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Abstract 

By using the linear operator 𝔍𝑛(𝜈, 𝑙)𝑓(𝑧), we introduce a new subclass of meromorphic 

harmonic functions with fixed residue 𝜁 in 𝒰𝑤, and we investigate several convolution 

properties, coefficient inequalities, distortion theorem and extreme points for this class.  
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1.Introduction 

A continuous complex-valued function 

𝑓 = 𝑢 + 𝑖𝑣 is defined in a simply-

connected complex domain D is said to 

be harmonic in 𝐷 if both 𝑢 and 𝑣 are real 

harmonic in 𝐷. Such functions can be 

expressed as 

𝑓 = 𝑕 + 𝑔,̅                                          (1.1) 
where 𝑕 and 𝑔 are analytic in 𝐷. We call 

𝑕 the analytic part and 𝑔 the co-analytic 

part of 𝑓. A necessary and sufficient 

condition for 𝑓 to be lacally univalent 

and sense-preserving in 𝐷 is that 
|𝑕′(𝑧)| > |𝑔′(𝑧)| for all z in 𝐷 (see [4] ). 

There are many papers on harmonic 

functions defined on the unit disk  

𝒰 = *𝑧: |𝑧| < 1+ [2], [9], [10], [ 12]. 

For 0 ≤ 𝑤 ≤ 1, we let 𝑆𝐻(𝑤) denote the 

class of functions  harmonic univalent, 

orientation preserving and meromorphic 

in 𝒰, with lim𝑧→𝑤𝑓(𝑧) = ∞ which are 

the representation 

𝑓(𝑧) = 𝑕(𝑧) + 𝑔(𝑧)̅̅ ̅̅ ̅̅

+  𝐴𝑙𝑜𝑔|𝑧
− 𝑤|                    (1.2) 

 

 

 

 𝑕(𝑧) =
𝜁

𝑧−𝑤
+ ∑ 𝑐𝑘𝑧

𝑘,∞
𝑘=1  and 𝑔(𝑧) =

 ∑ 𝑑𝑘𝑧
𝑘,   ∞

𝑘=1                           (1.3) 
and 𝜁 = 𝑅𝑒𝑠(𝑓, 𝑤) with 0 <  𝜁 ≤ 1, 𝑧 ∈
 𝒰\ *𝑤+ or we may set for 𝑧 ∈  𝒰𝑤 =
 *𝑧: 0 < |𝑧 − 𝑤| < 1 − 𝑤+ 

 𝑕(𝑧) =
𝜁

𝑧−𝑤
+ ∑ 𝑎𝑘(𝑧 − 𝑤)

𝑘,∞
𝑘=1   and 

𝑔(𝑧) =
 ∑ 𝑏𝑘(𝑧 − 𝑤)

𝑘,   ∞
𝑘=1                           (1.4) 

We further remove the logarithmic 

singularity by letting 𝐴 = 0 and focus 

the subclass  𝑆𝐻(𝑤) of all harmonic, 

orientation preserving, and meromorphic 

mapping which have the development 

𝑓(𝑧)

= 𝑕(𝑧) + 𝑔(𝑧)̅̅ ̅̅ ̅̅ ,                                 (1.5) 
where 

𝑕(𝑧) =
𝜁

𝑧−𝑤
+ ∑ 𝑐𝑘𝑧

𝑘 ,∞
𝑘=1   and 𝑔(𝑧) =

 ∑ 𝑑𝑘𝑧
𝑘 ,   ∞

𝑘=1 𝑐𝑘 , 𝑑𝑘 ≥ 0;  𝑧 ∈
 𝒰\ *𝑤+                                (1.6) 

 or we may set  for 𝑧 ∈  𝒰𝑤 = * 𝑧: 0 <
|𝑧 − 𝑤| < 1 − 𝑤+  

𝑕(𝑧) =
𝜁

𝑧−𝑤
+ ∑ 𝑎𝑘(𝑧 − 𝑤)

𝑘,∞
𝑘=1   and 

𝑔(𝑧) =  ∑ 𝑏𝑘(𝑧 − 𝑤)
𝑘,   𝑎𝑘 , 𝑏𝑘 ≥

∞
𝑘=1

0                                (1.7) 
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where 𝑕(𝑧) has a simple pole at the point 𝑤 

with residue 𝜁. For 𝜁 = 1 and 𝑤 = 0  

the function 𝑓 was studied by Bostanci,  

Yalcin and �̈�𝑧𝑡�̈�rk [3]. 

