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1. Introduction

A fixed-point theory is a Hight important section of a nonlinear functional analysis. One of primary results that
appeared in field of fixed point due to 1922 by Banach [2] and famous as Banach contraction principle (BCP). There
is a several of generalizations appeared of usual metric space. One of these generalizations due to 1993 by S.
Czerwik [4] in was offer idea of b-metric space (BMS) by through change in trigonometric inequality that by
multiply by b = 1, he reproved a famous BCP in this space. As well a set of results have come out in the same space
see, ([5], [10], [11], [19]). S. In 1994 presented an idea of partial metric space (PMS) by G. Matthews [12] as a
generalization of usual metric space where the self-distance of any point in this space not necessarily have zero
value. As well proved BCP in PMS. A set of fixed-point results studied this space by different scholars see, ([1], [3],
[7], [9], [14]). S. Shukla [15] in 2014, presented one of the most important improvements of those spaces named
partial b-metric space (PBMS) and studied BCP and Kannan condition in by using the same space. As well number of

results had come out later, see ([6], [8], [13], [16], [17], [18], [20]). this study we worked to prove common fixed-
point results with addition to dependent to idea of weakly compatible PBMS.
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2. Preliminaries:

Definition 2.1 [12] Consider M a non-null set, defined a partial metric on M as a function d,;: M? - RY verifies the

following;

(dy1) o0 =0 e d,(e,0) =d,(0,0) =d,(9,0)
(dp2) dy(0,0) < d,y(0,0)

(dp3) d,(e,0) = d,(9,0)

(dys) dp(e,0) < d,(0, k) + d,(k,0) —d,(k, k)
forall ¢,d,k € M. Then (M, dp) called PMS.

Definition 2.2 [4] Consider M a non-null set, defined a b-metric on M as a function d,: M'? - R* verifies the
following;

(dp1) dp(0,0) =0 00 =0

(dp2) dp(0,0) = dp(9,0)

(dp3) dp(o,0) < b[dy(0, k) + dy(k,0)] where b > 1
forall 0,8,k € M. Then (M,d}) called BMS.

Definition 2.3 [15] Consider M a non-null set, defined a partial b-metric on M as a function d,: M? - R* verifies

the following;

(dpp1) 0 =0 © d,p(0,0) = dpp(e,0) = d,,(0,0)
(dpp2) dpp (0, 0) < dpp(0, )

(dpp3) dpp(0,0) = dpp (0, 0)

(dppa) dpp(0,0) < bldpy (0, k) + dyp (k,0)] — dpp (k. k)
forall 0,0,k € M. Then (M, d,;,) called PBMS

In PBMS, clearly d,,(c,0) = 0, by (dyp1), (dpp2) it follows o = 0. Whereas the converse not hold in general.
Every b-Metric defined by Partial b-Metric as following

dp(0,0) = 2d,,(0,0) —d,p(0,0) —dpp(9,0) Vo,0 €M

Example 2.1 [8] Let M = R* and d,;,: M'> » R* de a self-map and defined by d,;,(¢, ) = [max{c, d}]* + |0 — 0|*
Vo,0 € M. Then (M, d,;,) is PBMS with b = 2* > 1. but it is neither a (B. M. S) nor (P. M. S). Indeed, for any ¢ > 0
we have dpb((r,o) =o0*#0; therefore, dpb is not a b-metric on M. Also for ¢ =6,0 =2,k =3 we
have d,,(0,0) = 6*+4* and dyp (o, k) +d,,(k,0) — dyp(k, k) = 6*+3*4+3%*4+14—-3*=6*+3*+1* so
dpp(0,0) > dpyp(0, k) + dpp(k,0) — dyp(k, k), Vb = 2%, Therefore, d,p is not a partial metric on M.
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Definition 2.4 [15]

1- Consider that {v,} be a sequence in a PBMS (M,dp) then {v,} called convergent to the pointv € M &
limy, e dyp (U, V) = dpp (v, V)

2- Consider that {v,} be a sequence in a PBMS (M, dpp) then {vp,} called Cauchy <
1limyy, 500 @ pp (U, V) exists (finite).

3- Consider that (M, d,p) PBMS. if for Cauchy sequence {v,} in M. 3v € M such that
1imyy, 500 dpp (Uny Um) = limy, o dpp (U, ) = dpp (v, v) then (M, d,,) called complete and denoted by
(CPBMS) as short

Definition 2.5 [13] Consider that M be a non-null setand P,Q : M - M.Ifa = Po = Qo , for some ¢ € M, then ¢
is side to be a coincidence point of two mapping P and Q thus, a side to be a point of coincidence of two mapping P
and Q.

If a = o then in this case ¢ is side to be common fixed point of P and Q.

Definition 2.6 [8] Consider that P and Q two self- mapping and define on a non-null set M. P and Q is side to be

weakly compatible if P and Q commute in their coincident pointi.e. if Poo = Qo for some oo € M, then PQo = QPo-.

