1]. They provide a natural generalization of 
conventional topological spaces. Supra topologies offer a more flexible framework suitable for simulating systems 
where conventional topological axioms are too limiting, such systems arise in rough set theory, digital topology, and 
theoretical computer science. Various generalized classes of supra open sets have been studied, including supra α-
open sets [10], supra pre-open sets [8], supra b-open sets [9], supra semi-open sets [12], and supra β-open related 
notions [11]. In classical topology feebly open sets represent a weak-form open set initially studied in ordinary 
topology spaces [3], [6].  

The feebly-open sets were introduced and studied by various authors, including Maheshwari and Jain [3] and Noiri 
[6] in classical topology. A subset A of a topological space (X,τ) is called feebly-open if there exists an open set U∈τ 
such that U ⊆ A ⊆ Cl(U). it is well known that, in ordinary topological spaces, the class of feebly-open sets coincides 
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with the class of semi-open sets introduced by Levine [14]. This equivalence should however be re-examined in the 
supra topological context, as the lack of the finite intersection axiom can result in different behaviors. 

The main aim of this manuscript is to generalize the classical concept of feebly openness to the supra topological 
context, thus filling the gaps that exist between supra generalized open classes. We formally introduce in supra 
feebly-open sets, establish their basic properties, introduce corresponding interior and closure operators, and 
precisely chart out their inclusion-relations with known supra generalized open sets.  This work provides a rigorous 
foundation for later investigations in supra continuity, supra separation axioms, and formal applications in the fields 
of data science and physics [7]. 

Specifically, Throughout this work, (X,W) denotes a supra topological space, where X is a nonempty set and W ⊆ 
P(X) is a supra topology on X. 

2. Preliminaries and Fundamental Definitions 

In this section, we present the definitions concept of feebly open sets, feebly closed sets, and some properties of 
these supra topological ,with their fundamental properties including the feebly interior and feebly closure of any 
operators. Also, we investigate the union and intersection of any finite feebly open sets in the present section. All 
definitions are aligned with established literature [3], [8]–[10]. 

Definition 2.1 (Supra topology) [1]. 

A subfamily 𝒲 of the power set 𝒫(𝒮)  of nonempty set 𝒮 is called a supra topology on 𝒮 , if it 𝒲  satisfies the 
following conditions :  

1-  ∅, 𝑆 ∈ 𝑊, 

2- W is closed under arbitrary unions,   {Wi ∶  i ∈  I} ∈  W for any arbitrary collection {Wi ∶  i ∈  I} ⊆  W .  

The pair (𝒮, 𝒲) is called a supra topological space (briefly, sup. topo. space). The member of 𝒲 are called the supra 
open set. The family of all supra open set is denoted by  𝜉𝑜(𝒮) or simply 𝒲 

Definitions 2.2 (Supra interior and supra closure) [8], [9]) . 

Let  (S,W) be a supra topological space and  R ⊆ S 

(i) The symbol 𝑐𝑙𝒲(ℛ) means the supra closure and defined as 𝑐𝑙𝒲(ℛ) = {B ⊆ S:S∖ B ∈ W and R ⊆ B}".  

(ii) For   ℛ ⊆ 𝒮, the supra interior of a set ℛ is denoted by 𝑖𝑛𝑡𝒲(ℛ) and is defined as 𝑖𝑛𝑡𝒲(ℛ) = {U ∈ W: U ⊆ R}. 

(iii) Let (𝒮, 𝒥) be a topological space. A supra topology 𝒲 on S is said to be associated with 𝒥, if 𝒥 ⊆ 𝒲 . 

Definition 2.3 (Generalized supra open sets) [8]–[12] 

Let (𝒮, 𝒲) be a supra topological space. A subset ℛ of 𝒮 is said to be: 

(a) Supra semi-open 𝑠𝑢.𝑠𝑖.𝑜 [12] if  ℛ ⊆ 𝑐𝑙𝒲  (𝑖𝑛𝑡𝒲 (ℛ)). 

(b) Supra b-open 𝑠𝑢.𝑏−𝑜  [9] if  ℛ ⊆ 𝑐𝑙𝒲  (𝑖𝑛𝑡𝒲 (ℛ)) ∪ 𝑖𝑛𝑡𝒲  (𝑐𝑙𝒲  (ℛ)). 

