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1. Introduction

By using a mathematical model, we can deal with any problem related to all sciences [1]. Mathematical models
describe data for any study in numerical factors[2]. The repeated measurements model can be used to determine
the effect of any factor[3]. In 2021 al-mouel and al-kanan estimate the parameters of the repeated measurements
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model[4]. In 2021, al-hassan and al-mouel identify the analytic form of the likelihood-ratio test[5]. In 2021 al-mouel
and kori obtained the estimation corresponding to the expected mean square rate[6]. In 2023 saleh, kadir, and Jamil
studied a comparison between some methods[7]. In 2023, langenberg, janczyk, koob, kliegl, and mayer, studied the
paired t-test[8]. In 2024 al-kanan study two estimation methods [9]. The mathematical model contains the
following: model equation, independent variables, parameterization conditions[10]. A mathematical model may be
an equation or a set of equations[11]. The analysis of variance depends on partitioning the total variation
sources[12]. The first step to developing a model is about identifying your equation[13]. The objective of this paper
is to define two mathematical models, the first of which is a repeated measurements model with two random effects
and two fixed effects. The second is a repeated measurements model with one random effect and three fixed effects.
Investigate the analysis of variance for each model, and apply it to some data.

2. FIRST MODEL

Consider the following repeated measurements model:
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Theorem 2.1. The expected value of the sum of squares for each factor obtained as follows:
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3. Maximum likelihood method

The parameters Jg,af, and 02 are estimated by using the maximum likelihood method, where the likelihood

function is as follows:
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4. APPLICATION SIDE

For the first model, we use two levels of i (i, i), two levels of j (j;,j,), two levels of k (
ki, k3), and two levels of 1 (14, ;). We assume that p; is the fixed effect of i levels, 7;(;) is the fixed effect of the i, j

levels, (), is the random effect of i,j, and k levels, and (8);jy, is the random effect of the I, j, k, and 1 levels.

Table 1- i, levels [15].

iy
j1 J2
ky k; ky k,
14 I, 1y I, 1y I, 1 I,
12.51 25 11.67 23.66 13.41 10.43 12.56 23.55
18.12 16 18.8 16.06 19.911 22 18.943 19.37
Table 2- i, levels [15].
i
j1 J2
kq k, kq k,
14 I, 1y I, 1y I, 51 I,
21.32 22.33 25.03 19. 66 24.44 18 23.596 19.99
19.501 19.03 21.7 37 20.301 32.26 20.5 29.43
Table 3- ANOVA for the first model
v.0.S d.f SS MS F table F statistics
p 1 265.0407761250026  265.0407761250026 4.494 16.02350141673759
T 2 0.71176449999803 0.35588224999902 3.63372 0.02151548082685
y 4 66.16301125000064 16.54075281250016 3.00692 1.09827586587543
) 8 120.48523199999909 15.06065399999989 2.5911 0.43790797285991
£ 16 550.2764939999997  34.39228087499998
The analysis of variance is obtained and determines the F statistic for each factor, since %5 < SA—‘?, then
6% = min (%Ms) = 27.94840524999995, 52 = max (o, @) =0, and of= q—t(“i;;:jysy - MS5) -

8.08896335267864.
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5. Second mathematical model

Kori and al-mouel [6,14] study the following model:
habc = 9 + Ab + T[a(b) + BC + (AB)IJC + €abc, A = 1, ...,i,b = 1, ...,j,C = 1, ,k (10)

Table 4- Effects classifies

The factor The type The definition The condition
0 fixed Overall mean —00 < <o
4, fixed Fixed effect

j
ZAI,:O
b=1

Ta(b) random Random effect Ta)~N(0,072)
B, fixed Fixed effect k
B,=0
c=1
(AB)p fixed Fixed effect J k
D ARy = > (4B)ye
b=1 c=1
=0
€abe random Random error €apc~N(0,02)

For the practical side, we assume that A4, is the fixed effect of b levels, 7, ;) is the random effect of a, and b levels, B,

is the fixed effect of the c levels, and (AB),. is the fixed effect of b, and c levels. We use the following data:

Table 5- Second model data [15]

0SAmg. L! 0.5SAmg. L! 1SAmg.L!

50 Put.Mg.L™! cl 12.51 11.76 13.41
c2 18.12 18.8 19.911
c3 7.275 9.45 10.43

c4 25 23.66 22
100 cl 21.32 25.03 24.44
Put.mg.L™?! c2 19.501 21.7 20.301
c3 10.41 14.501 12.61

c4 22.33 19.66 18

By using the formula below, we found the following ANOVA table:

2 2
azzl (hfi)

(hp)?

3 4

h 2

- 7483.225757083333,2— - 7428.828285125001,2( o)
b=1 c=1

6

3 = 7836.807877499999,
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2 3 4 2 3( )2
ZZZ( abc)2—810112694 ZZ hap, = 7491.612432250001,

a=1b=1c=1 a=1b=1 b=1c=1

2
& =7868.5963055,

(h.)?

Y 7424.703860041667.

Table 6- ANOVA table

V.0.S d.f SS MS F table F statistics
A 2 4.12442508333334 2.06221254166667 9.55209 0.09853821240388
3 62.78414712500035 20.92804904166679 3.86255 1.10961018576134
3 412.10401745833224 137.36800581944408 3.86255 7.28328465551218
AB 6 27.66400291666741 4.6106671527779 3.37375 0.24445867962617
€ 9 169.7464963750008 18.86072181944453
Where SS; =321 %5 Xeoi(hp —h )?, 55y = Xoo1 Xho1 Xéc1(hap. — hp )%, SSp =Xi1 Y31 24 1(71 —h.)%

S = 321 Thon Dcalhpe — hp — R+, )2 and  SS = Xi_1 ¥h=1 Xé=1(hape +hp — hap, — hp)?.  since

F[0.95,3,9] < Fg, then, there is a statlstlcally significant difference.

6. Conclusion

For each model, the analysis of variance is obtained and determines the F statistic for each factor. For the first
model, since F[0.95,1,16] < E,, then there is a statistically significant difference for p factor such that F,=

16.02350141673759, Hy:p; = 0,Hf:p; # 0,and F, =>-2. We assume that Hg:ri(j) =0, Hi:tyj %0, F, =

14
gj HY:02=0,H:02 > 0,F, = —andHO o = 0,H?: 6% > 0,F; = =5 We found that 62 = 27.94840524999995,
6% = 0,and o = 8.08896335267864, for the second model, the F table value and F statistics for the second model
are as follows: F, = Z—S: = 0.09853821240388, F[0.95,2,3] = 9.55209, HA: A, = 0,H{: A, #0, F, = “;i" =
1.10961018576134 , F[0.95,3,9] = 3.86255, H': 02 = 0, H': 0 > 0, Fy = T2 = 7.28328465551218,F[0.95,3,9] =

€

Ms
and F,; = MAB

3.86255,HE:B, = 0,HE: B, + 0,
0, H{*8: (AB),. # 0.

= 0.24445867962617 , F[0.95,6,9] = 3.37375, HAB: (AB),, =
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