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A B S T R A C T 

In this paper was Our principal goal is proving common fixed-point results by using different 
condition with addition to dependent to idea of weakly compatible on partial b-metric space 
(for short PBMS). we obtained improvement for recent results common fixed-point theorem 
in partial b-metric space 
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1. Introduction 

A fixed-point theory is a Hight important section of a nonlinear functional analysis. One of primary results that 

appeared in field of fixed point due to 1922 by Banach [2] and famous as Banach contraction principle (BCP). There 

is a several of generalizations appeared of usual metric space. One of these generalizations due to 1993 by S. 

Czerwik [4] in was offer idea of b-metric space (BMS) by through change in trigonometric inequality that by 

multiply by b ≥ 1, he reproved a famous BCP in this space. As well a set of results have come out in the same space 

see, ([5], [10], [11], [19]). S. In 1994 presented an idea of partial metric space (PMS) by G. Matthews [12] as a 

generalization of usual metric space where the self-distance of any point in this space not necessarily have zero 

value. As well proved BCP in PMS. A set of fixed-point results studied this space by different scholars see, ([1], [3], 

[7], [9], [14]). S. Shukla [15] in 2014, presented one of the most important improvements of those spaces named 

partial b-metric space (PBMS) and studied BCP and Kannan condition in by using the same space. As well number of  

 

results had come out later, see ([6], [8], [13], [16], [17], [18], [20]). this study we worked to prove common fixed-

point results with addition to dependent to idea of weakly compatible PBMS. 
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2. Preliminaries:  

Definition 2.1 [12] Consider ℳ a non-null set, defined a partial metric on ℳ as a function 𝑑𝜌: ℳ2 → ℝ+ verifies the 

following; 

(𝑑𝜌1) ℴ = 𝜕 ↔ 𝑑𝜌(ℴ, 𝜕) = 𝑑𝜌(ℴ, ℴ) = 𝑑𝜌(𝜕, 𝜕) 

(𝑑𝜌2) 𝑑𝜌(ℴ, ℴ) ≤ 𝑑𝜌(ℴ, 𝜕) 

(𝑑𝜌3) 𝑑𝜌(ℴ, 𝜕) = 𝑑𝜌(𝜕, ℴ) 

(𝑑𝜌4) 𝑑𝜌(ℴ, 𝜕) ≤ 𝑑𝜌(ℴ, 𝑘) + 𝑑𝜌(𝑘, 𝜕) − 𝑑𝜌(𝑘, 𝑘) 

for all ℴ, 𝜕, 𝑘 ∈ ℳ. Then (ℳ, 𝑑𝜌) called PMS. 

Definition 2.2 [4] Consider ℳ a non-null set, defined a b-metric on ℳ as a function 𝑑𝑏: ℳ2 → ℝ+ verifies the 

following; 

(𝑑𝑏1) 𝑑𝑏(ℴ, 𝜕) = 0 ↔ ℴ = 𝜕 

(𝑑𝑏2) 𝑑𝑏(ℴ, 𝜕) = 𝑑𝑏(𝜕, ℴ) 

(𝑑𝑏3) 𝑑𝑏(ℴ, 𝜕) ≤ 𝑏[𝑑𝑏(ℴ, 𝑘) + 𝑑𝑏(𝑘, 𝜕)] where 𝑏 ≥ 1 

for all ℴ, 𝜕, 𝑘 ∈ ℳ. Then (ℳ, 𝑑𝑏) called BMS. 

Definition 2.3 [15] Consider ℳ a non-null set, defined a partial b-metric on ℳ as a function 𝑑𝜌𝑏: ℳ2 → ℝ+ verifies 

the following; 

(𝑑𝜌𝑏1) ℴ = 𝜕 ↔ 𝑑𝜌𝑏(ℴ, 𝜕) = 𝑑𝜌𝑏(ℴ, ℴ) = 𝑑𝜌𝑏(𝜕, 𝜕) 

(𝑑𝜌𝑏2) 𝑑𝜌𝑏(ℴ, ℴ) ≤ 𝑑𝜌𝑏(ℴ, 𝜕) 

(𝑑𝜌𝑏3) 𝑑𝜌𝑏(ℴ, 𝜕) = 𝑑𝜌𝑏(𝜕, ℴ) 

(𝑑𝜌𝑏4) 𝑑𝜌𝑏(ℴ, 𝜕) ≤ 𝑏[𝑑𝜌𝑏(ℴ, 𝑘) + 𝑑𝜌𝑏(𝑘, 𝜕)] − 𝑑𝜌𝑏(𝑘, 𝑘) 

for all ℴ, 𝜕, 𝑘 ∈ ℳ. Then (ℳ, 𝑑𝜌𝑏) called PBMS 

     In PBMS, clearly 𝑑𝑝𝑏(ℴ, 𝜕) = 0, by (𝑑𝑝𝑏1), (𝑑𝑝𝑏2)  it follows ℴ = 𝜕. Whereas the converse not hold in general. 

Every b-Metric defined by Partial b-Metric as following  

𝑑𝑏(ℴ, 𝜕) = 2𝑑𝜌𝑏(ℴ, 𝜕) − 𝑑𝜌𝑏(ℴ, ℴ) − 𝑑𝜌𝑏(𝜕, 𝜕) ∀ℴ, 𝜕 ∈ ℳ 

Example 2.1 [8] Let ℳ = ℝ+  and 𝑑𝜌𝑏: ℳ2 → ℝ+ de a self-map and defined by 𝑑𝜌𝑏(ℴ, 𝜕) = [max{ℴ, 𝜕}]4 + |ℴ − 𝜕|4 

∀ℴ, 𝜕 ∈ ℳ. Then (ℳ, 𝑑𝜌𝑏) is PBMS with 𝑏 = 24 > 1. but it is neither a (B. M.  S) nor (P. M. S). Indeed, for any ℴ > 0 

we have 𝑑𝜌𝑏(ℴ, ℴ) = ℴ4 ≠ 0 ; therefore, 𝑑𝜌𝑏  is not a b-metric on  ℳ . Also for ℴ = 6, 𝜕 = 2 , 𝑘 = 3  we 

have  𝑑𝜌𝑏(ℴ, 𝜕) = 64 + 44  and 𝑑𝜌𝑏(ℴ, 𝑘) + 𝑑𝜌𝑏(𝑘, 𝜕) − 𝑑𝜌𝑏(𝑘, 𝑘) = 64 + 34 + 34 + 14 − 34 = 64 + 34 + 14  so 

𝑑𝜌𝑏(ℴ, 𝜕) > 𝑑𝜌𝑏(ℴ, 𝑘) + 𝑑𝜌𝑏(𝑘, 𝜕) − 𝑑𝜌𝑏(𝑘, 𝑘) , ∀𝑏 = 24. Therefore, 𝑑𝜌𝑏 is not a partial metric on ℳ. 
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Definition 2.4 [15] 

1- Consider that {𝜐𝑛} be a sequence in a PBMS (ℳ, 𝑑𝜌) then  {𝜐𝑛} called convergent to the point 𝜐 ∈ ℳ ⟺

lim𝑛→∞ 𝑑𝜌𝑏(𝜐𝑛, 𝜐) = 𝑑𝜌𝑏(𝜐, 𝜐) 

2-  Consider that {𝜐𝑛}  be a sequence  in a PBMS (ℳ, 𝑑𝜌𝑏)  then  {𝜐𝑛}  called Cauchy ⟺

lim𝑚,𝑛→∞ 𝑑𝜌𝑏(𝜐𝑚, 𝜐𝑛) exists (finite). 

3- Consider that (ℳ, 𝑑𝜌𝑏) PBMS. if for Cauchy sequence {𝜐𝑛} in ℳ. ∃𝜐 ∈ ℳ such that  

lim𝑚,𝑛→∞ 𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑚) = lim𝑛→∞ 𝑑𝜌𝑏(𝜐𝑛, 𝜐) = 𝑑𝜌𝑏(𝜐, 𝜐)  then (ℳ, 𝑑𝜌𝑏)   called complete and denoted by 

(CPBMS) as short  

Definition 2.5 [13] Consider that ℳ be a non-null set and 𝑃, 𝑄 ∶ ℳ → ℳ. If 𝑎 = 𝑃ℴ = 𝑄ℴ , for some ℴ ∈ ℳ, then ℴ 
is side to be a coincidence point of two mapping 𝑃 and 𝑄 thus, 𝑎 side to be a point of coincidence of two mapping  𝑃 
and 𝑄.  
If 𝑎 =  ℴ then in this case  ℴ is side to be common fixed point of 𝑃 and 𝑄.  
Definition 2.6 [8] Consider that 𝑃 and 𝑄 two self- mapping and define on a non-null set ℳ. 𝑃 and 𝑄 is side to be 

weakly compatible if 𝑃 and 𝑄 commute in their coincident point i.e. if 𝑃ℴ = 𝑄ℴ for some ℴ ∈ ℳ, then 𝑃𝑄ℴ = 𝑄𝑃ℴ. 