For the function  𝑓 in the class 𝑆𝐻(𝑤) , we 

define the following 𝐼𝑛(𝜈, 𝑙) operator, for 

𝜈 ≥ 0, 𝑙 > 0, , and 𝑛 ∈  ℕ0 =  ℕ⋃*0+,  
 𝐼𝑛(𝜈, 𝑙)𝑓(𝑧) =  𝐼𝑛(𝜈, 𝑙)𝑕(𝑧) +

 𝐼𝑛(𝜈, 𝑙)𝑔(𝑧)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
 

where 

𝐼𝑛(𝜈, 𝑙)𝑕(𝑧) =
𝜁

𝑧−𝑤
+ ∑ .

𝑙+ 𝜈𝑘

𝑙
/
𝑛

𝑎𝑘(𝑧 − 𝑤)
𝑘∞

𝑘=1  and 

𝐼𝑛(𝜈, 𝑙)𝑔(𝑧) =  ∑ .
𝑙+ 𝜈𝑘

𝑙
/
𝑛

𝑏𝑘(𝑧 −
∞
𝑘=1

𝑤)𝑘, 𝑎𝑘, 𝑏𝑘 ≥ 0.                    (1.8)    
We note that 𝐼0(𝜈, 𝑙)𝑓(𝑧) = 𝑓(𝑧) and 

𝐼1(1, 1)𝑓(𝑧) =
.(𝑧−𝑤)2𝑓(𝑧)/

′

(𝑧−𝑤)
= 2𝑓(𝑧) +

 (𝑧 − 𝑤)𝑓′(𝑧), and by specializing the 

parameters 𝜈, 𝑙 and 𝑛, we  obtain the following 

operators studied by various authors: 

(1) 𝐼𝑛(1, 𝑙)𝑓(𝑧) =  𝐷𝑙
𝑛𝑓(𝑧), (see Cho et 

al. [5], [6]); 
 

(2) 𝐼𝑛(𝜈, 1)𝑓(𝑧) =  𝐷𝜈
𝑛𝑓(𝑧), (see Al-

Oboudi and Al-Zkeri [1]); 

(3) 𝐼𝑛(1,1)𝑓(𝑧) =  𝐼𝑛𝑓(𝑧), (see 

Uralegaddi and Somanatha [13]). 

For  𝜈 ≥ 0, 𝑙 > 0, , and 𝑛 ∈  ℕ0 =
 ℕ⋃*0+,, we define the dual operator 

ℑ𝑛(𝜈, 𝑙): 𝑆𝐻(𝑤) → 𝑆𝐻(𝑤)  by 
 

ℑ𝑛(𝜈, 𝑙)𝑓(𝑧) =
𝜁

𝑧−𝑤
+ ∑ .

𝑙

𝑙+ 𝜈𝑘
/
𝑛

𝑎𝑘(𝑧 − 𝑤)
𝑘∞

𝑘=1  

El-Ashwah and Aouf [7, 8] stuied the linear 

operators for functions which are analytic in 

the punctured unit disk 𝒰\*0+. 

Denoting by 𝒥𝑛(𝜈, 𝑙)𝑓(𝑧) =
𝜁

𝑧−𝑤
+

 ∑ .
𝑙

𝑙+ 𝜈𝑘
/
𝑛

(𝑧 − 𝑤)𝑘∞
𝑘=1 , it is easy to 

verify that 

ℑ𝑛(𝜈, 𝑙)𝑓(𝑧) =  𝒥𝑛(𝜈, 𝑙)𝑓(𝑧) ∗ 𝑓(𝑧), 
𝜈𝑧ℑ𝑛+1(𝜈, 𝑙)𝑓(𝑧)

= 𝑙ℑ𝑛(𝜈, 𝑙)𝑓(𝑧)
− (1 + 𝑙)ℑ𝑛+1(𝜈, 𝑙)𝑓(𝑧), 

 

And 
ℑ𝑛(𝜈, 𝑙)𝑓(𝑧)

=  ℑ1(𝜈, 𝑙) (
1

(𝑧 − 𝑤)(1 − (𝑧 − 𝑤)
* ∗ … ∗  ℑ1(𝜈, 𝑙) (

1

(𝑧 − 𝑤)(1 − (𝑧 − 𝑤)
*

⏟                                            
𝑛 𝑡𝑖𝑚𝑒𝑠

∗ 𝑓(𝑧). 

