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ABSTRACT

In this paper, we are used Whitney's and Riesz—Torin Theorems to find the
degree of best approximation of functions by means of the averaged modulus of

smoothness in spaceL, , (X').
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INTRODUCTION

Let X =[a,b] ; a,be R(the set of all real numbers). Then we define the
space of all bounded measurable functions f onX , by norm a.e :

Hpr:(I:\f(X)\pd(X))w <o, (1.1)

and denoted by L, (X ), (1< p <o), [1]. Also we denote byl  [a,b]
(1< p <), of the space of all bounded z —measurable functions
f on[a,b], and defined by:

b Yp
I, = (Hf (X)\pdﬂ(x)) <00 (1.2)

where £ is the non-negative measure function on a countable set, [2] .

For every function f we define the k- difference with step (h) at a point
X as follows [3]:

X mk [ K
Ay f(x)=> (1) k( j f (x +mh), x,x +mhe[a,b]
m=0 m
(1.3)
And the kth locally of smoothness forf eL_ [a,b] , (the set of all
essentially bounded functions on[a,b ) is defined by [4]:

w,(f,8 ):sup”Aﬁf (x)‘:\h\s&x,x +kh e[a,b]} (1.4)
<&

Also, for every bounded function f the following trivial estimate
. < k
holds: w, (f . [ab]) <2“|f Hc[b (15)
where C [a,b] = m[aif] it ()| .[5].

AN (x)|=

( 1)'+"[kjf (x +|h)‘

k
< (i Jirt,, =211,

i=0
In [5] the anther proved if f is a measurable bounded function on[a,b], then :

w, (f,5), <7 (f,8), <w,(f,8)0 _a)®, (1< p <o0)

Since
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where

o (F,8), =W (f ,0)], =

sup{‘A,‘jf (x)‘:\h\éé, X,X +kh e[a,b]}
lh|<s

p

Also proved the following theorem which is now classical in approx-imation
theory and numerical analysis .This theorem gives additional conditions
which allow us to invert the above inequality.

Theorem 1, [5]:

For each integer N =1 there is a number W with the following property,
for any interval A and for any continuous function f on A there is a

polynomial P of degree at most N —1 such that
[ f(X)-PX)|[<W,w (f,A) , xeA (1.6)

where W is called Whitney’s constant, A= [a,b ]

Definition (Riesz — Torin Theorem), [5]:
Let T be a linear operator from the spaces Lp[a,b] in to the
spaces Lq [a,b] , if there exists a constant K , for which
T 00 |y <K 00 1P <q <00 wn
For every function f inL_[a,b], we say that the operator T is of the type

(p,q) . The smallest number K with this property is called the (p,q ) norm
of the operator T .

Theorem 2, [5]:

For eachn € Z ", there is a number W and there is a polynomial p, for
each Lebesgue integral function f on [a,b], such that
It —p, [<W,w, (f ,A), (1.8)
where W & Whitney’s constant ,A:[a,b] .
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Lemma 1, [5]:
LetL, bealinear operatorand >  ={x, :a=x,<..<x,, =b}.If
feM[a,b]. Then L (f)eL [ab]. (1<p<w)
and L.t ], <K][f szn , (1.9)
where K is an absolute constant and M [a,b] the space of all measurable

functions bounded on interval [a,b ].

Lemma 2, [2]:

Let « beanon - decreasing function on P, satisfying:
1(y) — u(X) = Constantand 1< p <o, we put

w,(6)= sup (u(y)—u(x)),5>0 and

O<y—x<o
1 n-1 p Yp
[;kZ max|P,| j < C(p) [P,

where P isan algebraic polynomial of degree at most n and

p
|k:[5,k_+1]mnupn HMSC(p)(nW#(%D P o

n n

Lemma 3, [2]:
Let f beabounded x- measurable functionand 1< p <oo . Then
[t l,<cm|f], (1.11)

where C (p) is a constant depends only on p .

2-Main Results

Now we are using the interpolation results of the Whitney's theorem and the
Riesz- Torin theorem [4], [5] to obtain interpolation theorems which are using of
the averaged modulus of smoothness.

Lemma 4:

Let f bea 27— periodic bounded - measurable function then:
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7. (f,ns), , <@n)*" 7, (f,5),, . 1<p<w
Proof:
(n-1)
We use the identity A% f (t) = Z AN AST (t+ih) (2.1)

i=0

where A™ are defined by
(n-1)k

(1+t +...+t“‘1)k = > AMt'=n (2.2)
i=0
since 7 (f ,ns), , =|w, (f ,x,nd) HM
we get r, (f,no),, < ¢ (f,[n]o), ,
=|sup| [A*f (1) ‘:t,t +k[n]h e[x — k[n]5’x + k[n]5}ﬂ[a,b]
Ih|ss| 118 2 2

AN ATt +ih
> AN AT (t+ih)

i=0

[n-11k ‘

=| sup {
|h|<s

t +ih t +ih +nh e[x —k[g]a,x +k[;]5}ﬂ[a,b]}

p.u

(2n-1)k 2n-1 ) k5
Wk(f ,X,n5)S z Aizn’k Zwk(f 1X_(n_1)7’5) (23)
j=1

i-0
since,

2(n)-1
t+ih,t+ih+nhe U {x Ko, (5 gk +k[2]5+(j +1)k75}
j=1

2 2

So that by using definition of local modulus of smoothness and (2.2),(1.5) we
obtain
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p.u
Yp
b |2na1 P
ko
<2n"[f 1Wk(f,x—(n—1)7,5] dﬂ(x)}
a 1=
p
2n-1 | b P
<2n {j wk(f,x—(n—j)k;,éj dﬂ(x)}
=l | a

b-(n-])%2 v
<on' (2n1)[ jwi (fx0) [ du(X)]
a-(n-j)%
=2n*(2n-1) .7 (f 10) .
= (2n*.2n —2n*) 7 (f,9),.,
= (2" =2n*) 7, (f ,5),,