3. Main results  

Theorem 3.1 Consider (ℳ, 𝑑𝜌𝑏) CPBMS with 𝑏 ≥ 1. Consider 𝑃, 𝑄, 𝑆, 𝑇: ℳ → ℳ be self-map s.t 𝑇(ℳ) ⊆ 𝑃(ℳ) and 

𝑆(ℳ) ⊆ 𝑄(ℳ) s.t 

 𝑑𝜌𝑏(𝑆ℴ, 𝑇𝜕) ≤ 𝑐1𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕) + 𝑐2𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕)+𝑐3[𝑑𝜌𝑏(𝑃ℴ, 𝑇𝜕) + 𝑑𝜌𝑏(𝑄𝜕, 𝑆ℴ)] 

                                  + 𝑐4   
𝑑𝜌𝑏(𝑄𝜕,𝑇𝜕)[1+𝑑𝜌𝑏(𝑃ℴ,𝑆ℴ)]

[1+𝑑𝜌𝑏(𝑝ℴ,𝑄𝜕)]
 

                      +𝑐5 min{𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕), 𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕), 𝑑𝜌𝑏(𝑆ℴ, 𝑃𝜕)}                                                                                  (3.1) 

∀ℴ, 𝜕 ∈ ℳ , c1, c2, c3,c4, 𝑐5 ≥ 0 and  0 < c1 + c2 + 2c3𝑏 + c4 + 𝑐5 < 1. And satisfying the following conditions: 

(1) The pairs (𝑆, 𝑃) and (𝑇, 𝑄) are weakly compatible. 

(2) If 𝑃(𝑋), 𝑄(𝑋) complete subspace of 𝑋. Then 𝑃, 𝑄, 𝑇 𝑎𝑛𝑑 𝑆 have unique common fixed point. 

Proof: (i) Existence 

suppose 𝑥0 ∈ ℳ, construct sequence {𝑥𝑛} and {𝜐𝑛} in ℳ in the following manner 

since 𝑆(ℳ) ⊆ 𝑄(ℳ), ∃𝑥1 ∈ ℳ s.t 𝑄𝑥1 = 𝑆𝑥0 = 𝜐0.  

Since 𝑇(ℳ) ⊆ 𝑃(ℳ) , we can choose 𝑥2 ∈ ℳ s.t 𝑃𝑥2 = 𝑇𝑥1 = 𝜐1  

 continuing in this process for all chosen 𝑥𝑛 ∈ ℳ,we obtain 𝑥𝑛+1 ∈ ℳ s.t  

𝑄𝑥2𝑛+1 = 𝑆𝑥2𝑛 and 𝑃𝑥2𝑛+2 = 𝑇𝑥2𝑛+1, 𝑛 ∈ 𝑁 

In general, define sequence {𝜐2𝑛} in ℳ by denoting 

𝜐2𝑛 = 𝑄𝑥2𝑛+1 = 𝑆𝑥2𝑛 and  𝜐2𝑛+1 = 𝑃𝑥2𝑛+2 = 𝑇𝑥2𝑛+1 , 𝑛 ∈ 𝑁 and by  using (3.1) we have 

𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) = 𝑑𝜌𝑏(𝑆𝑥2𝑛 , 𝑇𝑥2𝑛+1)  

                       ≤ 𝑐1𝑑𝜌𝑏(𝑃𝑥2𝑛, 𝑄𝑥2𝑛+1) + 𝑐2𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑇𝑥2𝑛+1)+𝑐3[𝑑𝜌𝑏(𝑃𝑥2𝑛, 𝑇𝑥2𝑛+1) 
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                           +𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑆𝑥2𝑛)] + 𝑐4

𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑇𝑥2𝑛+1)[1 + 𝑑𝜌𝑏(𝑃𝑥2𝑛 , 𝑆𝑥2𝑛)]

[1 + 𝑑𝜌𝑏(𝑃𝑥2𝑛, 𝑄𝑥2𝑛+1)
   

                           +𝑐5min {𝑑𝜌𝑏(𝑃𝑥2𝑛, 𝑄𝑥2𝑛+1), 𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑇𝑥2𝑛+1), 𝑑𝜌𝑏(𝑆𝑥2𝑛 , 𝑃𝑥2𝑛+1)} 

                          ≤ 𝑐1𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) + 𝑐2𝑑𝜌𝑏(𝜐2n, 𝜐2n+1)+𝑐3[𝑑𝜌𝑏(𝜐2n−1, 𝜐2n+1) + 𝑑𝜌𝑏(𝜐2n, 𝜐2n)]

+ 𝑐4

𝑑𝜌𝑏(𝜐2n, 𝜐2n+1)[1 + 𝑑𝜌𝑏(𝜐2n−1, 𝜐2n)]

[1 + 𝑑𝜌𝑏(𝜐2n−1, 𝜐2n)

+ 𝑐5min {𝑑𝜌𝑏(𝜐2n−1, 𝜐2𝑛), 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛+1), 𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛+1), 𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛)} 

by using (𝑑𝜌𝑏4) we have 

𝑑𝜌𝑏(𝜐2n−1, 𝜐2n+1) ≤ 𝑏(𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) + 𝑑𝜌𝑏(𝜐2n, 𝜐2n+1)) − 𝑑𝜌𝑏(𝜐2n, 𝜐2n) 

by (𝑑𝑝𝑏2) we have 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛) ≤ 𝑑𝜌𝑏(𝜐2n−1, 𝜐2𝑛) 𝑎𝑛𝑑 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛) ≤ 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛+1)so  

 min {𝑑𝜌𝑏(𝜐2n−1, 𝜐2𝑛), 𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛+1), 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛)} = 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛), hence  

𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) ≤ 𝑐1𝑑𝜌𝑏(𝜐2n−1, 𝜐2n)

+ 𝑐2𝑑𝜌𝑏(𝜐2n, 𝜐2n+1)+𝑐3[𝑏(𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) + 𝑑𝜌𝑏(𝜐2n, 𝜐2n+1)) − 𝑑𝜌𝑏(𝜐2n, 𝜐2n) + 𝑑𝜌𝑏(𝜐2n, 𝜐2n)]

+ 𝑐4𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) + 𝑐5𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛) 

𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) ≤ 𝑐1𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) + 𝑐2𝑑𝜌𝑏(𝜐2n, 𝜐2n+1)+𝑐3 [𝑏 (𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) + 𝑑𝜌𝑏(𝜐2n, 𝜐2n+1))]

+ 𝑐4𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) + 𝑐5𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛) 

                              ≤ 𝑐1(𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) + 𝑐2𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) + 𝑐3𝑏𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) + 𝑐3𝑏𝑑𝜌𝑏(𝜐2n, 𝜐2n+1)

+ 𝑐4𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) + 𝑐5𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛) 

Also, since 𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛) ≤ 𝑐1𝑑𝜌𝑏(𝜐2n−1, 𝜐2n)we have 

𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) ≤ 𝑐1𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) + 𝑐2𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) + 𝑐3𝑏𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) + 𝑐3𝑏𝑑𝜌𝑏(𝜐2n, 𝜐2n+1)

+ 𝑐4𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) + 𝑐5𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) 

(1 − 𝑐2 − 𝑐3𝑏 − 𝑐4)𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) ≤ (𝑐1 + 𝑐3𝑏 + 𝑐5)𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) 

𝑑𝜌𝑏(𝜐2n, 𝜐2n+1) ≤
𝑐1 + 𝑐3𝑏 + 𝑐5

1 − 𝑐2 − 𝑐3𝑏 − 𝑐4

𝑑𝜌𝑏(𝜐2n−1, 𝜐2n) 

let 𝛽 =
𝑐1+𝑐3𝑏+𝑐5

1−𝑐2−𝑐3𝑏−𝑐4
  ,0 < 𝛽 < 1 

𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛+1) ≤ 𝛽 𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛) 

𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛+1) ≤ 𝛽 𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛) ≤ 𝛽2𝑑𝜌𝑏(𝜐2𝑛−2, 𝜐2𝑛−1) ≤ 𝛽3𝑑𝜌𝑏(𝜐2𝑛−3, 𝜐2𝑛−2) ≤ ⋯        

                               ≤ 𝛽𝑛𝑑𝜌𝑏(𝜐0, 𝜐1) 

lim
𝑛→∞

𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛+1) = 0 

In general,  𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) ≤ 𝛽𝑛𝑑𝜌𝑏(𝜐0, 𝜐1) 

𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑚) ≤ 𝑏[𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) + 𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑚)] − 𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑛+1) ≤ 𝑏[𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) + 𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑚)]

≤ 𝑏𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) + 𝑏 (𝑏[𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑛+2) + 𝑑𝜌𝑏(𝜐𝑛+2, 𝜐𝑚)] − 𝑑𝜌𝑏(𝜐𝑛+2, 𝜐𝑛+2)) 
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                            ≤ 𝑏𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) + 𝑏2𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑛+2) + 𝑏2𝑑𝜌𝑏(𝜐𝑛+2, 𝜐𝑚) 

                            ⋮ 

                           ≤ 𝑏𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) + 𝑏2𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑛+2) + 𝑏3𝑑𝜌𝑏(𝜐𝑛+2, 𝜐𝑛+3) + ⋯ + 𝑏𝑚−𝑛𝑑𝜌𝑏(𝜐𝑚−1, 𝜐𝑚) 

                           ≤ 𝑏𝛽𝑛𝑑𝜌𝑏(𝜐0, 𝜐1) + 𝑏2𝛽𝑛+1𝑑𝜌𝑏(𝜐0, 𝜐1) + 𝑏3𝛽𝑛+2𝑑𝜌𝑏(𝜐0, 𝜐1) + ⋯ +  𝑏𝑚−𝑛𝛽𝑚−1𝑑𝜌𝑏(𝜐0, 𝜐1) 

                           ≤ 𝑏𝛽𝑛(1 + 𝑏𝛽 + (𝑏𝛽)2 + ⋯ + (𝑏𝛽)𝑚−𝑛−1)𝑑𝜌𝑏(𝜐0, 𝜐1) 

lim𝑛,𝑚→∞ 𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑚) = 0. Thus {𝜐𝑛} be Cauchy sequence in ℳ. Since ℳ is CPBMS then ∃𝜐 ∈ ℳ 𝑠. 𝑡  

 lim𝑛,𝑚→∞ 𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑚) = lim𝑛→∞ 𝑑𝜌𝑏(𝜐𝑛, 𝜐) = 𝑑𝜌𝑏(𝜐, 𝜐) = 0                                                                                          (3.2)  