We note that ℑ𝑛(1, 𝛽)𝑓(𝑧) =
 𝑃𝛽
𝛼𝑓(𝑧), 𝛼 > 0, 𝛽 > 0 (see Lashin [11]). 

𝔍𝑛(𝜈, 𝑙)𝑓(𝑧) =  ℑ𝑛(𝜈, 𝑙)𝑕(𝑧) +
 ℑ𝑛(𝜈, 𝑙)𝑔(𝑧)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 

where 

ℑ𝑛(𝜈, 𝑙)𝑕(𝑧) =
𝜁

𝑧−𝑤
+ ∑ .

𝑙

𝑙+ 𝜈𝑘
/
𝑛

𝑎𝑘(𝑧 − 𝑤)
𝑘∞

𝑘=1  and 

ℑ𝑛(𝜈, 𝑙)𝑔(𝑧) =  ∑ .
𝑙

𝑙+ 𝜈𝑘
/
𝑛

𝑏𝑘(𝑧 −
∞
𝑘=1

𝑤)𝑘, 𝑎𝑘, 𝑏𝑘 ≥ 0.                    (1.9)    

For 0 ≤ 𝜌 < 1; 
1

2
≤ 𝜎 ≤ 1; 0 < 𝜅 ≤

1;  𝜈 ≥ 0, 𝑙 > 0, , and 𝑛 ∈  ℕ0 =
 ℕ⋃*0+ and 0 ≤ 𝑤 < 1 where 𝜁 =
𝑅𝑒𝑠(𝑓, 𝑤) with 0 <  𝜁 ≤ 1, 𝑧 ∈  𝒰\*𝑤+, 

we let 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁

(𝑤, 𝑘, 𝜌, 𝜐, 𝑙) denote the 

harmonic functions of the form (1.1) 

such that 

|
(𝑧 − 𝑤)2(ℑ𝑛(𝜈, 𝑙)𝑓(𝑧))′ +  1

(2𝜎 − 1)(𝑧 − 𝑤)2(ℑ𝑛(𝜈, 𝑙)𝑓(𝑧))
′
+ (2𝜎𝜌 − 1)

|

<  𝜅 .        (1.10) 
Let us write 

𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙-

=   𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁(𝑤, 𝑘, 𝜌, 𝜐, 𝑙)

∩  𝑆𝐻,𝑤-,        (1.11) 
Where 𝑆𝐻,𝑤- is the class of functions of 

the form (1.5) and (1.6) that are 

meromorphic and harmonic in 𝒰𝑤. 

2. MAIN RESULT: 

In our first theorem, we introduce a 

sufficient conditiond for harmonic 

functions in 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁(𝑤, 𝑘, 𝜌, 𝜐, 𝑙). 

Theorem 2.1: Let  𝑓(𝑧) = 𝑕(𝑧) + 𝑔(𝑧)̅̅ ̅̅ ̅̅  

be given by (1.3). Then 

𝑓 ∈ 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁(𝑤, 𝑘, 𝜌, 𝜐, 𝑙) if   
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∑𝑘(
𝑙

𝑙 +  𝜈𝑘
*
𝑛

(1 + 2𝜅𝜎 − 𝜅)(|𝑎𝑘|

∞

𝑘=1

+ |𝑏𝑘|)
≤ 2𝜅𝜎(𝜁 − 𝜌)
− (1 − 𝜁)(1
− 𝜅),           (2.1) 

for 0 ≤ 𝜌 < 1; 
1

2
≤ 𝜎 ≤ 1; 0 < 𝜅 ≤ 1;  𝜈 ≥

0, 𝑙 > 0, , and 𝑛 ∈  ℕ0 =  ℕ⋃*0+ and0 ≤
𝑤 < 1 where 𝜁 = 𝑅𝑒𝑠(𝑓, 𝑤) with 0 <  𝜁 ≤
1, 𝑧 ∈  𝒰\*𝑤+. 
Proof: Suppose (2.1) holds. Then we find 

