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Abstract

The purpose of this paper is to study the strong convergence of the sequence
of the Ishikawa iteration methods with errors to fixed points and solutions of local
strongly accretive and local strongly pseudo-contractive operators in the
framework of Banach spaces. Our main results is to improve and extend some
results about Ishikawa iteration for type of contractive, announced by many
others.
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1. Introduction

Let X be an arbitrary Banach space with norm |-|| and the dual space X*.

The normalized duality mapping J:X —> 3 is defined by
309 =4 X< xF == x| £ =] xp
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where <-,-> denotes the generalized duality pairing. It is known that if X is
uniformly smooth, then J is single valued and uniformly continuous on any
bounded subset of X, we shall denote single-valued normalized duality
mapping by i.
Let T:D(T) € X —— X be an operator, where D(T) and R(T) denote the
domain and range of T, respectively, and | denote the identity mapping on X.
We recall the following two iterative processes to Ishikawa and Mann, [1],
[2]:
i- Let K be a nonempty convex subset of X, and T:K —— K be a mapping,
for any given x, € K the sequence <x,> defined by
Xn+1=(1—an)Xn + anTyn
Yo = (1= Bn)Xn + BnTXn (n>0)
is called Ishikawa iteration sequence, where <a,> and <f,> are two real
sequences in [0,1] satisfying some conditions.
ii- In particular, if B, = 0 for all n >0 in (i), then <x,> defined by
Xo € K, Xp+1= (1 —an)Xn + anTYs, N >0
is called the Mann iteration sequence.

Recently Liu in [3] introduced the following iteration method which he
called Ishikawa (Mann) iteration method with errors.

For a nonempty subset K of X and a mapping T:K —— X, the sequence
<Xn> defined for arbitrary X, in K by
Yn = (1 = Bn)Xn + BnTXn + Vi,
Xn+1=(1—oan)Xn+ anTyn + U, foralln=0,1,2,...,

0
where <u,> and <v,> are two summable sequences in X (e, > |u,] <o
n=0

and Z” Vn||<oo), <o,> and <B,> are two real sequences in [0,1], satisfying
n=0

suitable conditions, is called the Ishikawa iterates with errors. If B, =0and v, =0

for all n, then the sequence <x,> is called the Mann iterates with errors.

The purpose of this paper is to define the Ishikawa iterates with errors to
fixed points and solutions of local strongly accretive and local strongly pseudo-
contractive operators equations. Our main results improve and extend the
corresponding results recently obtained by [3] .[4] and[5].

1.1 Definition: [5]

Let X be a real Banach space and T:D(T) ¢ X——X be an operator, then
1. T is said to be local strongly pseudo contractive if for each xeD(T)
there exists ty > 1 such that forally e D(T) and r >0
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Ix=y|<[@+r)(x-y)—rt (Tx-Ty)| (1)
2. T is called local strongly accretive if for given xe D(T) there exists
kxe(0,1) such that for each 'y € D(T) there is j(x — y) € J(x —y) satisfying

<TX-Ty, (- y)> = ke X =y Q)

3. T is called strongly pseudo contractive (respectively, strongly
accretive) if it is local strongly pseudo contractive (respectively, local
strongly accretive) and tx = t (respectively, kyx = k) is independent of x e
D(T).

4. T is said to be accretive for if given X, y € D(T) there is j(X —y) € J(X
—y) satisfying

<TX-Ty, j(x-y)> > 0.

1.2 Remarks:

1. Each strongly pseudo contractive operator is local strongly pseudo contractive.
2. Each strongly accretive operator is local strongly accretive.
3. T is local strongly pseudo contractive if and only if I — T is local strongly

1
accretive and kK, =1— I where t and ky are the constants appearing in (1)
and (2) respectively, see [5].

The following lemma plays an important role in proving our main results.

1.1 Lemma: [1], [2]
Let X be a Banach space. Then forall x,y € Xand j(x +y) € J(X +Y),

X + sz < HxH2 +2<V,j(X+Yy)>.

2. Main Results
Now, we state and prove the following theorems:
2.1 Theorem:

Let X be a uniformly smooth Banach space and T:X——X be a local strongly
accretive mapping, i.e.