3. Main results

Theorem 3.1 Consider (M, d,;,) CPBMS with b > 1. Consider P,Q,S,T: M — M be self-map s.t T(M) < P(M) and
S(M) € QM) s.t

dpp(Se,T0) < ¢1d,,(Por, Q) + c2d,,(Q0, TO) +c3[d (P, TO) + dy (Q0, So) |

dpp(Q0,70)[1+d pp(Per,So)]
[1+d,p(pe,Qd)]

+cy

+cs min{d,,, (Po, Q9), d,,(Q8,Td), d 5, (S, PO) } (3.1)
Vo,0 € M ,cq,Cp,C3C4,65 = 0and 0 < ¢y + ¢, + 2¢3b + ¢4 + ¢5 < 1. And satisfying the following conditions:

(1) The pairs (S, P) and (T, Q) are weakly compatible.
(2) If P(X), Q(X) complete subspace of X. Then P, Q, T and S have unique common fixed point.

Proof: (i) Existence

suppose x, € M, construct sequence {x,,} and {v,} in M in the following manner

since S(M) € Q(M), Ix; € M s.t Qx; = Sxy = vy.

Since T(M) € P(M), we can choose x, € M s.t Px, = Tx; = v,

continuing in this process for all chosen x,, € M ,we obtain x,,,; € M s.t

QXzn41 = SXzn and Pxpnyy = TXopey, N €N

In general, define sequence {v,,} in M by denoting

Upn = QXpppq = Sxpp and Vypyq = PXypyy = TXxypyq,n € N and by using (3.1) we have
dpb(v2nlU2n+1) = dpb(stH' TX2p41)

< Cldpb (Px2n, QXon41) + Cdeb (Qx2n41, TX2p41)+C3 [dpb (Px2p TX2n41)
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dpb (Qx2n+1' Tx2n+1)[1 + dpb (PxZn! SxZn)]
1+ dpb (Px2p, QX2n41)

+d,pp (QX2n11,SX2n)] + €4

+C5min{dpb (PxZn: Qx2n+1)v dpb (Qx2n+1' Tx2n+1)! dpb (SxZn! Px2n+1)}

< C1dpb (Van-1,V2n) + Cdeb (V2n, Vzns1)FC3 [dpb (Van-1,V2n41) + dpb (U2n:U2n)]
dpb (UZn' U2n+1)[1 + dpb (UZn—l' vZn)]

[1 + dpb (UZn—lﬂ UZn)
+ csmin{d,,, (Wzn-1,V2n), dpp Wan, V2n+1)s App Wan—1, Vans1)s dpp (V2n, V2n)}

4

by using (d,p4) we have

dpp (Van-1,V2ns1) < b(dpp (W2n-1,V2n) + dpp Wan, V2ns1)) — dpp (V2n, V2n)

by (dppz) we have d ), (Vzn, V2n) < dpp (Van—1,V2n) and dp, (V2p, V2n) < dpp (V20 Uans1)50
min{d,;, (V2n-1,V2n), dpb Wan Van+1), dpp Wz2n, V2n)} = dpp (U2, V2n), hence

dpb (UZn' U2n+1) < Cldpb (UZn—lﬁ UZn)
+ Czdpb (UZn' U2n+1)+c3 [b(dpb (UZn—lr UZn) + dpb (UZn' U2n+1)) - dpb (UZn' UZn) + dpb (UZn' U2n)]
+ ¢4dyp (Van, Vans1) + 5y (Van, U2n)

dpb (UZn' 7~)2n+1) < Cldpb (UZn—lvUZn) + Czdpb (v2n1U2n+1)+C3 [b (dpb (U2n—1:U2n) + dpb (UZn: U2n+1))]

+ C4dpb (V2n) V2ns1) + Csdpb (V2 U2n)

< ¢1(dpp (Van—1,V2n) + €2 pp (Wan, Vans+1) + c3bd 5, (Uzn—1,V2n) + c3bd, (Van, Uzns1)
+ C4dpb (V2n, Uzns1) + Csdpb (V2n) V2n)

Also, since d,, (U2, V2pn) < €1dpp (Uzn—1, V2n)We have

dpp (W2ns Van+1) < €1dpp (Van—-1,V2n) + €245 (Van, Vans1) + 3bd ), (Uan—1, U2n) + c3bd ), (Van, Uznsr)
+ cadpp (Van, Van+1) + €sdpp (Uzn—1,V2n)

(1= ¢z = c3b — c4)dp,(V2n, Vzns1) < (€1 + 3b + ¢5)dp (Van-1, V2n)