(c) Supra α-open 𝑠𝑢.𝛼−𝑜  [10]  if  ℛ ⊆  𝑖𝑛𝑡𝒲(𝑐𝑙𝒲(𝑖𝑛𝑡𝒲 (ℛ))). 

(d) Supra pre-open 𝑠𝑢.𝑝.𝑜 [8] if  ℛ ⊆ 𝑖𝑛𝑡𝒲  (𝑐𝑙𝒲(ℛ)). 

(e) Supra β-open 𝑠𝑢.𝛽−𝑜  [11] if  ℛ ⊆ 𝑐𝑙𝒲  (𝑖𝑛𝑡𝒲(𝑐𝑙𝒲(ℛ))). 

 

The families of all supra semi-open, supra b -open, supra α -open, supra pre-open, and supra β -open sets are 
denoted by SUsiO, SUbO, SUαO, SUpO, and SUβO. respectively. 

Definition 2.4 (Classical feebly open set) [3],[6]. 
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A set ℛ in a topological space 𝒮 is called feebly−open (𝑜𝑟 ℱ −open) if there exists an open set U  such that 
U ⊆ ℛ ⊆ 𝑐𝑙si.(U) , which 𝑐𝑙si.denotes the semi-closure operator. Equivalently, R is F-open if and only if ℛ ⊆
𝑐𝑙si.(𝑖𝑛𝑡(ℛ)), the ℱ-closed  is the complement of the ℱ −open set. 

Remark 2.1 [6] 

Let (𝒮, 𝒲) be a supra topological space. If ℛ ⊆ 𝒮 is an open set , then ℛ is  ℱ -open . 

The converse does not generally hold, as illustrated below: 

Example 2.1  

If  𝒮 = {𝜏,𝓆,𝔭} and 𝒥 = { ∅, 𝒮, {𝜏}} be a topology on 𝒮 let 𝒜 = {𝜏, 𝓆} ⊆ 𝒮 is ℱ −open because   

int(A)={τ} and cl si ({τ})=S, Thus meaning A ⊆ clsi (int(A)), So A is F-open. However, A∈/τ. so A is not open. 

 

Definition 2.5 (Supra feebly-open and supra feebly-closed sets [3]). 

Suppose that (𝒮 , 𝒲) is a supra topological space. A subset 𝒜  of 𝒮  is called supra feebly open (briefly, 
𝑠𝑢.ℱe.𝑜  or 𝑆𝑈F𝑒𝑂 ) if there exists supra open sets U∈W  such that U⊆A⊆clsiW(U) , or equivalently if 
𝒜 ⊆ 𝑐𝑙si.

𝒲(𝑖𝑛𝑡𝒲(𝒜)) . 

The complement of supra feebly open of 𝒜 is called supra feebly-closed (briefly, 𝑠𝑢.ℱe.𝑐); equivalently, if  there 
exist a supra closed set  𝔅 of 𝒮 such that  𝑖𝑛𝑡si.

𝒲(𝔅) ⊆ 𝒜 ⊆ 𝔅. 

Example 2.2 

Suppose that  𝒮 = {𝓍, 𝓎, 𝓏} and  𝒲 = { ∅, 𝒮, {𝓍, 𝓎},{𝓎, 𝓏 }}, it is clear that  𝒜 = {𝓎, 𝓏} ⊆ 𝒮 is 𝑠𝑢.ℱe.𝑜 , since there exist 
𝒰 = {𝓎, 𝓏} such that 𝑐𝑙si.

𝒲(𝒰) = 𝒮. Satisfying U⊆A⊆clsiW(U) 

Definition 2.6 (Supra feebly interior and supra feebly closure). 

Let 𝒜 be a subset from (𝒮, 𝒲) , We define the following operators: 

(1) The supra feebly interior of a set 𝒜 is denoted by intℱe

𝒲 (𝒜), and is defined as:  

      intℱe

𝒲 (𝒜) = { 𝑈 ⊆  𝑆 ∣ 𝑈is s.f.o. and  U ⊆ A}. 

(2) The supra feebly-closure of a set A is denoted by clℱe

𝒲 (𝒜), and is defined as: 

     clℱe

𝒲 (𝒜) =  {F ⊆  S ∶  F  is s. f. c. and  A ⊆  F }.  

 

Lemma 2.1  

(1) An arbitrary union of 𝑠𝑢.𝑜sets is 𝑠𝑢.𝑜 set. [1] 

(2) An arbitrary union of 𝑠𝑢.ℱe.𝑜  sets is 𝑠𝑢.ℱe.𝑜set. 