We need to show that 𝜐 is common fixed point of , 𝑆, 𝑇, 𝑃 𝑎𝑛𝑑 𝑄 

Since 𝑇(ℳ) ⊆ 𝑃(ℳ) and 𝑃(ℳ) complete subspace of ℳ so 𝜐 ∈ 𝑃(ℳ) i.e ∃𝑢 ∈ ℳ s.t 𝑃𝑢 = 𝜐 

now we have to prove that 𝑆𝑢 = 𝜐 

𝑑𝑝𝑏(𝑆𝑢, 𝑇𝑥2𝑛+1) ≤ 𝑐1𝑑𝜌𝑏(𝑃𝑢, 𝑄𝑥2𝑛+1) + 𝑐2𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑇𝑥2𝑛+1)+𝑐3[𝑑𝜌𝑏(𝑃𝑢, 𝑇𝑥2𝑛+1) + 𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑆𝑢)]

+ 𝑐4

𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑇𝑥2𝑛+1)[1 + 𝑑𝜌𝑏(𝑃𝑢, 𝑆𝑢)]

[1 + 𝑑𝜌𝑏(𝑝𝑢, 𝑄𝑥2𝑛+1)]

+ 𝑐5min {𝑑𝜌𝑏(𝑃𝑢, 𝑄𝑥2𝑛+1), 𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑇𝑥2𝑛+1), 𝑑𝜌𝑏(𝑆𝑢, 𝑃𝑥2𝑛+1)} 

𝑑𝜌𝑏(𝑆𝑢, 𝜐2𝑛+1) ≤ 𝑐1𝑑𝜌𝑏(𝑃𝑢, 𝜐2𝑛) + 𝑐2𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛+1)+𝑐3[𝑑𝜌𝑏(𝑃𝑢, 𝜐2𝑛+1) + 𝑑𝜌𝑏(𝜐2𝑛 , 𝑆𝑢)]

+ 𝑐4

𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛+1)[1 + 𝑑𝜌𝑏(𝑃𝑢, 𝑆𝑢)]

[1 + 𝑑𝜌𝑏(𝑝𝑢, 𝜐2𝑛)]
+ 𝑐5min {𝑑𝜌𝑏(𝑃𝑢, 𝜐2𝑛), 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛+1), 𝑑𝜌𝑏(𝑆𝑢, 𝜐2𝑛)} 

Taking limit as 𝑛 → ∞, we get 

𝑑𝜌𝑏(𝑆𝑢, 𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝑃𝑢, 𝜐) + 𝑐2𝑑𝜌𝑏(𝜐, 𝜐)+𝑐3[𝑑𝜌𝑏(𝑃𝑢, 𝜐) + 𝑑𝜌𝑏(𝜐, 𝑆𝑢)] + 𝑐4

𝑑𝜌𝑏(𝜐, 𝜐)[1 + 𝑑𝜌𝑏(𝑃𝑢, 𝑆𝑢)]

[1 + 𝑑𝜌𝑏(𝑝𝑢, 𝜐)]

+ 𝑐5 min{𝑑𝜌𝑏(𝑃𝑢, 𝜐), 𝑑𝜌𝑏(𝜐, 𝜐), 𝑑𝜌𝑏(𝑃𝑢, 𝜐), 𝑑𝜌𝑏(𝑆𝑢, 𝜐)} 

Since  𝑑𝜌𝑏(𝜐, 𝜐) = 0 (by (3.2)) then min{𝑑𝜌𝑏(𝑃𝑢, 𝜐), 𝑑𝜌𝑏(𝜐, 𝜐), 𝑑𝜌𝑏(𝑆𝑢, 𝜐)} = 0, hence   

𝑑𝜌𝑏(𝑆𝑢, 𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝑃𝑢, 𝜐) + 𝑐3𝑑𝜌𝑏(𝑃𝑢, 𝜐) + 𝑐3𝑑𝜌𝑏(𝜐, 𝑆𝑢) 

(1 − 𝑐3)𝑑𝜌𝑏(𝑆𝑢, 𝜐) ≤ (𝑐1 + 𝑐3)𝑑𝜌𝑏(𝑃𝑢, 𝜐) 

Since 𝑃𝑢 = 𝜐. Then  

(1 − 𝑐3)𝑑𝜌𝑏(𝑆𝑢, 𝜐) ≤ (𝑐1 + 𝑐3)𝑑𝜌𝑏(𝜐, 𝜐) 

Also, since 𝑑𝜌𝑏(𝜐, 𝜐) = 0, we have  

𝑑𝜌𝑏(𝑆𝑢, 𝜐) ≤ 0, thus  

𝑑𝜌𝑏(𝑆𝑢, 𝜐) = 0, (since 𝑑𝑝𝑏 non negative), thus from definition (2.3) we have  𝑆𝑢 = 𝜐 

So 𝑃𝑢 = 𝑆𝑢 = 𝜐, and 𝑆 , 𝑃 have coincidence point. 
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since 𝑆(ℳ) ⊆ 𝑄(ℳ)and 𝑄(ℳ) complete subspace of ℳ so 𝜐 ∈ 𝑄(ℳ) i.e ∃𝑤 ∈ ℳ s.t 𝜐 = 𝑄𝑤 

now we have to prove that 𝑇𝑤 = 𝜐  

𝑑𝜌𝑏(𝑆𝑢, 𝑇𝑤) ≤ 𝑐1𝑑𝜌𝑏(𝑃𝑢, 𝑄𝑤) + 𝑐2𝑑𝜌𝑏(𝑄𝑤, 𝑇𝑤)+𝑐3[𝑑𝜌𝑏(𝑃𝑢, 𝑇𝑤) + 𝑑𝜌𝑏(𝑄𝑤, 𝑆𝑢)]

+ 𝑐4

𝑑𝜌𝑏(𝑄𝑤, 𝑇𝑤)[1 + 𝑑𝜌𝑏(𝑃𝑢, 𝑆𝑢)]

[1 + 𝑑𝜌𝑏(𝑝𝑢, 𝑄𝑤)]
+ 𝑐5min {𝑑𝜌𝑏(𝑃𝑢, 𝑄𝑤), 𝑑𝜌𝑏(𝑄𝑤, 𝑇𝑤), 𝑑𝜌𝑏(𝑆𝑢, 𝑃𝑤)} 

𝑑𝜌𝑏(𝜐, 𝑇𝑤) ≤ 𝑐1𝑑𝜌𝑏(𝜐, 𝜐) + 𝑐2𝑑𝜌𝑏(𝜐, 𝑇𝑤)+𝑐3[𝑑𝜌𝑏(𝜐, 𝑇𝑤) + 𝑑𝜌𝑏(𝜐, 𝜐)] + 𝑐4

𝑑𝜌𝑏(𝜐, 𝑇𝑤)[1 + 𝑑𝜌𝑏(𝜐, 𝜐)]

[1 + 𝑑𝜌𝑏(𝜐, 𝜐)]

+ 𝑐5min {𝑑𝜌𝑏(𝜐, 𝜐), 𝑑𝜌𝑏(𝜐, 𝑇𝑤), 𝑑𝜌𝑏(𝜐, 𝑃𝑤)} 

Since 𝑑𝜌𝑏(𝜐, 𝜐) = 0. Then min{𝑑𝜌𝑏(𝜐, 𝜐), 𝑑𝜌𝑏(𝜐, 𝑇𝑤), 𝑑𝜌𝑏(𝜐, 𝑃𝑤)} = 0. Thus  

𝑑𝜌𝑏(𝜐, 𝑇𝑤) ≤ 𝑐2𝑑𝜌𝑏(𝜐, 𝑇𝑤)+𝑐3𝑑𝜌𝑏(𝜐, 𝑇𝑤) + 𝑐4𝑑𝜌𝑏(𝜐, 𝑇𝑤) 

(1 − 𝑐2 − 𝑐3 − 𝑐4)𝑑𝜌𝑏(𝜐, 𝑇𝑤) ≤ 0 

𝑑𝜌𝑏(𝜐, 𝑇𝑤) ≤ 0 

𝑑𝜌𝑏(𝜐, 𝑇𝑤) = 0, (since 𝑑𝜌𝑏  non negative), thus from definition (3.2) we have 𝑇𝑤 = 𝜐 

So 𝑇𝑤 = 𝑄𝑤 = 𝜐 

Now since 𝑇𝑤 = 𝑃𝑤 = 𝜐 and 𝑃𝑢 = 𝑆𝑢 = 𝜐, since (𝑃, 𝑆) and (𝑄, 𝑇) are weak compatible then  

𝑃𝜐 = 𝑃𝑆𝑢 = 𝑆𝑃𝑢 = 𝑆𝜐 

𝑄𝜐 = 𝑄𝑇𝑤 = 𝑇𝑄𝑤 = 𝑇𝜐 

Now we will show that 𝑃𝜐 = 𝜐 

𝑑𝜌𝑏(𝑆𝜐, 𝑇𝑤) = 𝑑𝜌𝑏(𝑃𝜐, 𝑄𝑤) + 𝑐2𝑑𝜌𝑏(𝑄𝑤, 𝑇𝑤)+𝑐3[𝑑𝜌𝑏(𝑃𝜐, 𝑇𝑤) + 𝑑𝜌𝑏(𝑄𝑤, 𝑆𝜐)] +  𝑐4   
𝑑𝜌𝑏(𝑄𝑤, 𝑇𝑤)[1 + 𝑑𝜌𝑏(𝑃𝜐, 𝑆𝜐)]

[1 + 𝑑𝜌𝑏(𝑃𝜐, 𝑄𝑤)]