¢+ c3b+cs
dpb(UZn' U2n+1) = 1—c, —c.b—c dpb(UZn—l' UZn)
2 3 4
let‘[}=m O<p<1

1-cy—c3b—cy

dpp Wan, Vant1) < B dpp(V2n-1,V25)

dpb(vzn' Usnt1) < B dpb(vzn—ltvzn) =< .Bzdpb(vzn—Z'UZn—l) =< .83dpb(U2n—3’v2n—2) < -
< p"d,p (o, v1)

1111_{{)10 dpp (Wan, Vant1) = 0

In general, d,, (v, Ups1) < B"dpp Vo, V1)

dpb (Unﬂvm) < b[dpb (Un' Un+1) + dpb (vn+1' vm)] - dpb (Un+1' Un+1) < b[dpb (Un' Un+1) + dpb (Un+1' Um)]

< bdpb(vnrvn+1) +b (b[dpb(vn+1'vn+2) + dpb(vn+2’vm)] - dpb(vn+2:Un+2))
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< bdpb(vn' Un+1) + bzdpb(vn+1ﬂvn+2) + bzdpb(vn+2'vm)

< bdpb(vn' Un+1) + bzdpb(vn+1ﬂvn+2) + b3dpb(vn+2'vn+3) +-t bm_ndph(vm—ltvm)
< bﬁndpb(voﬂh) + bzﬁnﬂdpb(vo.lh) + b3[)’”+2dpb(v0,v1) + -t bm_nﬁm_ldpb(vo;lﬁ)
< BB+ b+ (bB)? + -+ + (BB)Y™ " )d,p, (Vo, V1)

limy, ,,co dpp (Un, V) = 0. Thus {v,,} be Cauchy sequence in M. Since M is CPBMS then v € M s.t

limy, 00 dpb (W, Up) = limy dpb (V) = dpb V) =0 (3.2)

We need to show that v is common fixed point of , S, T, P and Q
Since T(M) € P(M) and P(M) complete subspace of M sov € P(M)iedu e MstPu=v

now we have to prove that Su = v

App (SU, TXon41) < €1dpp (PU, QXp11) + C2d )y (QX 241, TX2ni1)+C5 [dpb (Pu, TX2p41) + dpp (Qx2n41,SW]
dpb (Qx2n+41s Tx2n+1)[1 + dpb (Pu, Su)]

[1+ dpb (pu, Qxzn41)]
+ csmin{d,, (Pu, Qx2n41), dpp (QX2p11, TX2n41), dpp (SU, PXp 1)}

+cy

dpp (SU, Vany1) < €1dpp (PU, U2p) + Cod (Vo) Uzpni1) €5 [dpb (Pw,Vzn41) +dpp (Uzn,Su)]
dop (U2n1U2n+1)[1 + d,p(Pu, SU)]
[1+ dpb (pu, v2p)]

+Cy + Csmin{dpb (Pu, vzp), dpb (V2 Vzns1), dpb (Su,vz,)}

Taking limit as n — oo, we get

d,p (v, v)[1+ dpp(Pu, Sw)]
[1+dpp(pu,v)]

dpp(Su,v) < ¢1d,, (Pu,v) + cad )y (v, 0)+c3 [dpb(Pu, v) +d, (v, Su)] +c,
+ cs min{d,, (Pu,v), d, (U,V), dp (PU, V), d pp (S, V) }

Since d,,(v,v) = 0 (by (3.2)) then min{dpb(Pu, v), dpp (v, 0), dpp (Su, v)} = 0, hence

dpp(Su,v) < ¢1d,, (Pu,v) + c3d ), (Pu,v) + c3d,, (v, Sw)

(1 = c3)dpp(Su,v) < (¢q + c3)d,p (Pu,v)

Since Pu = v. Then

(1 = ¢3)dpp(Su,v) < (¢4 + c3)dpp (v, V)

Also, since d,, (v,v) = 0, we have

d,p(Su,v) < 0, thus

d,p(Su,v) = 0, (since dp,;, non negative), thus from definition (2.3) we have Su =v

So Pu = Su =v,and S, P have coincidence point.
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since S(M) € Q(M)and Q(M) complete subspace of M sov € Q(M) ieIw € M s.tv = Qw
now we have to prove that Tw = v

dpp (Su, Tw) < ¢;dpp (Pu, Qw) + ¢2d pp (Qw, Tw)+c3[d o (Pu, Tw) + d,p, (Qw, Sw)]
. dpp (Qw, Tw)[1 + d,p, (P, Su)|
* [1+d,p(pu, Qw)]

+ csmin{d,, (Pu, Qw), d,, (Qw, Tw), d,,(Su, Pw)}

dp (v, T™w)[1 + dpp (v, V)]

d,,(v,Tw) < c;d,,(v,v) + c,d,, W, TW)+c3|d,, (v, TW) + d,,(v,v)| +
pb( ) 1 pb( ) 2 pb( ) 3[ pb( ) pb( )] 4 [1+dpb(U,U)]