from definition (1.10) that 

|(𝑧 − 𝑤)2(ℑ𝑛(𝜈, 𝑙)𝑓(𝑧))′ +  1|

−  𝜅 |(2𝜎

− 1)(𝑧

− 𝑤)2(ℑ𝑛(𝜈, 𝑙)𝑓(𝑧))
′

+ (2𝜎𝜌 − 1)| < 0, 

Provided 

|(1 −  𝜁) + ∑ 𝑘 (
𝑙

𝑙 +  𝜈𝑘
*
𝑛

(𝑎𝑘

∞

𝑘=1

+ 𝑏𝑘)(𝑧 − 𝑤)
𝑘+1|

−  𝜅 |−𝜁(2𝜎 − 1)

+ (2𝜎𝜌 − 1)

+ ∑ 𝑘(2𝜎

∞

𝑘=1

− 1) (
𝑙

𝑙 +  𝜈𝑘
*
𝑛

(𝑎𝑘

+ 𝑏𝑘)(𝑧 − 𝑤)
𝑘+1| < 0, 

For |𝑧 − 𝑤| = 𝑟 < 1 − 𝑤 

< (1 −  𝜁) + ∑ 𝑘 .
𝑙

𝑙+ 𝜈𝑘
/
𝑛
(|𝑎𝑘| +

∞
𝑘=1

|𝑏𝑘|)𝑟
𝑘+1 −  2𝜁𝜅𝜎 +  𝜁𝜅 + 2𝜅𝜎𝜌 −  𝜅 +

 𝜅 ∑ 𝑘(2𝜎 − 1) .
𝑙

𝑙+ 𝜈𝑘
/
𝑛
(|𝑎𝑘| +

∞
𝑘=1

|𝑏𝑘|)𝑟
𝑘+1 

 

 

 

 

 

= ∑𝑘 (
𝑙

𝑙 +  𝜈𝑘
*
𝑛

(1 + 2𝜅𝜎 − 𝜅)(|𝑎𝑘|

∞

𝑘=1

+ |𝑏𝑘|)𝑟
𝑘+1

−  2𝜅𝜎(𝜁 −  𝜌)
+ (1 −  𝜁)(1 −  𝜅)
≤ 0.         (2.2) 

The inequality in (2.2) holds true for all 

|𝑧 − 𝑤| = 𝑟 < 1 − 𝑤 < 1. Therefore, 

letting 𝑟 → 1 in (2.2), we obtain 

∑𝑘(
𝑙

𝑙 +  𝜈𝑘
*
𝑛

(1 + 2𝜅𝜎 − 𝜅)(|𝑎𝑘|

∞

𝑘=1

+ |𝑏𝑘|)
≤ 2𝜅𝜎(𝜁 − 𝜌)
− (1 − 𝜁)(1 − 𝜅). 

Hence  

𝑓 ∈ 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁(𝑤, 𝑘, 𝜌, 𝜐, 𝑙). 

The harmonic  mappings 
𝑓(𝑧)

= 𝑧 + ∑
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

∞

𝑘=1

 𝑥𝑘(𝑧 − 𝑤)
𝑘

+ ∑
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

∞

𝑘=1

 𝑦𝑘(𝑧 − 𝑤)
𝑘̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅           (2.3) 

Where ∑ |𝑥𝑘| 
∞
𝑘=1 + ∑ |𝑦𝑘| = 1 

∞
𝑘=1 , show 

that the coefficient bound given by (2.1) is 

sharp. The functions of the form (2.3) are in 

𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁(𝑤, 𝑘, 𝜌, 𝜐, 𝑙) because 

∑
𝑘.

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

∞

𝑘=1

|𝑎𝑘|

+  ∑
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

∞

𝑘=1

|𝑏𝑘| 

∑|𝑥𝑘| 

∞

𝑘=1

+ ∑|𝑦𝑘| = 1 .

∞

𝑘=1

 

In the following theorem, it is shown that the 

condition (2.1) is also necessary for function 

𝑓(𝑧) = 𝑕(𝑧) + 𝑔(𝑧)̅̅ ̅̅ ̅̅  where 𝑕 and 𝑔 are of 

the form (1.7). 