(3) An arbitrary intersection of 𝑠𝑢.ℱe.𝑐sets is 𝑠𝑢.ℱe.𝑐  set. 

Remarks 2.2 

(1) A finite intersection of 𝑠𝑢.ℱe.𝑜 sets not necessarily 𝑠𝑢.ℱe.𝑜 . 

(2) A finite union of 𝑠𝑢.ℱe.𝑐sets not necessarily 𝑠𝑢.ℱe.𝑐 . 

Example 2.3  
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  Let 𝒮 = { 𝔯, 𝓎, 𝔪, 𝓈} , 𝒲 = {∅, 𝒮, {𝔯}, {𝔯, 𝔪}, {𝔪, 𝓈}, {𝔯, 𝔪, 𝓈}}, Note that 𝒜 = {𝔯, 𝔪} ⊆ 𝒮 and 𝔅 = {𝔪, 𝓈} ⊆ 𝒮   are both 
𝑠𝑢.ℱe.𝑜  sets , but  𝒜 ∩ 𝔅 = {𝔪} is not 𝑠𝑢.ℱe.𝑜  set . Also 𝑄 = {𝔯, 𝓎} ⊆ 𝒮  and 𝒯 = {𝓎, 𝓈} ⊆ 𝒮  are both 𝑠𝑢.ℱe.𝑐   sets, but 
𝑄 ∪ 𝒯 = {𝔯, 𝓎, 𝓈}  is not 𝑠𝑢.ℱe.𝑐   set .  

Lemma 2.2 

Let 𝒜 be a subset from (𝒮, 𝒲) , then: 

(1) intℱe

𝒲 (𝒜) is 𝑠𝑢.ℱe.𝑜and  clℱe

𝒲 (𝒜) is 𝑠𝑢.ℱe.𝑐. 

(2)  intℱe

𝒲 (𝒜) ⊆  𝒜 and  𝒜 ⊆ clℱe

𝒲 (𝒜). 

(3) 𝒜 = intℱe

𝒲 (𝒜) if and only if  𝒜 is  𝑠𝑢.ℱe.𝑜   and  𝒜 = clℱe

𝒲 (𝒜)  if and only 𝑖𝑓 𝐴 𝑖𝑠 𝑠𝑢. 𝐹𝑒. 𝑐.  

   Proof 

Proof. (1)–(3) Follow clearly by Definition 2.6, part (2), and part (3) of Lemma 2.1. Specially, since the arbitrary 
union of supra feebly open sets is supra feebly open, the union defining the interior is itself feebly open. 

Lemma 2.3 

Let 𝒜 , 𝔅 are two subsets of (𝒮, 𝒲) , then: 

(1) intℱe

𝒲 (𝒮/𝒜) = 𝒮 /clℱe

𝒲 ( 𝒜) . 

(2) clℱe

𝒲 (𝒮/𝒜) = 𝒮 /intℱe

𝒲 (𝒜 ) . 

(3) intℱe

𝒲 (𝒜) ⊆ intℱe

𝒲 (𝔅) ⊆ intℱe

𝒲 (𝒜 ∪ 𝔅). 

(4) intℱe

𝒲 (𝒜 ∩ 𝔅)⊆ intℱe

𝒲 (𝒜) ∩ intℱe

𝒲 (𝔅). 

(5) intℱe

𝒲  (𝒜) ∪ intℱe

𝒲  (𝔅)⊆ clℱe

𝒲 ((𝒜 ∪ 𝔅). 

(6) clℱe

𝒲 (𝒜)∪ clℱe

𝒲 (B)⊆ clℱe

𝒲 (𝒜 ∪ 𝔅). 

(7) int𝒲(𝒜)⊆ cl𝒲(𝒜) [1]. 

(8) intℱe

𝒲 (𝒜) ⊆ clℱe

𝒲 (𝒜) 

(9) intsi.
𝒲(𝒜) ⊆ cl𝒲(𝒜) [12]. 

(10) int𝒲(𝒜) ⊆ intℱe

𝒲 (𝒜) and clℱe

𝒲 (𝒜) ⊆ cl𝒲(𝒜) . 

Proof 

Part (1) and (2) follow directly from Definition 2.6, and De Morgan's laws. 