+ csmin{d,, (v,v), d,,, (v, Tw), d ., (v, Pw)}
Since d,,,(v,v) = 0. Then min{dpb(u, v),d,, (v, Tw), dpp, (v, Pw)} = 0. Thus
dop (U, Tw) < ¢3d,p (v, TW)+c3d,, (v, TW) + cad (U, TW)
(1—cy—c3—c)dpp,(,TW) <0
dyp (v, Tw) <0
d,p (v, Tw) = 0, (since d,;, non negative), thus from definition (3.2) we have Tw = v
SoTw =Qw =v
Now since Tw = Pw = v and Pu = Su = v, since (P, S) and (Q, T) are weak compatible then
Pv = PSu = SPu = Sv
Qu=QTw =TQw =Tv
Now we will show that Pu = v

dpp (Qw, TW)[l + dpb(Pv,Sv)]
[1+dpp(Pv, Qw)]

d,pp(Su, Tw) = d,,, (P, QW) + cpd,, (QW, Tw) +c3 [dpb(Pv, Tw) + d,p (Qw, Sv)] + ¢,

+cs min{dplJ (Pv, Qw), d,p, (Qw, Tw), d,, (S, Pw)}

dpp (v, v)[l + dpp (Pv,Sv)]
[1+d,,(Pv,v)]

d,p (SU,0) = ¢1(dyp (P, V) + cpd ), (V, V) +c5 [dpb(Pv,v) + d,p (v, Sv)] + ¢,
+ s min{dplJ (Pv,v),d,,(v,v),d,p (S, v)}

Since d,, (v,v) = 0 hence min{d,, (Pv,v),d,,v,v), d,,(Sv,v)} = dpp(v,v) =0

d,p(Sv,v) = ¢1d,, (P, v)+c3d,, (PU,v) + c3d (U, SV)

Since Pv = Sv, we have

d,p (Pv,v) = ¢1d,, (P, v)+c3d,, (PU,v) + c3d (U, PV)

(1 —=c¢; —2¢3)d,(PU,v) <0

d,p(Pv,v) <0

d,p(Pv,v) = 0 (since d,,, non negative), thus from definition (3.2) we have
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Pv=v
Since Pv = Sv, then we have Pv = Sv = v.
Now we will show that Qu = v

d v,Tv)|1+ d,, (Pu,Su
dpp(Su, Tv) < c1d,,(Pu, Q) + c3d,, (Qu, Tv) +c3 [dpb(Pu, Tv) + dpb(Qv,Su)] +c, pr(Q )[ v )]

[1+d,,(pu, Qu)]
+cs min{dpb (Pu, Qu),d,,(Qu, Tv), d,,, (Su, Pv)}

dpp(Qu, QU)[l + d,p (v, v)]
[1+dpp(v, Q)]

dpb (U' QU) = Cldpb (U, QU) + Cdeb (QU: QU)+C3 [dpb (U, QU) + dpb (QU: U)] + Cq
+ ¢cs min{d,,, (v, QU), d,», (Qu, QV), d 5, (v, V) }

Since d,,, (v,v) = 0 (by (3.2)) we have min{dpb(v, Qu), d,,(Qu, Qu), d,p (v, U)} =d,,(v,v)

d,p(Qu, QU)[l + dpp (v, v)]
[1+dpp (v, Qu)]

dpb (U' QU) = Cldpb (U, QU) + Cdeb (QU: QU)+C3 [dpb (U, QU) + dpb (QU: U)] + Cq

Since d,, (Qu, Qu)) < d,, (v, QU) (by d,pz) also d,, (v, V) < d,,, (v, QU) (by (dpp2)). Then

d,p (v, QU)[l +d, (v, QU)]
[1+dp v, Qu)]

dpp (v, QU) < c1dpp (v, QU) + c2d (v, QU)+2c3d 5, (U, Q) + 4

dpp (U, QU) < c1dpp (v, QU) + 2d ), (V, QU)+2c3d 5, (U, QU) + cudpp, (v, QU)

(1—c¢; —cd —2c3 —¢y)d,,(v,Qu) <0

dpp(v,Qu) <0

d,p (v, Qu) = 0 (since d,, non negative), thus from definition (3.2) we have Qu = v, thus
Qu=QTw=TQw =Tv =v

Hence Tv = Qu = v Therefor Tv = Qu = Pv = Sv = v. Then v is common fixed point of P, Q, S, T.
(ii) Uniqueness

Let r another common fixed pointof P,Q,S and T thatisPr = Qr =Sr=Tr=rstr #v

dop(v,0) =d(Sv,To)
< ¢1d,p(PV, Qo) + ¢2dp(Qo, To)+e3]dy (PV, To) + dpy (Qer, Sv)|
dpy(Qor, To)[1 + d,p(Pv, SV)]

T L+ Py, Q0)]