+ 𝑐5 min{𝑑𝜌𝑏(𝑃𝜐, 𝑄𝑤), 𝑑𝜌𝑏(𝑄𝑤, 𝑇𝑤), 𝑑𝜌𝑏(𝑆𝜐, 𝑃𝑤)} 

𝑑𝜌𝑏(𝑆𝜐, 𝜐) = 𝑐1(𝑑𝜌𝑏(𝑃𝜐, 𝜐) + 𝑐2𝑑𝜌𝑏(𝜐, 𝜐)+𝑐3[𝑑𝜌𝑏(𝑃𝜐, 𝜐) + 𝑑𝜌𝑏(𝜐, 𝑆𝜐)] +  𝑐4   
𝑑𝜌𝑏(𝜐, 𝜐)[1 + 𝑑𝜌𝑏(𝑃𝜐, 𝑆𝜐)]

[1 + 𝑑𝜌𝑏(𝑃𝜐, 𝜐)]

+ 𝑐5 min{𝑑𝜌𝑏(𝑃𝜐, 𝜐), 𝑑𝜌𝑏(𝜐, 𝜐), 𝑑𝜌𝑏(𝑆𝜐, 𝜐)} 

Since 𝑑𝜌𝑏(𝜐, 𝜐) = 0 hence 𝑚𝑖𝑛 {𝑑𝜌𝑏(𝑃𝜐, 𝜐), 𝑑𝜌𝑏(𝜐, 𝜐), 𝑑𝜌𝑏(𝑆𝜐, 𝜐)} = 𝑑𝜌𝑏(𝜐, 𝜐) = 0 

𝑑𝜌𝑏(𝑆𝜐, 𝜐) = 𝑐1𝑑𝜌𝑏(𝑃𝜐, 𝜐)+𝑐3𝑑𝜌𝑏(𝑃𝜐, 𝜐) + 𝑐3𝑑𝜌𝑏(𝜐, 𝑆𝜐) 

Since 𝑃𝜐 = 𝑆𝜐, we have 

𝑑𝜌𝑏(𝑃𝜐, 𝜐) = 𝑐1𝑑𝜌𝑏(𝑃𝜐, 𝜐)+𝑐3𝑑𝜌𝑏(𝑃𝜐, 𝜐) + 𝑐3𝑑𝜌𝑏(𝜐, 𝑃𝜐) 

(1 − 𝑐1 − 2𝑐3)𝑑𝜌𝑏(𝑃𝜐, 𝜐) ≤ 0 

𝑑𝜌𝑏(𝑃𝜐, 𝜐) ≤ 0 

𝑑𝜌𝑏(𝑃𝜐, 𝜐) = 0 (since 𝑑𝜌𝑏 non negative), thus from definition (3.2) we have 
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𝑃𝜐 = 𝜐 

Since 𝑃𝜐 = 𝑆𝜐, then we have  𝑃𝜐 = 𝑆𝜐 = 𝜐. 

Now we will show that 𝑄𝜐 = 𝜐 

𝑑𝜌𝑏(𝑆𝑢, 𝑇𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝑃𝑢, 𝑄𝜐) + 𝑐2𝑑𝜌𝑏(𝑄𝜐, 𝑇𝜐)+𝑐3[𝑑𝜌𝑏(𝑃𝑢, 𝑇𝜐) + 𝑑𝜌𝑏(𝑄𝜐, 𝑆𝑢)] + 𝑐4

𝑑𝜌𝑏(𝑄𝜐, 𝑇𝜐)[1 + 𝑑𝜌𝑏(𝑃𝑢, 𝑆𝑢)]

[1 + 𝑑𝜌𝑏(𝑝𝑢, 𝑄𝜐)]

+ 𝑐5 min{𝑑𝜌𝑏(𝑃𝑢, 𝑄𝜐), 𝑑𝜌𝑏(𝑄𝜐, 𝑇𝜐), 𝑑𝜌𝑏(𝑆𝑢, 𝑃𝜐)} 

𝑑𝜌𝑏(𝜐, 𝑄𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝜐, 𝑄𝜐) + 𝑐2𝑑𝜌𝑏(𝑄𝜐, 𝑄𝜐)+𝑐3[𝑑𝜌𝑏(𝜐, 𝑄𝜐) + 𝑑𝜌𝑏(𝑄𝜐, 𝜐)] + 𝑐4

𝑑𝜌𝑏(𝑄𝜐, 𝑄𝜐)[1 + 𝑑𝜌𝑏(𝜐, 𝜐)]

[1 + 𝑑𝜌𝑏(𝜐, 𝑄𝜐)]

+ 𝑐5 min{𝑑𝜌𝑏(𝜐, 𝑄𝜐), 𝑑𝜌𝑏(𝑄𝜐, 𝑄𝜐), 𝑑𝜌𝑏(𝜐, 𝜐)} 

Since 𝑑𝜌𝑏(𝜐, 𝜐) = 0 (by (3.2)) we have min{𝑑𝜌𝑏(𝜐, 𝑄𝜐), 𝑑𝜌𝑏(𝑄𝜐, 𝑄𝜐), 𝑑𝜌𝑏(𝜐, 𝜐)} = 𝑑𝜌𝑏(𝜐, 𝜐)  

𝑑𝜌𝑏(𝜐, 𝑄𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝜐, 𝑄𝜐) + 𝑐2𝑑𝜌𝑏(𝑄𝜐, 𝑄𝜐)+𝑐3[𝑑𝜌𝑏(𝜐, 𝑄𝜐) + 𝑑𝜌𝑏(𝑄𝜐, 𝜐)] + 𝑐4   
𝑑𝜌𝑏(𝑄𝜐, 𝑄𝜐)[1 + 𝑑𝜌𝑏(𝜐, 𝜐)]

[1 + 𝑑𝜌𝑏(𝜐, 𝑄𝜐)]
 

Since 𝑑𝜌𝑏(𝑄𝜐, 𝑄𝜐)) ≤ 𝑑𝜌𝑏(𝜐, 𝑄𝜐) (by 𝑑𝜌𝑏2) also 𝑑𝜌𝑏(𝜐, 𝜐) ≤ 𝑑𝜌𝑏(𝜐, 𝑄𝜐) (by (𝑑𝑝𝑏2)). Then 

𝑑𝜌𝑏(𝜐, 𝑄𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝜐, 𝑄𝜐) + 𝑐2𝑑𝜌𝑏(𝜐, 𝑄𝜐)+2𝑐3𝑑𝜌𝑏(𝜐, 𝑄𝜐) + 𝑐4   
𝑑𝜌𝑏(𝜐, 𝑄𝜐)[1 + 𝑑𝜌𝑏(𝜐, 𝑄𝜐)]

[1 + 𝑑𝜌𝑏(𝜐, 𝑄𝜐)]
 

𝑑𝜌𝑏(𝜐, 𝑄𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝜐, 𝑄𝜐) + 𝑐2𝑑𝜌𝑏(𝜐, 𝑄𝜐)+2𝑐3𝑑𝜌𝑏(𝜐, 𝑄𝜐) + 𝑐4𝑑𝜌𝑏(𝜐, 𝑄𝜐) 

(1 − 𝑐1 − 𝑐2𝑑 − 2𝑐3 − 𝑐4)𝑑𝜌𝑏(𝜐, 𝑄𝜐) ≤ 0 

𝑑𝜌𝑏(𝜐, 𝑄𝜐) ≤ 0 

𝑑𝜌𝑏(𝜐, 𝑄𝜐) = 0 (since 𝑑𝜌𝑏 non negative), thus from definition (3.2) we have 𝑄𝜐 = 𝜐, thus   

𝑄𝜐 = 𝑄𝑇𝑤 = 𝑇𝑄𝑤 = 𝑇𝜐 = 𝜐 

Hence 𝑇𝜐 = 𝑄𝜐 = 𝝊 Therefor 𝑇𝜐 = 𝑄𝜐 = 𝑃𝜐 = 𝑆𝜐 = 𝜐. Then 𝜐 is common fixed point of 𝑃, 𝑄, 𝑆, 𝑇. 

(ii) Uniqueness 

Let 𝑟 another common fixed point of  𝑃, 𝑄, 𝑆 𝑎𝑛𝑑 𝑇 that is 𝑃𝑟 = 𝑄𝑟 = 𝑆𝑟 = 𝑇𝑟 = 𝑟 s.t 𝑟 ≠ 𝝊 

𝑑𝜌𝑏(𝝊 , ℴ) = 𝑑(𝑆𝝊 , 𝑇ℴ)

≤ 𝑐1𝑑𝜌𝑏(𝑃𝝊 , 𝑄ℴ) + 𝑐2𝑑𝜌𝑏(𝑄ℴ, 𝑇ℴ)+𝑐3[𝑑𝜌𝑏(𝑃𝝊 , 𝑇ℴ) + 𝑑𝜌𝑏(𝑄ℴ, 𝑆𝝊 )]

+ 𝑐4

𝑑𝜌𝑏(𝑄ℴ, 𝑇ℴ)[1 + 𝑑𝜌𝑏(𝑃𝝊 , 𝑆𝝊 )]

[1 + 𝑑𝜌𝑏(𝑃𝝊 , 𝑄ℴ)]
+ 𝑐5min {𝑑𝜌𝑏(𝑃𝝊 , 𝑄ℴ), 𝑑𝜌𝑏(𝑄ℴ, 𝑇ℴ), 𝑑𝜌𝑏(𝑆𝝊 , 𝑃ℴ)} 

𝑑𝜌𝑏(𝝊 , ℴ) ≤ 𝑐1𝑑𝜌𝑏(𝝊 , ℴ) + 𝑐2𝑑𝜌𝑏(ℴ, ℴ)+𝑐3[𝑑𝜌𝑏(𝝊 , ℴ) + 𝑑𝜌𝑏(ℴ, 𝝊 )] + 𝑐4

𝑑𝜌𝑏(ℴ, ℴ)[1 + 𝑑𝜌𝑏(𝝊 , 𝝊 )]