<ot 7 (f,0),,

Lemma 5:

Let Z n:{ X,a=X,<...<X., :b} be a partition of the interval
[a,b] into N +1 subintervals and let kK >1 be an integer .Using the notation

A =%, —%,| ,i=12,...,n,d, =max{A; ,1<i <n}

+ +. dn
Then  [w, (f.x;,2h) |, & < 2769 7, (f b 2o (2.4)
Proof:

From(1.9) and (1.10),(1.5) we have

n

Yp
HWk(f ’Xi’2h)Hp,yz :{Z‘Wk(f X, 2h) ‘p Ai}

i=1

‘i Yp
={ZI w, ,xi,zhn“dﬂ(xi)}

=1,

161



Journal of Al-Qadisiyah for Computer Science and Mathematics

b Vp
d (x)}

3" Sinentific Conference 19-20/ APRIL -2011
Vol 3 No.2 Year 2011

n Xia

SZ’“pcl(p){Z |

w, (f,x,2(h +O:<—”)

=l i,

< 2% ¢,(p) 7, (1 200+ 52),

d
< 2% c;(p) 7 (f,2(h "‘?n)) 0.

p‘/‘l

< 2¥erake (p) ¢ (f ,C:(—“) i

Now, the Whitney’s theorem for f €L (A) spaces, have been proved.

Theorem 2.1:

For each neZ" there is a number W_ and there is a polynomial p, for
each Lebesgue Integral function f on [a,b]such that,
If —p, HM W,z (f,[ab]),., (2.5)

where W~ is Whitney’s constant.
Proof:

Let g=fd,(x)

From (1.8), (1.6), (1.11) and (1.4) there is a polynomial p, of degree
Nn—1 such that

‘g - pn‘SWan(g,[a,b])
=Wn.sup{‘A'; g(t)||h|<s, t,t+kh e[a,b]} ,h>0

Yp
lg—pa|, W, [f —p.],, =W, (j | supAL f (t)["d,():t.t +kh e[a,b]]
A

=C (p) z, (f ,[a,b])p,ﬂ [
We shall call the polynomial p=p, (f) for which theorem 2 is valid
Whitney’s polynomial for the function f € Lp‘ p of degree (N —1).
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Theorem 2.2:

Let L be abounded linear operatoron L , [a,b] and letL(P)=P, for
every polynomial P eH_, , where H_, is the set of all algebraic
polynomials of degree n —1 . Then for every function f Lp’# [a,b] , We

have |[f —L(f )| <C(p)W, (f bj) 2.6)
P n p.u

where W is Whitney's constant.

Proof:

Let P, (f ) be polynomial for f of degree n —1 .Then using (1.8),
(1.10) and (1.11) we obtain

H f —L(f )Hwﬁ H f —P(f )Hp’#+H P.(f)-L(P,(f)) Hp”u
+HL(Pn(f ) —L(f )Hp’ﬂ
< H f —P(f )HM +H P.(f)—L(P,(f)) Hw
ALl A f =P,
S(1+H L pr#) H f —P (f )HM +H P.(f)-L(P,(f)) Hp,ﬂ
<C.(P)AHL] )| f =P (F)],
<C,(P)W,(@+|L ) w,(f,[ab]),

<CL(PW, (@H|L )5 (f 222

p

)o.u

b-a
<C,(PW, (@+|L] )7 (f —

b-a
=C.PW, n(f.==),,

where  C,(p)=C,(p) (1+|L Hp,#)

Theorem 2.3:

Let F be abounded linear functionalon L [a,b], let F(P)=0 for
every P e H__, . Then foreveryf € Lp’ﬂ [a,b] ,
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IFE),,,

where M s a constant.
Proof:
By using (1.8), we have

IFE,. <[FE =P, +[F®,,
=|FE -ml,,
<|Fl,.-If =rl,,
<MW, 7 (f .[ab]) [

Now, we shows Riesz — Torin Theorem in the spaces of all functions belongs to
L, [ab].

<MW, 7 (f b-a),, 2.7)

7

Theorem 2.4:

Let T be a linear operator from the spaces Lp’# [a,b] into the

spacesL , [a,b] , if there exists a constant K , for which

[T 1 00, <KIf e, (2.8)
Forevery fel [a,b] , then the operator T is of type (p, Q).

Proof:
By using (1.10), (1.7) and (1.11) we get

[Tof I, <C.@]|T.f |, <KC,@)]f |,
=C,(M[f |, . C.(p)=KCy@)
< KC,(m|f |, , 0

Theorem 2.5:

Let L, bea linear operator, If f e L [a,b],
then L (f)e Lp‘y[a,b] ,1<p<oo and H L. (f )Hp’ﬂ <k Hf H

where K is an absolute constant .

s 29)

Proof:
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By (1.9) and (1.11) we have
ILaf ], < CulP) [ Lot

<C,(P)|f |,
<cmf |,y ]

CONCLUSIONS

1- The best approximation of bounded z - measurable function in Lp’ﬂ

spaces by using Whitney’s constant have been found.
2- The best approximation of bounded . - measurable function in Lp’ﬂ

spaces by using Riesz — Torin Theorem, have also been found.
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