+ csmin{d,, (Pv,Q¢),d,,(Qo,To),d,,(Sv, Po)}

d,p (0, a)[l +d,v,v )]
[1+d,,(v,0)]

dop(v,0) < c1dy,(V,0) + cpdpp (0, (r)+c3[dpb(v,cr) +d,p(0,v )] +cy

+ Csmin{dpb (v ) 0): dpb (01 0): dpb (v ] 0)}
Since d,,, (0, 0) < d,,(v,0) and d,,, (v ,v) < d (v, 0) (by dpp) SO

min{dpb (w,0),dyp(0,0),d, (v, r)} =dpp(0,0)
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dd (v, 0)[1+ dpp(,0)]

dpp(V,0) < €1d,,(V,0) + 2, (V, ) +e3[dp, (U, 0) + dpp(0,v)] + ¢4 T+ d.@.0)]
o (U,

+ csdpp (0, o)

Alsod,,(o,0) < d,,(v,0)

dpb(v , cr)[l +dyp (v, cr)]

dop(v,0) < 1dy,(V,0) + cd (U, 0) ey [dpb(v,cr) + dpb(or,v)] +c, M+ dy@,o)]

+ csd,p (v, 0)

dop(V,0) < 1dp,(V,0) + cd,, (V,0)+2¢3d,,(V,0) + c4dpp (V,0) + csd (U, 0)
(I—ci—cy—2c53—c4—¢5)dpp(v,0) <0

dpp(v,0) <0

d,p(v,0) = 0 (since dp,, non negative)

thus, from definition (2.3) we have v = ¢. Contradiction

Then P, Q, T and S have unique common fixed point.

We can use the above theorem to obtain a number of corollaries by take values ¢; = 0 for some i = 1,2,3,4asa
following

Corollary 3.1Consider (M, d,,) CPBMS with b > 1. Consider P,Q,S,T: M — M be self-map s.t T(M) S P(M) and
S(M) € Q(M)s.t

dpp (S0, TD) < ¢1d (P, Q0) + €2d 5 (Q0, TO)+c3[d (P, TO) + d,p, (Q0, So) | (3.3)

Vo,0 € M ,cq,¢y,c3 = 0and 0 < cqy + ¢, + 2c3b < 1. And satisfying the following conditions:
(1) (S,P), (T, Q) weakly compatible.
(2) If P(X), Q(X) complete subspace of X. Then P, Q, T and S have unique common fixed point.

Corollary 3.2 Consider (M, d,,) CPBMS with b > 1. Consider P,Q,S,T: M — M be self-map s.t T(M) € P(M) and
SM)c QM) st

dpp (S0, TD) < ¢1d (P, Q0) + €2d,,(Q0, T) +c5[d,pp, (P, TO) + d,p, (Q8, So) |

dpp(Q0,T0)[1+d pp(Po,S0)]

[1+dpp(p0,Q0)]

Yo,0 € M ,cq,Cy,C3,¢4 = 0and 0 < cq + ¢, + 2¢c3b + ¢4 < 1. And satisfying the following conditions:
(1) (S,P), (T, Q) weakly compatible.
(2) If P(X), Q(X) complete subspace of X. Then P, Q, T and S have unique common fixed point.

+cy

(3.4)

Corollary 3.3 Consider (M, d,;,) CPBMS with b > 1. Consider P,Q,S,T: M — M be self-map s.t T(M) S P(M) and
S(M) c Q). St

dpy (S, TO) < ¢1d (P, QD) + €2d,,(Q0, TO) +c3[d,p (P, TO) + d,, (Q0, So) |

+c, min{d,, (Po, Q9),d,,(Q0,Td),d,, (S, P)} (3.5)
Vo,0 € M ,cq,Cy,C3,¢4 = 0and 0 < cq + ¢, + 2c3b + ¢, < 1. And satisfying the following conditions:
(1) (S,P), (T, Q) weakly compatible.
(2) Then P,Q, T and S have unique common fixed point Then P, Q, T and S have unique common fixed point.
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Theorem 3.2 Consider (M, d,,) CPBMS with b > 1. Consider P, Q,T and S : M' - M be self-map s.t S(M) € Q(M)

and T(M) € P(M) s.t

dpp(Se, TO) < ¢,d,,,(Q0, Po) + ¢, max {dpb (Qo, Po), dpb(P”'Sﬁ)dpb(Qa'Ta)}

dpb(SO',Ta)

+c5 min{dplJ (Pe,T0),d,p (Qo, Scr)}

Vo,0 € M ,cq,cy,c3 = 0and 0 < cy + ¢, + 2c3b < 1.and satisfying the following conditions:

(1) (S, P), (T, Q) weakly compatible.

(2) If P(X), Q(X) complete subspace of X. Then P, Q, T and S have unique common fixed point.

Proof: (i) Existence

suppose x, € M, construct sequence {x,,} and {v,} in M in the following manner

since S(M) € Q(M), Ix; € M s.t Qx; = Sxy = v,.