Theorem 2.2: Let  𝑓(𝑧) = 𝑕(𝑧) + 𝑔(𝑧)̅̅ ̅̅ ̅̅  be 

given by (1.7). Then 

𝑓 ∈ 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙- if and only if   
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∑𝑘(
𝑙

𝑙 +  𝜈𝑘
*
𝑛

(1 + 2𝜅𝜎 − 𝜅)(𝑎𝑘 + 𝑏𝑘)

∞

𝑘=1

≤ 2𝜅𝜎(𝜁 − 𝜌)
− (1 − 𝜁)(1 − 𝜅),           (2.4) 

for 0 ≤ 𝜌 < 1; 
1

2
≤ 𝜎 ≤ 1; 0 < 𝜅 ≤ 1;  𝜈 ≥

0, 𝑙 > 0, , and 𝑛 ∈  ℕ0 =  ℕ⋃*0+ and 0 ≤ 𝑤 < 1 

where 𝜁 = 𝑅𝑒𝑠(𝑓, 𝑤) with 0 <  𝜁 ≤ 1, 𝑧 ∈
 𝒰\*𝑤+. 
Proof: Since 

𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙- ⊂  𝔖ℜ𝐻

𝑛,𝜎,𝜅,𝜁(𝑤, 𝑘, 𝜌, 𝜐, 𝑙) , 

we only need to prove the 'only if ' part of the 

theorem. To this end, for functions 𝑓 of the form 

(1.7), we notice that the condition 

|
(𝑧 − 𝑤)2(ℑ𝑛(𝜈, 𝑙)𝑓(𝑧))′ +  1

(2𝜎 − 1)(𝑧 − 𝑤)2(ℑ𝑛(𝜈, 𝑙)𝑓(𝑧))
′
+ (2𝜎𝜌 − 1)

|

<  𝜅, 
Is equivalent to 

𝑅𝑒 {
(1 −  𝜁) + ∑ 𝑘 .

𝑙
𝑙 +  𝜈𝑘/

𝑛

(𝑎𝑘 + 𝑏𝑘)(𝑧 − 𝑤)
𝑘+1∞

𝑘=1

2𝜎(𝜁 −  𝜌) + (1 −  𝜁) − ∑ 𝑘(2𝜎 − 1) .
𝑙

𝑙 +  𝜈𝑘/
𝑛

(𝑎𝑘 + 𝑏𝑘)(𝑧 − 𝑤)𝑘+1
∞
𝑘=1

}

<  𝜅. 
If we choose the values of 𝑧 on the real axis and 

(𝑧 − 𝑤) →  1− we get 

(1 −  𝜁) + ∑ 𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(𝑎𝑘 + 𝑏𝑘)
∞
𝑘=1

2𝜎(𝜁 −  𝜌) + (1 −  𝜁) − ∑ 𝑘(2𝜎 − 1) .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(𝑎𝑘 + 𝑏𝑘)
∞
𝑘=1

<  𝜅, 
whence  

(1 −  𝜁) + ∑𝑘 (
𝑙

𝑙 +  𝜈𝑘
*
𝑛

(𝑎𝑘 + 𝑏𝑘)

∞

𝑘=1

<  𝜅2𝜎(𝜁 −  𝜌) +  𝜅(1 −  𝜁)

− ∑𝑘(2𝜎

∞

𝑘=1

− 1) (
𝑙

𝑙 +  𝜈𝑘
*
𝑛

(𝑎𝑘 + 𝑏𝑘), 

and so 

∑𝑘(
𝑙

𝑙 +  𝜈𝑘
*
𝑛

(1 + 2𝜅𝜎 − 𝜅)(𝑎𝑘 + 𝑏𝑘)

∞

𝑘=1

≤ 2𝜅𝜎(𝜁 − 𝜌)
− (1 − 𝜁)(1 − 𝜅),            

which is equivalent to (2.4). 

The following theorem gives the distortion 

bounds for functions in 

𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙-. 