<Tx-Ty,j(x-y)>>k, Hx—yH2 ...3)
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where kx € (0,1), suppose that there exists a solution of the equation Tx =f for
some f € X. For f € X define S: X—— X by Sx =f+ x —Tx for all x € X, and
suppose that R(S) is bounded. Let xoeK the Ishikawa iteration sequence <x,>
with errors is defined by

Y = (1= Bn)Xn + BNSxn + bpvy ..(4)
Xn+1=(1—an)Xp + anSyn + agu, foralln=0, 1,2,... . ...(5)
where <o,>, <>, <a,> and <b,> are sequences in [0,1] satisfying

limo, =0 and limB, =0 )
N—o0 n—o0

n=0

anSOL:rL:rC,C>0, bnSBn "'(8)

and <up,> and <v,> are two bounded sequence in X, then <x,> converges strongly
to the unique solution of the equation Tx =f.
proof:

Let Tw = f, so that w is a fixed point of S. Since T is local strongly accretive,
it follows from definition of S that

<Sx — Sy, j(x —y)> < Hx_yH2 —K, HX—YHZ ...(9)
Setting y = w, we have

<SX —Sw, j(x —w)> < HX—WH2 -k, HX—WH2 --(10)
If z is a fixed point of S, then (10) with x = z implies w = z.
We prove that <x,> and <y,> are bounded. Let
A =sup{|Sx,, — w| + Sy, —w]|:n = 0}+||x, — w||
B =sup{|u,|+]v,|:n >0}
M=A+B
From (5) and (8), we get
||Xn+1 - W” <(- OLn)”Xn o W” T, ”Syn - W” +ta, ”un ”
<(@-o,)|x, —w||+o,A+0,B
Hence
X0 — W] <@-o,) [, — W]+ o,M ..(11)

Now, from (4) and (8), we have
”yn _W” - (1_Bn)||xn _W” +B, ”an _W” +b, ”Vn ”

< (1_Bn)||xn _W||+BnA+BnB
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Then
Iy, —w|<@-B,)|x, —w[+B,M .(12)
X, —w[|<M ..(13)

Now, we show by induction that
for all n > 0. For n = 0 we have ||X0 — W|| <A <M, by definition of A and M.

Assume now that ||X,, — W[ <M for some n > 0. Then by (11), we have
X W[ < @—o,)[x, — W]+ a,M
<(l-o,)M+a,M=M.

Therefore, by induction we conclude that (13) holds substituting (13) into (12),
we get

Iy, —w|[<M ...(14)
From (12), we have

||yn _W”2 < (1_Bn)2||xn _W”2 + 2Bn (1_Bn)M||Xn _W” +B§M2

Since 1 - B, <1and ||Xn - W|| <M, we get

Iy, —wi <[, —wi +28,m? 1)
Using lemma (1.1), we get

[xs —WH2 <[@-o,)(x, —w)+a,u, +o,(Sy, —W)H2

n+l

n+1

< @-a,)(x, —w)+ anunH2 +20, <SYy, —W,j(X,, —W)>

< (-o,)?x, —WH2 +2(1-a,)a, [x, —w||u,|+a? HunH2 +
2a’n < Syn - W, J(yn _W) > +2an < Syn - W, j(Xn+1 - W) - J(yn _W) >

Hence, using (9) and definition of M, we get

X0 — WH2 <[, - WH2 —2a, [x, - WH2 +ou|x, - WH2 +2(1-a,)a,M* +a’M’ +
2a, ||y, — WH2 =20,k ||y, —w[+2a,c,

where

Cq :<Syn _W7j(xn+l_W)_j(yn _W)> -.-(16)

By (13) and (15) and using that a, <o, a.; , we obtain
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Xy — < n 2 o, Xn—WZ—{-(xn + 20,00, + 20, (X, —W| +

o = <, w26, - W + G2V + 20,5 M 1 201, [, ~ ]
4o, B,M? =20 K, |y, —w| +2a,c,

and hence

mel _WHZ < Hxn —WH2 - 20Lnkx Hyn —WH2 + O(‘n7\‘n ...(17)

where A = (o, + 20 + 4B YM? + 2¢_ .
First we show that c,—— 0 as n——o0, observe that from (4) and (5), we have
X0 = Yol <[ By — 0, )X, = W) + 1, (Sy, —W) =B, (Sx, —w)+a,u, —b,v,|

S (Bn _an)HXn _WH'HXn Hsyn _WH_'_Bn HSXn _WH_'_OLn HunH'i_Bn HVnH

and hence, by (13) and definition of M.

2 ..(18
[Xas = Yol < 3B, + 0, )M (18)
Therefore |X,., —W — (Y, —W)[|—> 0 as n——,

Since <Xp+1 — W>, <y, — W> and <Sy, — w> are bounded and j is uniformly
continuous on any bounded subset of X, we have

J(Xn+2~ W)= (Yn—W)}—0 as N——>00,
C, =<SX, =W, (X, , —W)—j(y, —w) >0 as ——o0. Thus
limix, =0,

inf{ly, —w| :n>0}=5>0.