Since T(M') € P(M), we can choose x, € M s.t Px, = Tx; = v

continuing in this process for all chosen x,, € M',we obtain x,,,; € M s.t

QXzn41 = Sxon and Pxynyy = TXxopyy, N EN

In general, define sequence {v,,} in M by denoting

Ugn = QXop41 = Sxopn and Uypy1 = PXypyo = TXopnyq, 1 € N and by using (3.6) we have
d(vzn, Vant1) = d(Sxzn, Txon41)

< ¢1dpp (QX2n41, PX2n)

dyb (Pxgn, SX2n)dpp (QX2n 41, Tx2n+1)}

+c, max {dpb(szmlrpxzn)' d,p(Sxyp, Tx )
p 2n 2n+1

+c3 min{dpb (Pxan, TX2n41), dpb (Qx2n+1, 5x2n)}

dpp (van-1, UZn)dpb (V2n, U2n+1)}
dpb (UZn: U2n+1)

d(Uzn, Vzns1) < c1dpp (V2n, Uzn-1) + ¢, max {dpb (V2n) V2n-1),
+c3 min{dpb (V2n-1,V2n+1)s dpb (W2n, Uzn)}

d(Uzn, Vzns1) < c1dpp (V2 V2n-1) + ¢, max{dpb (V2 V2n-1), dpp (V2n-1, UZn)}
+C3 min{dpb (UZn—lﬂ U2n+1)' dpb (UZn' UZn)}

Case 1:If min{dpb (V2n-1,V2n+1), dpp (W2n, Uzn)} = dpp (V2n-1,V2n41)- Then

d(Vzn, Vzn41) < €1dpp (Won, Van—1) + €2d 5 (Van, Von—1) +¢3d pp (V2n—1, Vons1)

(3.6)

d(Vzn) Vzn41) < C1dpb (Wan) Van-1) + C2dpb (Van, v2n—1)+c3b[dpb (V2n—1,V20) + dpb (Uzn:U2n+1)] - dpb (V2n) V2n)

d(Vzn) Vzn41) < C1dpb (Wan) Van-1) + C2dpb (Van, v2n—1)+c3b[dpb (V2n—1,V20) + dpb (v2n:U2n+1)]

(1 = c3b)d(Van, Vzans1) < (€1 + c3tc3b)dpp (Van—1,V2n)
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(c; + c;+c3b)

(1—csb) dpp (Wan—1,V2n)

d(Uz2n, V2n41) <

__(c1tcatce3b)
put [31 = —(1—c3b) ,0< Bl <1

d(vzn, V2ns1) < B1 dop (Van-1,V2n)

Case 2: if min{dpb (V2n, Van+1), dpp (an, V2n)} = dpp (Uz2n, U2n)- Then

d(vzn, V2ns1) < c1dpp (V2 Van-1) + C2dpp (v2n'U2n—1)+C3dpb (V2n, U2n)

by using (d,,,) we have d,, (Vap, V2p) < dpp(Van, Van-1) SO

d(Vzn, Vzns1) < 61405 (Wan, Van—1) + €2dpp (Van, Van—1) +¢3d pp (V2n, V2n—1)

d(van, Vans1) < (6 + C2+C3)dpb(U2n—1'U2n)

let B, = (¢; + c,+¢c3) ,0< B, <1 (since0<c;+c,+2c3b <1 andb = 1. Then

0<c+cy+c3<1)

dyp (V2 V2n41) < B dpp (Van-1,V2n)

Take f = max{$;,5,} 0<B <1

dpp Wzn, Vans1) < B dppWan—1,V2n) < B?dpp Wan—2,Vz2n-1) < B>dpp (Wan—3,Vpn—z) < -
< B"dpp (o, v1)

lim dpb (V2n, V2ns1) =0
n—-oo

In general, d,,(n, Vpy1) < B (Vo, V1)

dpb (Unﬂvm) < b[dpb (Un' Un+1) + dpb (vn+1' vm)] - dpb (Un+1:Un+1) < b[dpb (Un' Un+1) + dpb (Un+1' Um)]

< bdpb(vnrvn+1) +b (b[dpb(vn+1'vn+2) + dpb(vn+2’vm)] - dpb(vn+2'vn+2))

=< bdpb(vn' Un+1) + bzdpb(vn+1' vn+2) + bzdpb(vn+2r Um)

< bdpy (Vp, Vna1) + b2 dpy (Wn41, Unaz) + b2 dpp (naz, Unas) + -+ b™ " d pp (U1, Um)
< bB™d (0o, v1) + b2 B, (Ug, v1) + b3 B2 d (Vg v1) + -+ D™ B (0o, 1)
< bB™(1 + b + (bB)? + -+ (BBY™ 1) d pp (vo, V1)

limy, o0 dpp (Un, V) = 0. Thus {v,,} be Cauchy sequence in M. Since M is complete P.B.M.S then Jv € M s.t

limy, psco @ pp (Un, V) = limy,o, dpyp, (U, V) = d,p(v,v) =0
(3.7)