 (3) Let 𝑥 ∈ intℱe

𝒲 (𝒜) ∪ intℱe

𝒲 (𝔅),  so either  𝑥 ∈ intℱe

𝒲 (𝒜) or 𝑥 ∈ intℱe

𝒲 (𝔅) ,if  𝑥 ∈ intℱe

𝒲 (𝒜) ,thus by definition (2.6)  
𝑥 ∈ ⋃ 𝑄𝑖  where Qi are  𝑠𝑢.ℱe.𝑜 for all i and  𝑄𝑖 ⊆  𝒜)  , so 

 𝑥 ∈ 𝑄𝑖 ⊆ 𝒜 ⊆ 𝒜 ∪ 𝔅 , hence 𝑥 ∈ intℱe

𝒲 (𝒜 ∪ 𝔅), or if 𝑥 ∈ intℱe

𝒲 (𝔅) is symmetric ,thus x∈intFeW(A∪B), hence intFe
W

(A)∪intFe
W(B)⊆intFe

W(A∪B). 

(4) Similar to the proof of part (3) using the fact that A∩B⊆A and  A∩B⊆B , which implies the interior of the 
intersection must be contained in the intersection of the interiors. (5)–(10) Follow from Definitions 2.2, Lemmas 2.1 
and 2.2. 

Example 2.4  

 In the setting of  Example 2.3, if  𝒜 = {𝔯, 𝓎, 𝓈} ⊂ 𝒮 and 𝔅 = {𝓎, 𝔪, 𝓈} ⊂ 𝒮, so  intℱe

𝒲 (𝒜 ∪ 𝔅) = 𝒮 , while intℱe

𝒲 (𝒜) =
{𝔯} and  intℱe

𝒲 (𝔅) = {𝔪, 𝓈} . Note that  intℱe

𝒲 (𝒜 ∪ 𝔅) ⊈ intℱe

𝒲 (𝒜) ∪ intℱe

𝒲 (𝔅) = {𝔯, 𝔪, 𝓈} . also  clℱe

𝒲 (𝒜) = 𝒮   and 
clℱe

𝒲 (𝔅) = {𝓎, 𝔪, 𝓈}, clℱe

𝒲 (𝒜 ∩ 𝔅) = {𝓎, 𝓈} , but clℱe

𝒲 (𝒜 ∩ 𝔅) ⊉ clℱe

𝒲 (𝒜) ∩ clℱe

𝒲 (𝔅) = {𝓎, 𝔪, 𝓈} .  
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Lemma 2.4 

 Let  (𝒮, 𝒲) be a supra topological space, and let  ℛ, 𝔅 ⊆ 𝒮 ,then :  

(1) If  ℛ ⊆ 𝔅, then clsi.
𝒲(ℛ) ⊆ clsi.

𝒲(𝔅) [12] . 

(2) If  ℛ ⊆  𝔅, then  intℱe

𝒲 (ℛ) ⊆ intℱe

𝒲 (𝔅) and  clℱe

𝒲 (ℛ) ⊆ clℱe

𝒲 (𝔅). 

Proof 

(2) Directly by using Definition (2.6), and the monotonicity of the subset relation over unions and intersections.     

3. Relations Between Supra Feebly-Open Sets and Other Generalized Supra Open Sets 

 In this section we studied the relations between our set  𝑠𝑢.ℱe.𝑜 and other types of supra collections like 𝑠𝑢.𝑜 , 𝑠𝑢.𝑏−𝑜 , 
𝑠𝑢.𝑠𝑖.𝑜, 𝑠𝑢.𝛽−𝑜 , 𝑠𝑢.𝑝.𝑜,.. etc.  We introduced Figure 1 summarizes these relations diagrammatically. Table 1 (following 
Figure 1) provides explicit counterexamples confirming that none of the arrows in Figure 1 can be reversed, thereby 
showing that all inclusion relations are strict. 

Proposition 3.1 

Let (𝒮, 𝒲) be a supra topological space. if  𝒜 ⊆ 𝒮  is 𝑠𝑢.𝑜   set, then 𝒜 is 𝑠𝑢.ℱe.𝑜.  

Proof 

 Let A be supra open. Since A ∈ W, we have intW(A) = A. Setting U = A, we get U ∈ W with U ⊆ A and A ⊆ clsi.W(U) = 
clsi.W(A). Hence A satisfies Definition 2.5, so A is su.Fe.o. 

The Statements above are untrue in the opposite direction in general , as demonstrated by the subsequent cases. 