[1 + 𝑑𝜌𝑏(𝝊 , ℴ)]

+ 𝑐5min {𝑑𝜌𝑏(𝝊 , ℴ), 𝑑𝜌𝑏(ℴ, ℴ), 𝑑𝜌𝑏(𝝊 , ℴ)} 

Since 𝑑𝜌𝑏(ℴ, ℴ) ≤ 𝑑𝜌𝑏(𝝊 , ℴ) and 𝑑𝜌𝑏(𝝊 , 𝝊 ) ≤ 𝑑𝜌𝑏(𝝊 , ℴ) (by 𝑑𝜌𝑏2) so  

min{𝑑𝜌𝑏(𝝊 , ℴ), 𝑑𝜌𝑏(ℴ, ℴ), 𝑑𝜌𝑏(𝝊 , 𝑟)} = 𝑑𝜌𝑏(ℴ, ℴ) 
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𝑑𝜌𝑏(𝝊 , ℴ) ≤ 𝑐1𝑑𝜌𝑏(𝝊 , ℴ) + 𝑐2𝑑𝜌𝑏(𝝊 , ℴ)+𝑐3[𝑑𝜌𝑏(𝝊 , ℴ) + 𝑑𝜌𝑏(ℴ, 𝝊 )] + 𝑐4

𝑑𝑑𝜌𝑏(𝝊 , ℴ)[1 + 𝑑𝜌𝑏(𝝊 , ℴ)]

[1 + 𝑑𝜌𝑏(𝝊 , ℴ)]
+ 𝑐5𝑑𝜌𝑏(ℴ, ℴ) 

Also 𝑑𝜌𝑏(ℴ, ℴ) ≤ 𝑑𝜌𝑏(𝝊 , ℴ) 

𝑑𝜌𝑏(𝝊 , ℴ) ≤ 𝑐1𝑑𝜌𝑏(𝝊 , ℴ) + 𝑐2𝑑𝜌𝑏(𝝊 , ℴ)+𝑐3[𝑑𝜌𝑏(𝝊 , ℴ) + 𝑑𝜌𝑏(ℴ, 𝝊 )] + 𝑐4

𝑑𝜌𝑏(𝝊 , ℴ)[1 + 𝑑𝜌𝑏(𝝊 , ℴ)]

[1 + 𝑑𝜌𝑏(𝝊 , ℴ)]
+ 𝑐5𝑑𝜌𝑏(𝝊 , ℴ) 

𝑑𝜌𝑏(𝝊 , ℴ) ≤ 𝑐1𝑑𝜌𝑏(𝝊 , ℴ) + 𝑐2𝑑𝜌𝑏(𝝊 , ℴ)+2𝑐3𝑑𝜌𝑏(𝝊 , ℴ) + 𝑐4𝑑𝜌𝑏(𝝊 , ℴ) + 𝑐5𝑑𝜌𝑏(𝝊 , ℴ) 

(1 − 𝑐1 − 𝑐2 − 2𝑐3 − 𝑐4 − 𝑐5)𝑑𝜌𝑏(𝝊 , ℴ) ≤ 0 

𝑑𝜌𝑏(𝝊 , ℴ) ≤ 0 

𝑑𝜌𝑏(𝝊, ℴ) = 0 (since 𝑑𝑝𝑏 non negative) 

thus, from definition (2.3) we have 𝝊 = ℴ. Contradiction 

Then 𝑃, 𝑄, 𝑇 𝑎𝑛𝑑 𝑆 have unique common fixed point. 

We can use the above theorem to obtain a number of corollaries by take values 𝑐𝑖 = 0 for some 𝑖 = 1,2,3,4 as a 
following  

Corollary 3.1Consider (ℳ, 𝑑𝜌𝑏) CPBMS with 𝑏 ≥ 1. Consider 𝑃, 𝑄, 𝑆, 𝑇: ℳ → ℳ be self-map s.t 𝑇(ℳ) ⊆ 𝑃(ℳ) and 

𝑆(ℳ) ⊆ 𝑄(ℳ)s.t 

𝑑𝜌𝑏(𝑆ℴ, 𝑇𝜕) ≤ 𝑐1𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕) + 𝑐2𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕)+𝑐3[𝑑𝜌𝑏(𝑃ℴ, 𝑇𝜕) + 𝑑𝜌𝑏(𝑄𝜕, 𝑆ℴ)]                                                             (3.3) 

∀ℴ, 𝜕 ∈ ℳ , c1, c2, c3 ≥ 0 and  0 < c1 + c2 + 2c3𝑏 < 1. And satisfying the following conditions: 
(1)  (𝑆, 𝑃), (𝑇, 𝑄) weakly compatible. 

(2) If 𝑃(𝑋), 𝑄(𝑋) complete subspace of 𝑋. Then 𝑃, 𝑄, 𝑇 𝑎𝑛𝑑 𝑆 have unique common fixed point. 

Corollary 3.2 Consider (ℳ, 𝑑𝜌𝑏) CPBMS with 𝑏 ≥ 1. Consider 𝑃, 𝑄, 𝑆, 𝑇: ℳ → ℳ be self-map s.t 𝑇(ℳ) ⊆ 𝑃(ℳ) and 

𝑆(ℳ) ⊆ 𝑄(ℳ) s.t  

 𝑑𝜌𝑏(𝑆ℴ, 𝑇𝜕) ≤ 𝑐1𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕) + 𝑐2𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕)+𝑐3[𝑑𝜌𝑏(𝑃ℴ, 𝑇𝜕) + 𝑑𝜌𝑏(𝑄𝜕, 𝑆ℴ)] 

             +𝑐4   
𝑑𝜌𝑏(𝑄𝜕,𝑇𝜕)[1+𝑑𝜌𝑏(𝑃ℴ,𝑆ℴ)]

[1+𝑑𝜌𝑏(𝑝ℴ,𝑄𝜕)]
                                                                                                                                     (3.4) 

∀ℴ, 𝜕 ∈ ℳ , c1, c2, c3, c4 ≥ 0 and  0 < c1 + c2 + 2c3𝑏 + c4 < 1. And satisfying the following conditions: 
(1)  (𝑆, 𝑃), (𝑇, 𝑄) weakly compatible. 

(2) If 𝑃(𝑋), 𝑄(𝑋) complete subspace of 𝑋. Then 𝑃, 𝑄, 𝑇 𝑎𝑛𝑑 𝑆 have unique common fixed point. 

Corollary 3.3 Consider (ℳ, 𝑑𝜌𝑏) CPBMS with 𝑏 ≥ 1. Consider 𝑃, 𝑄, 𝑆, 𝑇: ℳ → ℳ be self-map s.t 𝑇(ℳ) ⊆ 𝑃(ℳ) and 

𝑆(ℳ) ⊆ 𝑄(ℳ). S.t  

 𝑑𝜌𝑏(𝑆ℴ, 𝑇𝜕) ≤ 𝑐1𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕) + 𝑐2𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕)+𝑐3[𝑑𝜌𝑏(𝑃ℴ, 𝑇𝜕) + 𝑑𝜌𝑏(𝑄𝜕, 𝑆ℴ)]  

            +𝑐4 min{𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕), 𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕), 𝑑𝜌𝑏(𝑆ℴ, 𝑃𝜕)}                                                                                            (3.5) 

∀ℴ, 𝜕 ∈ ℳ , c1, c2, c3, c4 ≥ 0 and  0 < c1 + c2 + 2c3𝑏 + c4 < 1. And satisfying the following conditions: 
(1)  (𝑆, 𝑃), (𝑇, 𝑄) weakly compatible.  

(2) Then 𝑃, 𝑄, 𝑇 𝑎𝑛𝑑 𝑆 have unique common fixed point Then 𝑃, 𝑄, 𝑇 𝑎𝑛𝑑 𝑆 have unique common fixed point. 
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Theorem 3.2 Consider (ℳ, 𝑑𝜌𝑏) CPBMS with 𝑏 ≥ 1. Consider 𝑃, 𝑄, 𝑇 𝑎𝑛𝑑 𝑆 ∶ ℳ → ℳ be self-map s.t 𝑆(ℳ) ⊆ 𝑄(ℳ) 

and 𝑇(ℳ) ⊆ 𝑃(ℳ) s.t 

 𝑑𝜌𝑏(𝑆ℴ, 𝑇𝜕) ≤ 𝑐1𝑑𝜌𝑏(𝑄𝜕, 𝑃ℴ) + 𝑐2 max {𝑑𝜌𝑏(𝑄𝜕, 𝑃ℴ),
𝑑𝜌𝑏(𝑃ℴ,𝑆ℴ)𝑑𝜌𝑏(𝑄𝜕,𝑇𝜕)

𝑑𝜌𝑏(𝑆ℴ,𝑇𝜕)
} 

                         +c3 min{𝑑𝜌𝑏(𝑃ℴ, 𝑇𝜕), 𝑑𝜌𝑏(𝑄𝜕, 𝑆ℴ)}                                                                                                                        (3.6) 

∀ℴ, 𝜕 ∈ ℳ , c1, c2, c3 ≥ 0 and    0 < c1 + c2 + 2c3𝑏 < 1.and satisfying the following conditions: 
(1)  (𝑆, 𝑃), (𝑇, 𝑄) weakly compatible. 

(2) If 𝑃(𝑋), 𝑄(𝑋) complete subspace of 𝑋. Then 𝑃, 𝑄, 𝑇 𝑎𝑛𝑑 𝑆 have unique common fixed point. 