We need to show that v is common fixed point of P, Q, T and S

Since S(M) € Q(M) and Q (M) complete subspace of M sov € Q(M)iedu e MstQu =v
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now we have to prove that Tu = v

dpp (PXan41, SXan+1)dpp (Qu, Tu)
dpb(5x2n+1rTu) < Cldpb(Qu' PX3n41) + ¢ max {dpb(Qu' PXyni1), . Gk AL

dpb (Sx2n+1: Tu)
+C3 min{dpb (Px2p41,Tu), dpb (Qu, Sx2n+1)}

) de (2, U2n+1)dph , Tu)}
’ dpb (Van+1, T

dpb (U2n+1' Tu) < Cldpb (U' UZn) + C; max {dpb (U: Uon

+c5 min{dpb (Van, Tu), dyp (v, v2n+1)}

Taking limit as n — oo, we get

d,,(v,v)d,,(v,Tu
dpy (v, Tu) < ¢1d,,,(V,V) + max{dpb(v, v), pb (U V)i )}

d,p (v, Tu)
+c3 min{dpb (v, Tu),d,p (,v)}
Since by (3.7) d,,(v,v) = 0 so
dpp (v, Tu) = 0 and from definition (2.3), we have Tu = v
So Tu = Qu =v,and T, Q have coincidence point.
sinceT (M) € P(M)and P (M) complete subspace of M sov € P(M) i.e 3w € M s.tv = Pw

now we have to prove that Pw = v

d,,(Pw,Sw)d u,Tu
dpp(Sw, Tu) < ¢;d,,(Qu, Pw) + ¢, max {dpb(Qu, Pw), v )dpn(Q )}

dpp(Sw, Tu)

+c; min{dpb (Pw,Tu),d,,(Qu, SW)}

d,,(v,Sw)d,,(v,v
dpp (Fw,v) < ¢;d (v, ) + ¢, max {dpb(v, V), oo )dpp( )}

d,p(Sw,v)
+c3 min{dpb (,v),d,p (v, Sw)}
Since by (3.7) d,, (v,v) = 0s0
d,p(Sw,v) = 0 and from definition (2.3) we have Sw = v hence
Sw=Pw=uv
Now since Sw = Pw = v and Tu = Qu = v, since (T, Q), (S, P) weak compatible then
Qu=QTu=TQu=Tv
Pv = PSw = SPw = Sv

Now we will show that Qu = v
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d,p,(Pw,Sw)d v, Tv
d,p (SW, Tv) < ¢;d,, (Qu, PW) + ¢, max {dpb(Qv, Pw), pb )40 (Q )}

dpb (SW, TU)

+c3 min{dpb (Pw,Tv),d,,(Qu, Sw)}

dpp (v, TV) < ¢1dpy(QV, V) + c; Max {dpb(QU, v), dpp W, )y (QU, Tv)}

dpp (v, Tv)

+cg min{dplJ (v, Tv), dpp (Qu, v)}

Since Qu = QTu =TQu =Tv

d,p (v, Qu) < c1d,p(QV,V) + c; max {dpb(Qv,v), oo, V)4 (QV, Qv)}

dpb (U, QU)
+csmin{d,,, (v, Qu), d 5, (Qu, v)}

dpp(W,v)dpp(QU,QU)

Since d,,,(v,v) = 0 then 2o (0.00) =0so0
dpp(V)dpp(Qu.Qu)|
max {dpb Qu, v),—dpb a0 } = dpp(Qu,v)

min{dpb(v, Qu), d,,(Qu, v)} = d,p(Qu,v) so

d,p (v, QU) < ¢1d,p(QU,V) + c2d,,, (QU, V) +c3d,, (QU, V)
(1—c—cy—c3)d,,(v,Qu) <0

d,p (v, Qu) = 0 thus, from definition (2.3) Qu = v

Now we will show that Pv = v

d,,(Pv,Sv)d T
dpp(Sv, Tu) < ¢dpp (Qu, Pv) + ¢, max{dpb(Qu, Pv), pp (PV, Sv)d,5) (Qu u)}

dpp(Sv, Tu)

+cq min{dplJ (Pv,Tu),d,, (Qu, Sv)}

d,,(Pv,Pv)d,,(v,v
dyp(Pv,v) < ¢1d,, (v, PV) + max{dpb(v, Pv), v s )}

d,p(Pv,v)
+c3 min{dpb (Pv,v),d,p (v, Pv)}

d pp(Pv,Pv)d pp (V)

Since d,, (v,v) = 0 then max {dpb (v, Pv), 2o (Fo)

} = d,p (v, Pv) and

min{dpb (Pv,v),dpp (v, Pv)} = d,p, (v, Pv) therefor

d,p (PV,v) < ¢dpp, (U, PV) + c3dpp (P, v)+c3d ), (PU, V)