Examples 3.1 

(1) Let  𝒮 = {𝔯, 𝓎, 𝔪, 𝓌 }, 𝒲 = {∅, 𝒮, {𝔯, 𝔪}, {𝔯, 𝓎}, {𝔯, 𝓎, 𝔪}}. 𝑁Note that 𝒜 = {𝔯, 𝓎, 𝓌}  ⊆ 𝒮  is 𝑠𝑢.ℱe.𝑜,but not 𝑠𝑢.𝑜.  

(2) Let 𝒮 = {𝓍, ℊ, 𝓏, 𝓉 }, 𝒲 = {∅, 𝒮, {𝓍, 𝓉}, {𝓍, 𝓏, 𝓉}, {ℊ, 𝓏, 𝓉}}. Note that 𝒜 = {𝓍, ℊ, 𝓏}  ⊆ 𝒮  is 𝑠𝑢.𝑝.𝑜but not  𝑠𝑢.ℱe.𝑜. 

Proposition 3.2 

Let  (𝒮, 𝒲)  be a sup. topo. space, let  𝒜 ⊆ 𝒮: 

(1) If 𝒜   𝑠𝑢.𝑜then 𝒜 𝑖𝑠 𝑠𝑢.𝑠𝑖.𝑜.  

(2)  If 𝒜 𝑠𝑢.𝑜 then  𝒜 𝑖𝑠 𝑠𝑢.𝑝.𝑜. 

(3) If 𝒜   𝑠𝑢.𝑜 then 𝒜𝑖𝑠  𝑠𝑢.𝑏−𝑜 . 

(4) If 𝒜   𝑠𝑢.𝑜 then 𝒜  𝑖𝑠 𝑠𝑢.𝛽−𝑜. 

Proof 

(1) Let 𝒜 be a 𝑠𝑢.𝑜  ,since 𝒜 ⊆ cl𝒲(𝒜), therefore 𝒜 = int𝒲(𝒜) ⊆ 𝑐𝑙𝒲(int𝒲(𝒜)).Thus we get the required results, 
and analogous formal phrasing for parts  (2) − (4) relying on the fact that for any supra open set A=intW(A) , the 
successive applications of closure and interior operators preserve the superset relation. 

The converses of the above statement do not hold the general, as illustrated by the following examples 

Examples 3.2 

(1) Let 𝒮 = {1,2,3,4}, 𝒲 = {∅, 𝒮, {1,3}, {3,4}, {1,3,4}}. Note that 𝒜 = {1,2,3}  ⊆ 𝒮 is  𝑠𝑢.𝑠𝑖.𝑜 but not  𝑠𝑢.𝑜.   
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(2) Suppose 𝒮 = {𝒿, 𝒾, 𝒽, 𝒹}, 𝒲 = {∅, 𝒮, {𝒿, 𝒾}, {𝒾, ℎ}, {𝒿, 𝒾, ℎ}}, it is clear that  ℳ = {𝒿, 𝒾, 𝒹} ⊆ 𝒮 is  𝑠𝑢.𝑝.𝑜 however not  
𝑠𝑢.𝑜 . 

(3) Let 𝒮 = {ℒ, 𝒩, 𝓆, 𝓅}, 𝒲 = {∅, 𝒮 , {ℒ}, {ℒ, 𝓆}, {𝓆, 𝓅}, {ℒ, 𝓆, 𝓅}}, we can easily show that  𝒩 = {ℒ, 𝒩} ⊂ 𝒮   is 
𝑠𝑢.𝑏−𝑜but not  𝑠𝑢.𝑜. 

(4) Let 𝒮 = {1,2,3,4}, 𝒲 = {∅, 𝒮, {2,3}, {1,3}, {1,2,3}}, where 𝒦 = {1,3,4}  ⊆ 𝒮 is 𝑠𝑢.𝛽−𝑜 however not  𝑠𝑢.𝑜 . 

Proposition 3.3 

Let  (𝒮, 𝒲)  be a sup. top. space, let  ℛ ⊆ 𝒮: 

(1) If ℛ is 𝑠𝑢.ℱe.𝑜   set, then  ℛ 𝑖𝑠  𝑠𝑢.𝑠𝑖.𝑜. 

(2) If  ℛ is 𝑠𝑢.ℱe.𝑜  and 𝑠𝑢.𝑜 , therefore ℛ is 𝑠𝑢.𝑏−𝑜 . 

(3) If  ℛ is 𝑠𝑢.ℱe.𝑜    and 𝑠𝑢.𝑜, then ℛ is  𝑠𝑢.𝛽−𝑜. 