Theorem 2.3: Let 𝑓 ∈

𝔖ℜ𝐻
𝑛,𝜎,𝜅𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙- . Then for |𝑧 − 𝑤| =

𝑟 < 1 − 𝑤 we have 
 

 
𝜁

𝑟
− 
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘(1 + 2𝜅𝜎 − 𝜅)
𝑟2 ≤ |𝑓(𝑧)|

≤
𝜁

𝑟

+ 
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘(1 + 2𝜅𝜎 − 𝜅)
 𝑟2.        (2.5) 

Proof: We only prove the left hand inequality. 

The proof of the right hand inequality is similar 

and will be omitted. 

Let 𝑓 ∈ 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙-. Taking the 

absolute value of 𝑓 we have 

|𝑓(𝑧)| = |
𝜁

𝑧 − 𝑤
+ ∑𝑎𝑘(𝑧 − 𝑤)

𝑘 

∞

𝑘=1

+ ∑𝑏𝑘(𝑧 − 𝑤)
𝑘  

∞

𝑘=1

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

| 

≥ 
1

𝑧 − 𝑤
 [𝜁 − |𝑧 − 𝑤|∑(𝑎𝑘 + 𝑏𝑘)|𝑧 − 𝑤|

𝑘  

∞

𝑘=1

] 

≥ 
1

𝑟
 [𝜁 − 𝑟2∑(𝑎𝑘 + 𝑏𝑘) 

∞

𝑘=1

] 

≥ 
𝜁

𝑟

− 
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘(1 + 2𝜅𝜎 − 𝜅)
∑

𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)
(𝑎𝑘

∞

𝑘=1

+ 𝑏𝑘)𝑟
2. 

≥ 
𝜁

𝑟
− 
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘(1 + 2𝜅𝜎 − 𝜅)
𝑟2. 

Now we show that 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙- is 

closed under convex combination of its 

members. 

Theorem 2.4: The class 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙- is 

closed under convex combination. 

Proof: For 𝑖 = 1, 2, … let 

𝑓 ∈ 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙-, where 𝑓 is given by 

𝑓(𝑧) =  
𝜁

𝑧 − 𝑤
+ ∑𝑎𝑘(𝑧 − 𝑤)

𝑘 

∞

𝑘=1

+ ∑𝑏𝑘(𝑧 − 𝑤)
𝑘 

∞

𝑘=1

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

, 

Then by (2.4), 

∑
𝑘.

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)
𝑎𝑘

∞

𝑘=1

+ ∑
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)
𝑏𝑘

∞

𝑘=1

≤ 1.       (2. 6) 
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For ∑ 𝑡𝑖 , 0 ≤  𝑡𝑖 ≤ 1
∞
𝑖=1 , the convex combination 

of 𝑓 may be written as 

∑𝑡𝑖𝑓𝑖(𝑧)

∞

𝑖=1

= 
𝜁

𝑧 − 𝑤
+ ∑(∑𝑡𝑖𝑎𝑘𝑖 

∞

𝑖=1

+(𝑧 − 𝑤)𝑘
∞

𝑘=1

+ ∑(∑𝑡𝑖𝑏𝑘𝑖  

∞

𝑖=1

+ (𝑧 − 𝑤)𝑘
∞

𝑘=1

.

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

 

Then by (2.6), 

∑(
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)
∑𝑡𝑖𝑎𝑘𝑖  

∞

𝑖=1

∞

𝑘=1

+ 
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)
∑𝑡𝑖𝑏𝑘𝑖  

∞

𝑖=1

, 

=∑𝑡𝑖 {∑[
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)
𝑎𝑘𝑖

∞

𝑘=1

∞

𝑖=1

+ 
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)
𝑏𝑘𝑖]} 

≤ ∑𝑡𝑖

∞

𝑖=1

= 1. 

This is the condition required by (2.4) and so 

∑ 𝑡𝑖
∞
𝑖=1 𝑓𝑖(𝑧) ∈ 𝔖ℜ𝐻

𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙-. 
Next, we determine the extreme points of the 

closed convex hulls of 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙- 

denoted by 𝑐𝑙𝑐𝑜𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙-. 