(1 —c¢y —c; —c3)d,,(Pv,v) <0

d,p(Pv,v) = 0 and from definition (2.3) we have Pv = v Hence Pv = Sv =v

Therefor Pv = Sv = Qu = Tv = v. Then v is common fixed point of P, S, Q, T.
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(ii) Uniqueness

Let ¢ are another common fixed point of P, S,Q, T thatis Po- = S = Qo =To = o

d,, (Pv,Sv)d o, To
dop(v,0) = d(Sv,Te) < ¢;d,,(Qe, Pv) + c; max {dpb(Q(y, Pv), v )b (Q )}

dpp(Sv, To)

+cg min{dpb (Pv,To),d,,(Qo, SU)}

dyp(,v)d,(r, ¢)
d,,(v,0) < c;d,,(0,v) +¢C max{d o,0), L P

+cs min{dpb (v, 0),d,p (0, v)}

(v.v)dpb(mrr)}

. dpp .
Since d,,(v,v) = 0 then max {dpb(cr, v),-2 a4y (00) =d,p(0,v) and mln{dpb(v, @), d,y (0, v)} =d,,(v, o) so

dpp(V,0) < c1dp (v, 0) + c2d ), (v, @) +e3d (v, 0)

(1-c¢ —c;—c3)dy(v,0) <0

dpp(v,0) <0

d,p(v,0) = 0 and from definition (2.3) v = &

We can use the above theorem to obtain following corollary by take values c; = 0 as a following

Corollary 3.4 Consider (M, d,,) CPBMS with b > 1. Consider P, S, Q,T: M — M be self-map s.t S(M) € Q(M) and
T(M) € P(M)s.t

d o (To,50)d o, (QD,T)
d,p (S0, TO) < ¢1d,,(Q0, Pu) + ¢, max {dpb(Qa, Po), 2~ c‘zyp:(S:Tba) } (3.8)

Vo,0 € M ,cq,c; 2 0and 0 < ¢y + ¢, < 1. And satisfying the following conditions:
(1) The pairs (S, P) and (T, Q) are weakly compatible.
(2) If P(X), Q(X) complete subspace of X. Then P, Q, T and S have unique common fixed point.

Example 3.1: let M = [0,1], define a function d,,,: M X M' -» Rby d,,,(¢,d) = |0 — 0| + max{c, 8} Ve,d € M then
(M, d,p) is complete PBMS with coefficient b = 2. Define four self-mappings P, Q,S,T: M - M as follows.

T(g) = %.5(0) = %, P(o) =3, Qo) = g we note

N |

Which implies T(M) € P(M) and S(M) € Q(M).
2. PTo=P(%)=2=7(%)=TPoand

8 —
o\ O o
QS(er(Z) =§=S(§)=SQ0 Vo € X
So, the pairs (P, T), (Q, S) are weak compatible.
3. Verification the condition (3.1) of theorem (3.1) with take ¢; = %, c, = %, c3 = ¢, = cg = 0, then

€1,C3,C3C4,C5 = 0and 0 <cy + ¢y +2¢c3b+cy + 05 =%+%=%< 1
Now we need to show that d,,(S¢, T9) < ¢;d,,(Pe,Q0) + c,d,,,(Q0,T9)
First, we compute
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o 0 1

d,, (S0, T) = d, (Z'Z) =2 d(e,d)
oy 1

d,, (P, Q0) = d,) (E'E) =2 d(e,9)
N 9 o 30

4(@2.79) = dpn (3.3) =5 +5= 7

1) 30 1 30

I\ 1
1l (P, 00) + €3 (00,79) = (3) 5 4@, 0) + (3) T = 7 o () + 2

Since d € [0,1] then % > 0,hence d,, (S0, T0) < c1d,, (P, Q0) + c,d,,,(Q0, TO) thus
d(Se,Td)
< ¢;(d(Po,Q0) + ¢c,d(Q0,Td)+c53[d (P, Td) + d(Q0d,Se)]
. dpy(Q0,T)[1+ d,p(Por, So)]
[1+dpp(Po,Q0)]
Vo,0 € M. so the condition (3.1) of theorem 3.1 with ¢; =
common fixed point of P, Q, S, T since P(0) = Q(0) = S(0)

+ ¢cs min{d,,, (Po, Q9), d,,(Q8,Td), d ,, (S, P) }

[y

G =1,03 =0 =65 = 0 is satisfied and 0 is
T(0) = 0.

Il miIr

Conclusion

In this paper we worked to find unique common fixed-point results in partial b-metric space by using the concept
of weakly compatible mappings under some different conditions. The results we obtained were improvements of
previous results in different space and generalizations it to partial b-metric spaces. Furthermore, our works
highlights on the importance of weak compatibility conditions to ensuring the existence and uniqueness of common
fixed points which contributes in development of common fixed-point results and extending its application to more
general metric spaces.
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