Proof: (i) Existence  

suppose 𝑥0 ∈ ℳ, construct sequence {𝑥𝑛} and {𝜐𝑛} in ℳ in the following manner 

since 𝑆(ℳ) ⊆ 𝑄(ℳ), ∃𝑥1 ∈ ℳ s.t 𝑄𝑥1 = 𝑆𝑥0 = 𝜐0.  

Since 𝑇(ℳ) ⊆ 𝑃(ℳ) , we can choose 𝑥2 ∈ ℳ s.t 𝑃𝑥2 = 𝑇𝑥1 = 𝜐1  

 continuing in this process for all chosen 𝑥𝑛 ∈ ℳ,we obtain 𝑥𝑛+1 ∈ ℳ s.t  

𝑄𝑥2𝑛+1 = 𝑆𝑥2𝑛 and 𝑃𝑥2𝑛+2 = 𝑇𝑥2𝑛+1, 𝑛 ∈ 𝑁 

In general, define sequence {𝜐2𝑛} in ℳ by denoting 

𝜐2𝑛 = 𝑄𝑥2𝑛+1 = 𝑆𝑥2𝑛 and  𝜐2𝑛+1 = 𝑃𝑥2𝑛+2 = 𝑇𝑥2𝑛+1 , 𝑛 ∈ 𝑁 and by using (3.6) we have 

d(𝜐2n, 𝜐2n+1) = 𝑑(𝑆𝑥2𝑛 , 𝑇𝑥2𝑛+1)  

                          ≤ 𝑐1𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑃𝑥2𝑛) 

                          +𝑐2 max {𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑃𝑥2𝑛),
𝑑𝜌𝑏(𝑃𝑥2𝑛 , 𝑆𝑥2𝑛)𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑇𝑥2𝑛+1)

𝑑𝜌𝑏(𝑆𝑥2𝑛 , 𝑇𝑥2𝑛+1)
} 

                         +c3 min{𝑑𝜌𝑏(𝑃𝑥2𝑛 , 𝑇𝑥2𝑛+1), 𝑑𝜌𝑏(𝑄𝑥2𝑛+1, 𝑆𝑥2𝑛)} 

d(𝜐2n, 𝜐2n+1) ≤ 𝑐1𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛−1) + 𝑐2 max {𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛−1),
𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛)𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛+1)

𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛+1)
} 

                      +c3 min{𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛+1), 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛)} 

d(𝜐2n, 𝜐2n+1) ≤ 𝑐1𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛−1) + 𝑐2 max{𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛−1), 𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛)} 

                      +c3 min{𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛+1), 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛)} 

Case 1: If min{𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛+1), 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛)} = 𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛+1). Then  

d(𝜐2n, 𝜐2n+1) ≤ 𝑐1𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛−1) + 𝑐2𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛−1)+c3𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛+1) 

d(𝜐2n, 𝜐2n+1) ≤ 𝑐1𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛−1) + 𝑐2𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛−1)+c3𝑏[𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛) + 𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛+1)] − 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛) 

d(𝜐2n, 𝜐2n+1) ≤ 𝑐1𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛−1) + 𝑐2𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛−1)+c3𝑏[𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛) + 𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛+1)] 

(1 − 𝑐3𝑏)d(𝜐2n, 𝜐2n+1) ≤ (𝑐1 + 𝑐2+c3𝑏)𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛) 
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d(𝜐2n, 𝜐2n+1) ≤
(𝑐1 + 𝑐2+c3𝑏)

(1 − 𝑐3𝑏)
 𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛) 

put 𝛽1 =
(𝑐1+𝑐2+c3𝑏)

(1−𝑐3𝑏)
 , 0 < 𝛽1 < 1 

d(𝜐2n, 𝜐2n+1) ≤ 𝛽1 𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛) 

Case 2: if min{𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛+1), 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛)} = 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛). Then   

d(𝜐2n, 𝜐2n+1) ≤ 𝑐1𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛−1) + 𝑐2𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛−1)+c3𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛) 

by using (𝑑𝜌𝑏2) we have 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛) ≤ 𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛−1) so 

d(𝜐2n, 𝜐2n+1) ≤ 𝑐1𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛−1) + 𝑐2𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛−1)+c3𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛−1) 

d(𝜐2n, 𝜐2n+1) ≤ (𝑐1 + 𝑐2+c3)𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛) 

let 𝛽2 = (𝑐1 + 𝑐2+c3) ,0 < 𝛽2 < 1    (since 0 < c1 + c2 + 2c3𝑏 < 1  and 𝑏 ≥ 1. Then   

0 < 𝑐1 + 𝑐2+c3 < 1) 

𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛+1) ≤ 𝛽2 𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛) 

Take 𝛽 = max {𝛽1, 𝛽2}  ,0 < 𝛽 < 1 

𝑑𝜌𝑏(𝜐2𝑛, 𝜐2𝑛+1) ≤ 𝛽 𝑑𝜌𝑏(𝜐2𝑛−1, 𝜐2𝑛) ≤ 𝛽2𝑑𝜌𝑏(𝜐2𝑛−2, 𝜐2𝑛−1) ≤ 𝛽3𝑑𝜌𝑏(𝜐2𝑛−3, 𝜐2𝑛−2) ≤ ⋯        

                               ≤ 𝛽𝑛𝑑𝜌𝑏(𝜐0, 𝜐1) 

lim
𝑛→∞

𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛+1) = 0 

In general,  𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) ≤ 𝛽𝑛𝑑𝜌𝑏(𝜐0, 𝜐1) 

𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑚) ≤ 𝑏[𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) + 𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑚)] − 𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑛+1) ≤ 𝑏[𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) + 𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑚)]

≤ 𝑏𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) + 𝑏 (𝑏[𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑛+2) + 𝑑𝜌𝑏(𝜐𝑛+2, 𝜐𝑚)] − 𝑑𝜌𝑏(𝜐𝑛+2, 𝜐𝑛+2)) 

                                ≤ 𝑏𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) + 𝑏2𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑛+2) + 𝑏2𝑑𝜌𝑏(𝜐𝑛+2, 𝜐𝑚) 

                                ⋮ 

                               ≤ 𝑏𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑛+1) + 𝑏2𝑑𝜌𝑏(𝜐𝑛+1, 𝜐𝑛+2) + 𝑏3𝑑𝜌𝑏(𝜐𝑛+2, 𝜐𝑛+3) + ⋯ +                            𝑏𝑚−𝑛𝑑𝜌𝑏(𝜐𝑚−1, 𝜐𝑚) 

                               ≤ 𝑏𝛽𝑛𝑑𝜌𝑏(𝜐0, 𝜐1) + 𝑏2𝛽𝑛+1𝑑𝜌𝑏(𝜐0, 𝜐1) + 𝑏3𝛽𝑛+2𝑑𝜌𝑏(𝜐0, 𝜐1) + ⋯ + 𝑏𝑚−𝑛𝛽𝑚−1𝑑𝜌𝑏(𝜐0, 𝜐1) 

                              ≤ 𝑏𝛽𝑛(1 + 𝑏𝛽 + (𝑏𝛽)2 + ⋯ + (𝑏𝛽)𝑚−𝑛−1)𝑑𝜌𝑏(𝜐0, 𝜐1) 

lim𝑛,𝑚→∞ 𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑚) = 0. Thus {𝜐𝑛} be Cauchy sequence in ℳ. Since ℳ is complete P.B.M.S then ∃𝜐 ∈ ℳ 𝑠. 𝑡  

 lim𝑛,𝑚→∞ 𝑑𝜌𝑏(𝜐𝑛, 𝜐𝑚) = lim𝑛→∞ 𝑑𝜌𝑏(𝜐𝑛, 𝜐) =  𝑑𝜌𝑏(𝜐, 𝜐) = 0                                                                                                                

(3.7)            

We need to show that 𝜐 is common fixed point of 𝑃, 𝑄, 𝑇 𝑎𝑛𝑑 𝑆  

Since 𝑆(ℳ) ⊆ 𝑄(ℳ) and 𝑄(ℳ) complete subspace of ℳ so 𝜐 ∈ 𝑄(ℳ) i.e ∃𝑢 ∈ ℳ s.t 𝑄𝑢 = 𝜐 
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now we have to prove that 𝑇𝑢 = 𝜐 

𝑑𝑝𝑏(𝑆𝑥2𝑛+1, 𝑇𝑢) ≤ 𝑐1𝑑𝜌𝑏(𝑄𝑢, 𝑃𝑥2𝑛+1) + 𝑐2 max {𝑑𝜌𝑏(𝑄𝑢, 𝑃𝑥2𝑛+1),
𝑑𝜌𝑏(𝑃𝑥2𝑛+1, 𝑆𝑥2𝑛+1)𝑑𝜌𝑏(𝑄𝑢, 𝑇𝑢)

𝑑𝜌𝑏(𝑆𝑥2𝑛+1, 𝑇𝑢)
} 

                       +c3 min{𝑑𝜌𝑏(𝑃𝑥2𝑛+1, 𝑇𝑢), 𝑑𝜌𝑏(𝑄𝑢, 𝑆𝑥2𝑛+1)} 

𝑑𝑝𝑏(𝜐2𝑛+1, 𝑇𝑢) ≤ 𝑐1𝑑𝜌𝑏(𝜐, 𝜐2𝑛) + 𝑐2 max {𝑑𝜌𝑏(𝜐, 𝜐2𝑛),
𝑑𝜌𝑏(𝜐2𝑛 , 𝜐2𝑛+1)𝑑𝜌𝑏(𝜐, 𝑇𝑢)