Proof 

(1) Let ℛ be 𝑠𝑢.ℱe.𝑜  ,so there exists  ℋ which is  𝑠𝑢.𝑜   such that  ℋ ⊆ ℛ ⊆ cls
𝒲(ℋ). By Proposition 3.2 Part (1)  we 

obtain clsi.
𝒲(ℋ) ⊆ cl𝒲(ℋ) .Thus  ℋ ⊆ ℛ ⊆ cl𝒲(ℋ), and H⊆intW(R)   implying R⊆clW(intW(R)) , which means  ℛ is 

𝑠𝑢.𝑠𝑖.𝑜. 

(2) Suppose ℛ  is   𝑠𝑢.ℱe.𝑜  , by Part (1) we conclude that ℛ ⊆ cl𝒲(int𝒲(ℛ)). Also by Proposition 3.1  ℛ ⊆
int𝒲(cl𝒲(ℛ)). Therefore ℛ = ℛ ∪ ℛ ⊆ cl𝒲(int𝒲(ℛ))∪ int𝒲(cl𝒲(ℛ)). Thus ℛ is  𝑠𝑢.𝑏−𝑜 . 

(3) Let ℛ  is  𝑠𝑢.ℱe.𝑜   and  𝑠𝑢.𝑜   so by Proposition 3.2 Part (2) we get ℛ ⊆ int𝒲 (cl𝒲 (ℛ)), hence cl𝒲 (ℛ) ⊆
cl𝒲(int𝒲(cl𝒲(ℛ))), since ℛ ⊆ cl𝒲(ℛ).Thus ℛ ⊆ cl𝒲(int𝒲(cl𝒲(ℛ)))  is 𝑠𝑢.𝛽−𝑜. 

The Statement above is untrue in its opposite direction in general, as shown the Subsequent cases. 

Examples 3.3 

(1) Let 𝒮 = {ℓ, 𝓂, 𝓃}, 𝒲 = {∅, 𝒮, {ℓ}, {𝓃}, {ℓ, 𝓃}}. Note that 𝒜 = {ℓ, 𝓂} ⊆ 𝒮 is    𝑠𝑢.𝑠𝑖.𝑜then not  𝑠𝑢.ℱe.𝑜 . 

(2) Let 𝒮 = {𝔪, 𝔱, 𝔯, 𝓌}, 𝒲 = {∅, 𝒮, {𝔪, 𝓌}, {𝔱, 𝔯}, {𝔪, 𝔯, 𝓌}, {𝔱, 𝔯, 𝓌}}. Note that 𝒜 = {𝔪, 𝔱, 𝔯} ⊆ 𝒮 is 𝑠𝑢.𝑝.𝑜 and 𝑠𝑢.𝛽−𝑜but 
not 𝑠𝑢.ℱe.𝑜.  

(3) Suppose  𝒮 = {𝓂, 𝓃, 𝒽, 𝓌}, 𝒲 = {∅, 𝒮, {𝓂}, {𝓂, 𝓃}, {𝓃, 𝒽}, {𝓂, 𝓃, 𝒽}} . Note that 𝒜 = {𝓂, 𝒽, 𝓌}  ⊆ 𝒮  is  
𝑠𝑢.𝑏−𝑜and not 𝑠𝑢.ℱe.𝑜. 

Proposition 3.4 

Suppose (𝒮, 𝒲) be a sup. topo. space, let  𝒜 ⊆ 𝒮: 

(1) If 𝒜 𝑠𝑢.𝛼−𝑜 , then  𝒜   𝑠𝑢.𝑠𝑖.𝑜 [10]. 

(2) If 𝒜  𝑠𝑢.𝑜, then  𝒜   𝑠𝑢.𝛼−𝑜 [10] . 

(3) If 𝒜  𝑠𝑢.𝑝.𝑜, then  𝒜 𝑠𝑢.𝑏−𝑜 [8]. 

(4) If  𝒜  𝑠𝑢.𝛼−𝑜, then  𝒜 𝑠𝑢.𝑝.𝑜 [8] . 

Proposition 3.5 

Suppose (𝒮, 𝒲) be a sup. topo. space, let  ℳ ⊆ 𝒮, then: 

(1) If ℳ is 𝑠𝑢.ℱe.𝑜   and   𝑠𝑢.𝑜set, then ℳ  is  𝑠𝑢.𝛼−𝑜  . 