Theorem 2.5: Let  𝑓(𝑧) = 𝑕(𝑧) + 𝑔(𝑧)̅̅ ̅̅ ̅̅  be given 

by (1.7). Then 𝑓 ∈ 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙- if and 

only if   

𝑓(𝑧) =  ∑(𝑥𝑘𝑕𝑘(𝑧) + 𝑦𝑘𝑔𝑘(𝑧)),

∞

𝑘=0

     (2.7) 

where 

𝑕0(𝑧) =
𝜁

𝑧 − 𝑤
,      𝑔0(𝑧) = 0, 

𝑕𝑘(𝑧)

=
𝜁

𝑧 − 𝑤

− 
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

(𝑧 − 𝑤)𝑘,     (𝑘

= 1, 2, 3, … ) 
and  

𝑔𝑘(𝑧) =   
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜌)(1 − 𝜅)

𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

(𝑧

− 𝑤)𝑘 ,     (𝑘 = 1, 2, 3, … ) 
∑ (𝑥𝑘 + 𝑦𝑘) = 1,   𝑥𝑘 ≥ 0
∞
𝑘=1   and  

 

𝑦𝑘 ≥ 0. 
In particular, the extreme points of 

𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙- are *𝑕𝑘+ and  *𝑔𝑘+. 

Proof: For the functions 𝑓(𝑧) of   the form (2.7), 

we have 

𝑓(𝑧) =  ∑(𝑥𝑘𝑕𝑘(𝑧) + 𝑦𝑘𝑔𝑘(𝑧)),

∞

𝑘=0

    

= ∑𝑥𝑘
𝜁 

𝑧 − 𝑤

∞

𝑘=0

+   ∑
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

𝑥𝑘(𝑧

∞

𝑘=1

− 𝑤)𝑘

+ ∑
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

𝑦𝑘(𝑧 − 𝑤)
𝑘.̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

∞

𝑘=0

 

Then 

∑
𝑘.

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)
(
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(1 + 2𝜅𝜎 − 𝜅)
𝑥𝑘,

∞

𝑘=1

 

+ ∑
𝑘.

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)
(
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(1 + 2𝜅𝜎 − 𝜅)
𝑥𝑘,

∞

𝑘=0

 

∑(𝑥𝑘

∞

𝑘=0

+ 𝑦𝑘) −  𝑥0 = 1 − 𝑥0 ≤ 1, 

And so 𝑓 ∈ 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙-, conversely, if 

𝑓 ∈ 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙-, then 

𝑎𝑘 ≤ 
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

, 

And  

𝑏𝑘 ≤ 
2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)

𝑘 .
𝑙

𝑙 +  𝜈𝑘
/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

. 

Set 

𝑥𝑘 ≤ 
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)
𝑎𝑘 ,      (𝑘

= 1, 2, … ) 

𝑦𝑘 ≤ 
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌) − (1 − 𝜁)(1 − 𝜅)
𝑏𝑘,      (𝑘

= 0, 2, … ) 
0 ≤  𝑥𝑘 ≤ 1, (𝑘 = 1, 2, … ) and 0 ≤  𝑦𝑘 ≤
1, (𝑘 = 0, 1, … ). 
We define 𝑥0 = 1 − ∑ 𝑥𝑘

∞
𝑘=1 − ∑ 𝑦𝑘

∞
𝑘=0   
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and note that by Theorem 2.2. 𝑥1 ≥ 0.  

Conversely, we obtain 

𝑓(𝑧) =  ∑(𝑥𝑘𝑕𝑘(𝑧) + 𝑦𝑘𝑔𝑘(𝑧)),

∞

𝑘=0

 

And hence this completes the proof of Theorem 

2.5. 

For our next theorem, we need to define the 

convolution of two harmonic functions. For 

harmonic functions of the form 

 

𝑓(𝑧) =  
𝜁

𝑧 − 𝑤
+ ∑𝑎𝑘(𝑧 − 𝑤)

𝑘

∞

𝑘=1

+  ∑𝑏𝑘(𝑧 − 𝑤)
𝑘̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

∞

𝑘=1

, 

and 

𝐹(𝑧) =  
𝜁

𝑧 − 𝑤
+ ∑𝐴𝑘(𝑧 − 𝑤)

𝑘

∞

𝑘=1

+  ∑𝐵𝑘(𝑧 − 𝑤)
𝑘,̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

∞

𝑘=1

 

We define the convolution of two harmonic 

functions 𝑓(𝑧) and 𝐹(𝑧) as 

𝑓(𝑧) ∗ 𝐹(𝑧) =  
𝜁

𝑧 − 𝑤
+ ∑𝑎𝑘𝐴𝑘(𝑧 − 𝑤)

𝑘

∞

𝑘=1

+  ∑𝑏𝑘𝐵𝑘(𝑧 − 𝑤)
𝑘̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

∞

𝑘=1

 .    (2.8) 

Using this definition, we show that the class 

𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌, 𝜐, 𝑙- is closed under 

convolution. 