We prove that S = 0. Assume the contrary, i.e., S > 0. Then [y, —W||2 >S>0

for all n >0.
Hence

K, (Y, —W|) >k, (S) >0 where k  (0,1).
Thus from (17)
—wlP —wlP = _ _ ...(19)
X1 = W[ <[x, = W[ =0,k (8) — ot, [k, (S) = 2, ]
for all n > 0. Since limA, =0, there exists a positive integer ny such that

n—oo

n+1

An < ky(S) for all n > nq.
Therefore, from (19), we have

o - <[, - kO

or

o, K, (S) <%, =W =[x, —w| foralln>no.
Hence
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Xp, —WH2 —Ix —wH2 <X, —WHZ,

kx(S)'iaj =

=g

n+1

which implies Zocn < o0, contradicting (7). Therefore, S = 0.
n=0

From definition of S, there exists a subsequence of <||y, —w/|>, which we will
denote by < ||yi — W|| >, such that
Iim||yj —W”:O ...(20)

jo0
Observe that from (4) for all n > 0, we have
%, —w| <y, —w+B, (X, —w)—B,(Sx, —w) +b,v,|

<o = W]+ Bo X = W]+ B, [Sx, =]+, v, |
Since by, < By, by definition of A, B and M we get
%, —wl||<]ly, —w]|+3B,M, foralln>0 .21
Thus by (6), (21) and (20), we have
i, ] =0
Let & > 0 be arbitrary. Since lima,, =0,limp, =0 and limA_ =0, there exists

n—0 nN—0 n—o0

..(22)

a positive integer N such that

2
a, sgiM, B, s3iM,xn <k, (gj for all n > N,

From (22), there exists k > N such that

X, —w||<e ...(23)
We prove by induction that

[Xyen —W|| <& foralln>0 --(24)
For n = 0 we see that (24) holds by (23).

Suppose that (24) holds for some n > 0 and that [[X,,,., —W|>¢. Then by (18),

we get

& < [Xuna = W[ =[[Yicen =W+ X = Viewn|
< Hyk+n o WH + ka+n+1 ~ Yiin
< Hykm - WH + (0 +3Piin)M

2¢

3

<[Yien =W+

Hence
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||yk+n o W” 2 %
From (17), we get

2 2
82 < ka+n+1 - WHZ < ka+n - WHZ - 20Lk+nkx (%j + O(‘k+nk (%j

<||x —WH2 <€’
which is a contradiction. Thus we proved (24). Since ¢ is arbitrary, from (24), we
have lim|x, —w]|=0.

nN—o0

k+n

2.1 Remark:

If in theorem (2.1), B, = 0, b, = 0, then we obtain a result that deals with the
Mann iterative process with errors.

Now, we state the Ishikawa and Mann iterative process with errors for the
local strongly pseudo contractive operators.

2.2 Theorem:

Let X be a uniformly smooth Banach space, let K be a non empty bounded
closed convex subset of X and T:K—— K be a local strongly pseudo contractive
mapping. Let w be a fixed point of T and let for xo € K the Ishikawa iteration
sequence <x,> be defined by
Yn = Bn Xn + BnTXn + bV
Xn+1 = Ol Xn +0nTYn + @qln, N >0
where <up>, <v,> < K, <o,>, <Bp>, <a,>, <b,> are sequences as in
theorem (2.1) and
o, =1-on—an,

B, =1-PBn—bn

Then <x,> convereges strongly to the unique fixed point of T.

proof: Obviously <x,> and <y,> are both contained in K and therefore, bounded.
Since T is local strongly pseudo-contractive, then (I — T) is local strongly
accretive-further, since T local strongly pseudo-contractive withy =wand T =S,
we get (10) the proof of theorem (2.1) follows.

181



Journal of Al-Qadisiyah for Computer Science and Mathematics

3" Sinentific Conference 19-20/ APRIL -2011
Vol 3 No.2 Year 2011

2.3 Remark:

Theorems (2.1)and (2.2) are extends and improves the main result of Liu

[3,Theorem 1] in the following ways:

1. The assumption that <u,> and <v,> are two summable sequences is replaced
by the assumption that <u,> and <v,> are two bounded sequences.

2. Tneed notto be Lipschitz.

3. The assumption that T is a strongly accretive mapping is replaced by the
assumption that T is local strongly accretive and local strongly pseudo-
contractive respectively.
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