(2) If ℳ is 𝑠𝑢.𝑏−𝑜 , then   ℳ is  𝑠𝑢.𝛽−𝑜 . 
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(3) If  ℳ is 𝑠𝑢.𝑠𝑖.𝑜, then ℳ  is 𝑠𝑢.𝛽−𝑜 . 

Proof 

(1) Let ℳ is   𝑠𝑢.ℱe.𝑜  set, by Proposition 3.3 Part(1)  ℳ ⊆ cl𝒲(int𝒲(ℳ)) ,since M  is supra open int𝒲(ℳ) 
= int𝒲(cl𝒲(int𝒲(ℳ))) and ℳ is 𝑠𝑢.𝑜. Therefore ℳ = intℱe

𝒲 (ℳ) = int𝒲(𝑀) ⊆  int𝒲  (cl𝒲(int𝒲(ℳ))) . Thus ℳ is 
𝑠𝑢.𝛼−𝑜. 

(2) Let ℳ  is 𝑠𝑢.𝑏−𝑜 , so ℳ ⊆ cl𝒲 (int𝒲 (ℳ)) ∪ int𝒲 (cl𝒲 (ℳ)), therefore either ℳ ⊆ cl𝒲 (int𝒲 (ℳ))  or  ℳ ⊆
int𝒲(cl𝒲(ℳ)). 

𝑪𝒂𝒔𝒆 𝟏: 𝐼𝑓 𝑀 ⊆  𝑐𝑙𝑊(𝑖𝑛𝑡𝑊(𝑀)), 𝑡ℎ𝑒𝑛 𝑀 ⊆  𝑐𝑙𝑊(𝑖𝑛𝑡𝑊(𝑀)) ⊆  𝑐𝑙𝑊 (𝑖𝑛𝑡𝑊 (𝑐𝑙𝑊(𝑖𝑛𝑡𝑊(𝑀)))) , 𝑠𝑜 𝑀 𝑖𝑠 𝑠𝑢. 𝛽 − 𝑜. 

𝑪𝒂𝒔𝒆 𝟐: 𝐼𝑓 𝑀 ⊆  𝑖𝑛𝑡𝑊(𝑐𝑙𝑊(𝑀)), 𝑡ℎ𝑒𝑛 𝑠𝑖𝑛𝑐𝑒 𝑖𝑛𝑡𝑊(𝑐𝑙𝑊(𝑀))  ⊆  𝑐𝑙𝑊(𝑖𝑛𝑡𝑊(𝑐𝑙𝑊(𝑀))), 𝑤𝑒 𝑔𝑒𝑡 𝑀 ⊆
 𝑐𝑙𝑊(𝑖𝑛𝑡𝑊(𝑐𝑙𝑊(𝑀))), 𝑠𝑜 𝑀 𝑖𝑠 𝑠𝑢. 𝛽 − 𝑜. 

(3) clearly This is immediate from Proposition 3.4. 

The Statement above is untrue in its opposite direction in general. As shown the Subsequent cases. 

Example 3.4 

 Let  𝒮 = {𝓋, 𝓊, 𝓉, 𝓆}, 𝒲 = {∅, 𝒮, {𝓋}, {𝓋, 𝓉}, {𝓉, 𝓆}, {𝓋, 𝓉, 𝓆}}. Note that: 

 𝒜 = {𝓊, 𝓉} ⊂ 𝒮  is  𝑠𝑢.𝛽−𝑜  but not 𝑠𝑢.𝑏−𝑜.Also note that ℜ = {𝓋, 𝓆} ⊂ 𝒮 is 𝑠𝑢.𝛽−𝑜 but  not  𝑠𝑢.𝑠𝑖.𝑜. 

Remark 3.1. In all examples throughout this paper, the collection W satisfies the conditions of Definition 2.1 (supra 
topology): it contains ∅ and S, and is closed under arbitrary unions. The subsets chosen as examples are arbitrary 
subsets of S; no additional membership condition in W is imposed beyond what is stated in the relevant definitions. 
In particular, in Example 3.4, the sets A={u,t} and R={v,q} are chosen as arbitrary subsets of S={v,u,t,q} to illustrate 
the strict separation of su.β-open sets from su.b-open and su.si-open sets, respectively. 