Theorem 2.6:  For 0 ≤  𝜌1 ≤ 𝜌2 < 1, let 

𝑓 ∈ 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌2, 𝜐, 𝑙- and 𝐹 ∈

𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌1, 𝜐, 𝑙-. Then 𝑓 ∗ 𝐹 ∈

𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌2, 𝜐, 𝑙- ⊂

 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌1, 𝜐, 𝑙-. 

Proof: Let  

𝑓(𝑧) =  
𝜁

𝑧−𝑤
+ ∑ 𝑎𝑘(𝑧 − 𝑤)

𝑘∞
𝑘=1 +

  ∑ 𝑏𝑘(𝑧 − 𝑤)
𝑘̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅∞

𝑘=1  be in 

𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌2, 𝜐, 𝑙- 

and 

𝐹(𝑧) =  
𝜁

𝑧−𝑤
+ ∑ 𝐴𝑘(𝑧 − 𝑤)

𝑘∞
𝑘=1 +

  ∑ 𝐵𝑘(𝑧 − 𝑤)𝑘̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅∞
𝑘=1  be in 

𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌1, 𝜐, 𝑙-. 

For 𝐹 ∈ 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌1, 𝜐, 𝑙-, we note that 

𝐴𝑘 ≤ 1 and  𝐵𝑘 ≤ 1. 

Now, for the convolution function (𝑓 ∗ 𝐹), we 

obtain 

 
 

∑
𝑘.

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌1) − (1 − 𝜁)(1 − 𝜅)
𝑎𝑘𝐴𝑘

∞

𝑘=1

+ ∑
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌1) − (1 − 𝜁)(1 − 𝜅)

∞

𝑘=1

𝑏𝑘𝐵𝑘 

 

 

≤ ∑
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌1) − (1 − 𝜁)(1 − 𝜅)
𝑎𝑘

∞

𝑘=1

+ ∑
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌1) − (1 − 𝜁)(1 − 𝜅)

∞

𝑘=1

𝑏𝑘 

≤∑
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌2) − (1 − 𝜁)(1 − 𝜅)
𝑎𝑘

∞

𝑘=1

+ ∑
𝑘 .

𝑙
𝑙 +  𝜈𝑘

/
𝑛

(1 + 2𝜅𝜎 − 𝜅)

2𝜅𝜎(𝜁 − 𝜌2) − (1 − 𝜁)(1 − 𝜅)

∞

𝑘=1

𝑏𝑘 

≤ 1. 
Since 0 ≤  𝜌1 ≤ 𝜌2 < 1, and 𝑓 ∈

𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌2, 𝜐, 𝑙-. 

Therefore 

𝑓 ∗ 𝐹 ∈ 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌2, 𝜐, 𝑙- ⊂

 𝔖ℜ𝐻
𝑛,𝜎,𝜅,𝜁,𝑤, 𝑘, 𝜌1, 𝜐, 𝑙- 
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 ζصنف هن الدوال الحوافقية الويزوهورفية تزاسة ثاتث  
 

 هاسه سرار حسين

قسن الزياضيات/  كلية العلوم/  جاهعة صلاح الدين  

 

 

 
 
 

 المستخلص :

,𝔍𝑛(𝜈تاسحخدام الوؤثز الخطي  𝑙)𝑓(𝑧) نقدم صنف جديد هن الدوال الحوافقية ,

, وندرس تعض الخواص هثل الضزب الالحفافي, 𝒰𝑤في  𝜁الويزوهورفية تزاسة ثاتث 

 هثزهنةالثعدوالنقاط القصوى لدوال جنحوي الي هذا الصنف.هحثاينة الوعاهلات, 
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