𝑑𝜌𝑏(𝜐2𝑛+1, 𝑇𝑢)
} 

                          +c3 min{𝑑𝜌𝑏(𝜐2𝑛 , 𝑇𝑢), 𝑑𝜌𝑏(𝜐, 𝜐2𝑛+1)} 

Taking limit as 𝑛 → ∞, we get 

𝑑𝑝𝑏(𝜐, 𝑇𝑢) ≤ 𝑐1𝑑𝜌𝑏(𝜐, 𝜐) + 𝑐2 max {𝑑𝜌𝑏(𝜐, 𝜐),
𝑑𝜌𝑏(𝜐, 𝜐)𝑑𝜌𝑏(𝜐, 𝑇𝑢)

𝑑𝜌𝑏(𝜐, 𝑇𝑢)
} 

                   +c3 min{𝑑𝜌𝑏(𝜐, 𝑇𝑢), 𝑑𝜌𝑏(𝜐, 𝜐)} 

Since by (3.7) 𝑑𝜌𝑏(𝜐, 𝜐) = 0 so 

𝑑𝑝𝑏(𝜐, 𝑇𝑢) = 0 and from definition (2.3), we have 𝑇𝑢 = 𝜐 

So  𝑇𝑢 = 𝑄𝑢 = 𝜐, and 𝑇 , 𝑄 have coincidence point. 

since𝑇(ℳ) ⊆ 𝑃(ℳ)and 𝑃(ℳ) complete subspace of ℳ so 𝜐 ∈ 𝑃(ℳ) i.e ∃𝑤 ∈ ℳ s.t 𝜐 = 𝑃𝑤 

now we have to prove that 𝑃𝑤 = 𝜐  

𝑑𝜌𝑏(𝑆𝑤, 𝑇𝑢) ≤ 𝑐1𝑑𝜌𝑏(𝑄𝑢, 𝑃𝑤) + 𝑐2 max {𝑑𝜌𝑏(𝑄𝑢, 𝑃𝑤),
𝑑𝜌𝑏(𝑃𝑤, 𝑆𝑤)𝑑𝜌𝑏(𝑄𝑢, 𝑇𝑢)

𝑑𝜌𝑏(𝑆𝑤, 𝑇𝑢)
} 

                     +c3 min{𝑑𝜌𝑏(𝑃𝑤, 𝑇𝑢), 𝑑𝜌𝑏(𝑄𝑢, 𝑆𝑤)} 

𝑑𝜌𝑏(𝐹𝑤, 𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝜐, 𝜐) + 𝑐2 max {𝑑𝜌𝑏(𝜐, 𝜐),
𝑑𝜌𝑏(𝜐, 𝑆𝑤)𝑑𝜌𝑏(𝜐, 𝜐)

𝑑𝜌𝑏(𝑆𝑤, 𝜐)
} 

                     +c3 min{𝑑𝜌𝑏(𝜐, 𝜐), 𝑑𝜌𝑏(𝜐, 𝑆𝑤)} 

Since by (3.7) 𝑑𝜌𝑏(𝜐, 𝜐) = 0 so 

 𝑑𝜌𝑏(𝑆𝑤, 𝜐) = 0 and from definition (2.3) we have 𝑆𝑤 = 𝜐 hence  

𝑆𝑤 = 𝑃𝑤 = 𝜐 

Now since 𝑆𝑤 = 𝑃𝑤 = 𝜐 and 𝑇𝑢 = 𝑄𝑢 = 𝜐, since (𝑇, 𝑄), (𝑆, 𝑃) weak compatible then  

𝑄𝜐 = 𝑄𝑇𝑢 = 𝑇𝑄𝑢 = 𝑇𝜐 

𝑃𝜐 = 𝑃𝑆𝑤 = 𝑆𝑃𝑤 = 𝑆𝜐 

Now we will show that 𝑄𝜐 = 𝜐 
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𝑑𝜌𝑏(𝑆𝑤, 𝑇𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝑄𝜐, 𝑃𝑤) + 𝑐2 max {𝑑𝜌𝑏(𝑄𝜐, 𝑃𝑤),
𝑑𝜌𝑏(𝑃𝑤, 𝑆𝑤)𝑑𝜌𝑏(𝑄𝜐, 𝑇𝜐)

𝑑𝜌𝑏(𝑆𝑤, 𝑇𝜐)
} 

                     +c3 min{𝑑𝜌𝑏(𝑃𝑤, 𝑇𝜐), 𝑑𝜌𝑏(𝑄𝜐, 𝑆𝑤)} 

𝑑𝜌𝑏(𝜐, 𝑇𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝑄𝜐, 𝜐) + 𝑐2 max {𝑑𝜌𝑏(𝑄𝜐, 𝜐),
𝑑𝜌𝑏(𝜐, 𝜐)𝑑𝜌𝑏(𝑄𝜐, 𝑇𝜐)

𝑑𝜌𝑏(𝜐, 𝑇𝜐)
} 

                     +c3 min{𝑑𝜌𝑏(𝜐, 𝑇𝜐), 𝑑𝜌𝑏(𝑄𝜐, 𝜐)} 

Since 𝑄𝜐 = 𝑄𝑇𝑢 = 𝑇𝑄𝑢 = 𝑇𝜐 

𝑑𝜌𝑏(𝜐, 𝑄𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝑄𝜐, 𝜐) + 𝑐2 max {𝑑𝜌𝑏(𝑄𝜐, 𝜐),
𝑑𝜌𝑏(𝜐, 𝜐)𝑑𝜌𝑏(𝑄𝜐, 𝑄𝜐)

𝑑𝜌𝑏(𝜐, 𝑄𝜐)
} 

                     +c3 min{𝑑𝜌𝑏(𝜐, 𝑄𝜐), 𝑑𝜌𝑏(𝑄𝜐, 𝜐)} 

Since 𝑑𝜌𝑏(𝜐, 𝜐) = 0 then
𝑑𝜌𝑏(𝜐,𝜐)𝑑𝜌𝑏(𝑄𝜐,𝑄𝜐)

𝑑𝜌𝑏(𝜐,𝑄𝜐)
= 0 so 

 max {𝑑𝜌𝑏(𝑄𝜐, 𝜐),
𝑑𝜌𝑏(𝜐,𝜐)𝑑𝜌𝑏(𝑄𝜐,𝑄𝜐)

𝑑𝜌𝑏(𝜐,𝑄𝜐)
} = 𝑑𝜌𝑏(𝑄𝜐, 𝜐) 

min{𝑑𝜌𝑏(𝜐, 𝑄𝜐), 𝑑𝜌𝑏(𝑄𝜐, 𝜐)} = 𝑑𝜌𝑏(𝑄𝜐, 𝜐) so  

𝑑𝜌𝑏(𝜐, 𝑄𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝑄𝜐, 𝜐) + 𝑐2𝑑𝜌𝑏(𝑄𝜐, 𝜐)+c3𝑑𝜌𝑏(𝑄𝜐, 𝜐) 

(1 − 𝑐1 − 𝑐2 − 𝑐3)𝑑𝜌𝑏(𝜐, 𝑄𝜐) ≤ 0 

𝑑𝜌𝑏(𝜐, 𝑄𝜐) = 0 thus, from definition (2.3) 𝑄𝜐 = 𝜐 

Now we will show that 𝑃𝜐 = 𝜐 

𝑑𝜌𝑏(𝑆𝜐, 𝑇𝑢) ≤ 𝑐1𝑑𝜌𝑏(𝑄𝑢, 𝑃𝜐) + 𝑐2 max {𝑑𝜌𝑏(𝑄𝑢, 𝑃𝜐),
𝑑𝜌𝑏(𝑃𝜐, 𝑆𝜐)𝑑𝜌𝑏(𝑄𝑢, 𝑇𝑢)

𝑑𝜌𝑏(𝑆𝜐, 𝑇𝑢)
} 

                     +c3 min{𝑑𝜌𝑏(𝑃𝜐, 𝑇𝑢), 𝑑𝜌𝑏(𝑄𝑢, 𝑆𝜐)} 

𝑑𝜌𝑏(𝑃𝜐, 𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝜐, 𝑃𝜐) + 𝑐2 max {𝑑𝜌𝑏(𝜐, 𝑃𝜐),
𝑑𝜌𝑏(𝑃𝜐, 𝑃𝜐)𝑑𝜌𝑏(𝜐, 𝜐)

𝑑𝜌𝑏(𝑃𝜐, 𝜐)
} 

                     +c3 min{𝑑𝜌𝑏(𝑃𝜐, 𝜐), 𝑑𝜌𝑏(𝜐, 𝑃𝜐)} 

Since 𝑑𝜌𝑏(𝜐, 𝜐) = 0 then max {𝑑𝜌𝑏(𝜐, 𝑃𝜐),
𝑑𝜌𝑏(𝑃𝜐,𝑃𝜐)𝑑𝜌𝑏(𝜐,𝜐)

𝑑𝜌𝑏(𝑃𝜐,𝜐)
} = 𝑑𝜌𝑏(𝜐, 𝑃𝜐) and  

min{𝑑𝜌𝑏(𝑃𝜐, 𝜐), 𝑑𝜌𝑏(𝜐, 𝑃𝜐)} = 𝑑𝜌𝑏(𝜐, 𝑃𝜐) therefor  

𝑑𝜌𝑏(𝑃𝜐, 𝜐) ≤ 𝑐1𝑑𝜌𝑏(𝜐, 𝑃𝜐) + 𝑐2𝑑𝜌𝑏(𝑃𝜐, 𝜐)+c3𝑑𝜌𝑏(𝑃𝜐, 𝜐) 

(1 − 𝑐1 − 𝑐2 − 𝑐3)𝑑𝜌𝑏(𝑃𝜐, 𝜐) ≤ 0 

𝑑𝜌𝑏(𝑃𝜐, 𝜐) = 0 and from definition (2.3) we have 𝑃𝜐 = 𝜐 Hence  𝑃𝜐 = 𝑆𝜐 = 𝜐 

Therefor 𝑃𝜐 = 𝑆𝜐 = 𝑄𝜐 = 𝑇𝜐 = 𝜐. Then 𝜐 is common fixed point of 𝑃, 𝑆, 𝑄, 𝑇. 