  

Proposition 3.6 

 Let (𝒮, 𝒲)  be a supra topological space ,and let ℛ, ℳ be two subset of 𝒮 Such that ℛ ⊆ ℳ . If ℛ is 𝑠𝑢.ℱe.𝑜 set and ℳ 
is 𝑠𝑢.𝑜  set ,then ℛ ∩ ℳ is 𝑠𝑢.ℱe.𝑜 Set . 

 Proof 

Since  ℛ is 𝑠𝑢.ℱe.𝑜  ,we have and ℳ is 𝑠𝑢.𝑜 set  that is intℱe

𝒲 (ℛ) = ℛ and int𝒲(ℳ) = ℳ by  

Lemma 2.3 Part (10) and Proposition 3.1  int𝒲(ℳ) ⊆ intℱe
𝒲 (ℳ) ,then 

  ℛ ∩ ℳ = intℱe

𝒲 (ℛ) ∩ int𝒲(ℳ) ⊆ intℱe

𝒲 (ℛ) ∩ intℱe

𝒲 (ℳ) ⊆ intℱe

𝒲 (ℛ ∩ ℳ)………(1) , 

 Also by Lemma 2.3 Part (4) and notation 3.1 we have, 

  intℱe

𝒲 (ℛ ∩ ℳ) ⊆ intℱe

𝒲 (ℛ) ∩ intℱe

𝒲 (ℳ) ⊆ ℛ ∩ ℳ………..(2) , from (1) and (2) we have ℛ ∩ ℳ = intℱe
𝒲 (ℛ ∩ ℳ). 

Therefore, which show  R∩M is su.Fe.o 

The relationship between a particular kind of supra –open sets is depicted in the figure 1 below. Arrows indicate 
logical implication (A→B) Mean every A is a B). 
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Figure.1.  Diagrammatic Representation of Inclusion Relations 

To confirm that no arrow in Figure 1 can be reversed, the following table provides explicit counterexamples showing that 

each implication is strict 

 

Table 1. Counterexamples for Non-Reversibility of Inclusion Relations 

Space (S, W) Set A A is A is NOT 

S={r,y,m,w}, 
W={∅,S,{r},{m},{r,y},{r,y,m}} 

A={r,y,w} su.Fe.o su.o (Ex. 3.1.1) 

S={l,m,n}, W={∅,S,{l},{n},{l,n}} A={l,m} su.si.o su.Fe.o (Ex. 3.3.1) 

S={x,g,z,t}, 
W={∅,S,{x,t},{x,z,t},{g,z,t}} 

A={x,g,z} su.p.o su.Fe.o (Ex. 3.1.2) 

S={m,n,h,w}, 
W={∅,S,{m},{m,n},{n,h},{m,n,h}} 

A={m,h,w} su.b.o su.Fe.o (Ex. 3.3.3) 

Supra 𝛼 −Open 

pen 

supra 
semi−open 

supra -open 

supra  b-open supra 𝛽-open 

  supra pre-open 

sup. ℱe −  open 

+sup.-op. 
+sup.-op. 

+sup.-op. 

+sup.-op. 
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Space (S, W) Set A A is A is NOT 

S={v,u,t,q}, 
W={∅,S,{v},{v,t},{t,q},{v,t,q}} 

A={u,t} su.β.o su.b.o (Ex. 3.4) 

S={m,t,r,w}, 
W={∅,S,{m},{w},{t,r},{m,r,w},{t,r,w}} 

A={m,t,r} su.p.o, su.β.o su.Fe.o (Ex. 3.3.2) 

4. Conclusion and Future Work 

In conclusion, the study of supra feebly topological spaces has introduced a new perspective on topological 
structures, emphasizing the role of “weak” or “fragile” open sets. This research has explored the fundamental 
properties of these spaces, including connectedness and disconnectedness, and has laid the groundwork for further 
investigation. We have given a strict mathematical transition between the classical feebly open sets and the 
generalized supra topology structure by formally defining the supra feebly interior and closure operators. 

The findings of this study contribute to the advancement of mathematical knowledge in generalized topology and 
have potential implications for various fields, such as computer science and physics, where topological concepts are 
applied. Particularly in digital topology and rough set theory where classical topological axioms is often too rigid. 
 
 Future research directions may include: 

- Developing the theory of supra feebly topological spaces 

- Exploring applications in specific domains (e.g., data mining and pattern recognition). 

- Investigating relationships with other topological structures such as  fuzzy supra topologies or neutrosophic supra 
structures. 

 
 This study serves as a foundation for continued exploration and innovation in the field of topology. 
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