Ahmed Ibraheem Abd Zaid, Journal of Al-Qadisiyah  for Computer Science and Mathematics Vol.18.(3) 2026,pp.Math 91–104          103 

 

(ii) Uniqueness 

Let ℴ are another common fixed point of  𝑃, 𝑆, 𝑄, 𝑇 that is 𝑃ℴ = 𝑆ℴ = 𝑄ℴ = 𝑇ℴ = ℴ 

𝑑𝜌𝑏(𝜐, ℴ) = 𝑑(𝑆𝜐, 𝑇ℴ) ≤ 𝑐1𝑑𝜌𝑏(𝑄ℴ, 𝑃𝜐) + 𝑐2 max {𝑑𝜌𝑏(𝑄ℴ, 𝑃𝜐),
𝑑𝜌𝑏(𝑃𝜐, 𝑆𝜐)𝑑𝜌𝑏(𝑄ℴ, 𝑇ℴ)

𝑑𝜌𝑏(𝑆𝜐, 𝑇ℴ)
} 

                     +c3 min{𝑑𝜌𝑏(𝑃𝜐, 𝑇ℴ), 𝑑𝜌𝑏(𝑄ℴ, 𝑆𝜐)} 

𝑑𝜌𝑏(𝜐, ℴ) ≤ 𝑐1𝑑𝜌𝑏(ℴ, 𝜐) + 𝑐2 max {𝑑𝜌𝑏(ℴ, 𝜐),
𝑑𝜌𝑏(𝜐, 𝜐)𝑑𝜌𝑏(𝑟, ℴ)

𝑑𝜌𝑏(𝜐, ℴ)
} 

                     +c3 min{𝑑𝜌𝑏(𝜐, ℴ), 𝑑𝜌𝑏(ℴ, 𝜐)} 

Since 𝑑𝜌𝑏(𝜐, 𝜐) = 0 then max {𝑑𝜌𝑏(ℴ, 𝜐),
𝑑𝜌𝑏(𝜐,𝜐)𝑑𝜌𝑏(ℴ,ℴ)

𝑑𝜌𝑏(𝜐,ℴ)
} = 𝑑𝜌𝑏(ℴ, 𝜐) and min{𝑑𝜌𝑏(𝜐, ℴ), 𝑑𝜌𝑏(ℴ, 𝜐)} = 𝑑𝜌𝑏(𝜐, ℴ) so  

𝑑𝜌𝑏(𝜐, ℴ) ≤ 𝑐1𝑑𝜌𝑏(𝜐, ℴ) + 𝑐2𝑑𝜌𝑏(𝜐, ℴ)+c3𝑑𝜌𝑏(𝜐, ℴ) 

(1 − 𝑐1 − 𝑐2 − 𝑐3)𝑑𝜌𝑏(𝜐, ℴ) ≤ 0 

𝑑𝜌𝑏(𝜐, ℴ) ≤ 0 

𝑑𝜌𝑏(𝜐, ℴ) = 0 and from definition (2.3) 𝜐 = ℴ 

We can use the above theorem to obtain following corollary by take values 𝑐3 = 0 as a following  

Corollary 3.4 Consider (ℳ, 𝑑𝜌𝑏) CPBMS with 𝑏 ≥ 1. Consider 𝑃, 𝑆, 𝑄, 𝑇: ℳ → ℳ be self-map s.t 𝑆(ℳ) ⊆ 𝑄(ℳ) and 

𝑇(ℳ) ⊆ 𝑃(ℳ) s.t 

 𝑑𝜌𝑏(𝑆ℴ, 𝑇𝜕) ≤ 𝑐1𝑑𝜌𝑏(𝑄𝜕, 𝑃𝑢) + 𝑐2 max {𝑑𝜌𝑏(𝑄𝜕, 𝑃ℴ),
𝑑𝜌𝑏(𝑇ℴ,𝑆ℴ)𝑑𝜌𝑏(𝑄𝜕,𝑇𝜕)

𝑑𝜌𝑏(𝑆ℴ,𝑇𝜕)
}                                                                           (3.8) 

∀ℴ, 𝜕 ∈ ℳ , c1, c2 ≥ 0 and  0 < c1 + c2 < 1. And satisfying the following conditions: 
(1) The pairs (𝑆, 𝑃) and (𝑇, 𝑄) are weakly compatible. 

(2) If 𝑃(𝑋), 𝑄(𝑋) complete subspace of 𝑋. Then 𝑃, 𝑄, 𝑇 𝑎𝑛𝑑 𝑆 have unique common fixed point. 

Example 3.1: let ℳ = [0,1], define a function 𝑑𝑝𝑏: ℳ × ℳ → ℝ by 𝑑𝜌𝑏(ℴ, 𝜕) = |ℴ − 𝜕| + max{ℴ, 𝜕} ∀ℴ, 𝜕 ∈ ℳ then 

(ℳ, 𝑑𝑝𝑏) is complete PBMS with coefficient 𝑏 = 2. Define four self-mappings 𝑃, 𝑄, 𝑆, 𝑇: ℳ → ℳ as follows. 

𝑇(ℊ) =
ℴ

4
 , 𝑆(ℴ) =

ℴ

4
,  𝑃(ℴ) =

ℴ

2
,  𝑄(ℴ) =

ℴ

2
. we note 

1. 𝑇(ℴ) =
ℴ

4
≤

ℴ

2
= 𝑃(ℴ) 

𝑆(ℴ) =
ℴ

4
≤

ℴ

2
= 𝑄(ℴ) 

Which implies 𝑇(ℳ) ⊆ 𝑃(ℳ) and 𝑆(ℳ) ⊆ 𝑄(ℳ). 

2. 𝑃𝑇ℴ = 𝑃 (
ℴ

4
) =

ℴ

8
= 𝑇 (

ℴ

2
) = 𝑇𝑃ℴ and 

𝑄𝑆ℴ = 𝑄 (
ℴ

4
) =

ℴ

8
= 𝑆 (

ℴ

2
) = 𝑆𝑄ℴ   ∀ℴ ∈ 𝑋 

So, the pairs (𝑃, 𝑇), (𝑄, 𝑆) are weak compatible. 

3. Verification the condition (3.1) of theorem (3.1) with take 𝑐1 =
1

2
, 𝑐2 =

1

4
, 𝑐3 = 𝑐4 = 𝑐5 = 0, then 

c1, c2, c3,c4, 𝑐5 ≥ 0 and  0 < c1 + c2 + 2c3𝑏 + c4 + 𝑐5 =
1

2
+

1

4
=

3

4
< 1 

Now we need to show that 𝑑𝜌𝑏(𝑆ℴ, 𝑇𝜕) ≤ 𝑐1𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕) + 𝑐2𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕) 

First, we compute  
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𝑑𝜌𝑏(𝑆ℴ, 𝑇𝜕) = 𝑑𝜌𝑏 (
ℴ

4
,
𝜕

4
) =

1

4
𝑑(ℴ, 𝜕) 

𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕) = 𝑑𝜌𝑏 (
ℴ

2
,
𝑦

2
) =

1

2
𝑑(ℴ, 𝜕) 

𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕) = 𝑑𝜌𝑏 (
𝜕

2
,
𝜕

4
) =

𝜕

4
+

𝜕

2
=

3𝜕

4
 

𝑐1𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕) + 𝑐2𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕) = (
1

2
)

1

2
𝑑𝜌𝑏(ℴ, 𝜕) + (

1

4
)

3𝜕

4
=

1

4
𝑑𝜌𝑏(ℴ, 𝜕) +

3𝜕

16
 

Since 𝜕 ∈ [0,1] then  
3𝜕

16
≥ 0, hence 𝑑𝜌𝑏(𝑆ℴ, 𝑇𝜕) ≤ 𝑐1𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕) + 𝑐2𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕) thus  

𝑑(𝑆ℴ, 𝑇𝜕)

≤ 𝑐1(𝑑(𝑃ℴ, 𝑄𝜕) + 𝑐2𝑑(𝑄𝜕, 𝑇𝜕)+𝑐3[𝑑(𝑃ℴ, 𝑇𝜕) + 𝑑(𝑄𝜕, 𝑆ℴ)]

+ 𝑐4   
𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕)[1 + 𝑑𝜌𝑏(𝑃ℴ, 𝑆ℴ)]

[1 + 𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕)]
+ 𝑐5 min{𝑑𝜌𝑏(𝑃ℴ, 𝑄𝜕), 𝑑𝜌𝑏(𝑄𝜕, 𝑇𝜕), 𝑑𝜌𝑏(𝑆ℴ, 𝑃𝜕)} 

∀ℴ, 𝜕 ∈ ℳ. so the condition (3.1) of theorem 3.1 with 𝑐1 =
1

2
, 𝑐2 =

1

4
, 𝑐3 = 𝑐4 = 𝑐5 = 0 is satisfied and 0 is 

common fixed point of 𝑃, 𝑄, 𝑆, 𝑇 since 𝑃(0) = 𝑄(0) = 𝑆(0) = 𝑇(0) = 0. 

Conclusion 

     In this paper we worked to find unique common fixed-point results in partial b-metric space by using the concept 
of weakly compatible mappings under some different conditions. The results we obtained were improvements of 
previous results in different space and generalizations it to partial b-metric spaces. Furthermore, our works 
highlights on the importance of weak compatibility conditions to ensuring the existence and uniqueness of common 
fixed points which contributes in development of common fixed-point results and extending its application to more 
general metric spaces. 
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