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Abstract

By using the linear operator J™(v,l)f(z), we introduce a new subclass of meromorphic
harmonic functions with fixed residue ¢ in U,, and we investigate several convolution
properties, coefficient inequalities, distortion theorem and extreme points for this class.
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1.Introduction
A continuous complex-valued function
f=u+iv is defined in a simply-
connected complex domain D is said to
be harmonic in D if both u and v are real
harmonic in D. Such functions can be
expressed as
f=h+g, (1.1)
where h and g are analytic in D. We call
h the analytic part and g the co-analytic
part of f. A necessary and sufficient
condition for f to be lacally univalent
and sense-preserving in D is that
|h'(2)| > |g'(2)| forall z in D (see [4] ).
There are many papers on harmonic
functions defined on the unit disk
U={z|z| <1}[2],[9], [10], [ 12].
For0 <w <1, we let S;(w) denote the
class of functions harmonic univalent,
orientation preserving and meromorphic
in U, with lim,_,,, f(z) = o which are
the representation
f@) =h(@) + (@)
+ Alog|z
—w|

(1.2)
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h(z) = ﬁ + X% ez, and g(z2) =
Yiy diz", (1.3)

and { = Res(f,w) with 0 < { <1,z €
U\ {w} or we may set for z € U, =
{z0<|z—w|<1-Ww}

h(z) = ﬁ + Yo ag(z—w)¥,  and

9(z) =

S bi(z — w)k, (1.4)
We further remove the logarithmic
singularity by letting A =0 and focus
the subclass Sy(w) of all harmonic,
orientation preserving, and meromorphic
mapping which have the development

f(2)

= h(z) + g(2), (1.5)
where
h@) = 2=+ B az", and  g(z) =

Yo dpz®, cp,d,=0; z€

U\ {w) (1.6)

or we may set forze U, = {z:0<
lz—w|<1-—w}

h(z) = ==+ TP ax(z - w)k,

9(2) = X, be(z —w)¥, ay, by =
0 (1.7

and
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where h(z) has a simple pole at the point w
with residue . For{ =1andw =0

the function f was studied by Bostanci,
Yalcin and Oztiirk [3].

For the function f in the class Sy(w) , we
define the following I™(v,l) operator, for
v=>0,l>0,,andn € Ny = NU{0},
I"v,Df(z) = I"'(v,Dh(z) +
I"(,Dg(2)

where

I"(v,Dh(z) =

ﬁ + Y, (HTVk)n ap(z—w)* and
"v,09(z) = T (F75) bulz -
w)k, ay, by = 0. (1.8)

We note that I°(v,1)f(2) = f(2) and

1, Df@ =) e 4

(z—w)
(z—=w)f'(z), and by specializing the
parameters v,l and n, we obtain the following
operators studied by various authors:

Q) I*(1,Df (z) = D*f(2), (see Cho et
al. [5], [6]);

(2 I"(v,)f(z) = Dyf(z), (see Al-
Oboudi and Al-Zkeri [1]);

@)  I"ADf(2) = I"f(2),  (see
Uralegaddi and Somanatha [13]).

For v>0,l>0, , and n€ N, =
NU{0},, we define the dual operator
3, D: Sy(w) = Su(w) by

SwDf@=
T (5) az—w)

zZ—w I+ vk

El-Ashwah and Aouf [7, 8] stuied the linear
operators for functions which are analytic in
the punctured unit disk U\{0}.

Denoting by J"(v,Df(2) =$+
i (57

I+ vk

verify that
", Df(2) = 3", Df (2) = f(2),
vz (v, D f (2)
= I3"(v,Df(2)
— 1+ DI (v, Df (2),

)n (z—w)k, it is easy to
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And
I (v, Df (2)

= 3 !

1
z-w)(1-(z- w)) e WD ((z —w)(1-(z— w))

ntimes

We ot that (1, Bf(2) =
Pgf(z),a >0, > 0 (see Lashin [11]).
3"(v,Df(z) = 3"(v,Dh(z) +

3™(v, Dg(2),

where

I"(v,Dh(z) =
Sy (;) ar(z—w)* and

zZ-w I+ vk

o~ (] l n

3 (v, 09(2) = 2 (75) bz -
w)k, ay, by = 0. (1.9)

For O§p<1;%§a <1,0<k <
1, v=0[0l>0, , and ne N,=

NU{0}and 0<w<1 where (=
Res(f,w)with 0 < ( <1, z € U\{w},
we let GR7S(w, k, p,v,1) denote the
harmonic functions of the form (1.1)
such that

(z=w)*(S"(v,Df(2)) + 1

(20 — D(z - w)2(3"(v,Df (2)) + (20p — 1)
<k. (110
Let us write
69%2’0"{'{ w, k,p,vu,1]
= GERZ’U’K’{(W, k,p,v,1)
N Sylw, (1.11)
Where Sy [w] is the class of functions of
the form (1.5 and (1.6) that are
meromorphic and harmonic in U,,.
2. MAIN RESULT:
In our first theorem, we introduce a
sufficient conditiond for harmonic
functions in SR (w, k, p, v, 1).
Theorem 2.1: Let f(z) = h(z) + g(2)
be given by (1.3). Then
f € SRETS (w, k, p,v,1) if
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N k : " 1+2

kz () 1+ 200 = 0(al
+ |bi|)
< 2ko({ —p)
-1-90
—K), (2.1)

for 0<p<1;5<0 <LO<Kk <L v

0,l>0, , and n€ Ny = NU{0}and0 <
w < 1 where { = Res(f,w) with 0 < { <
1,z € U\{w}.

Proof: Suppose (2.1) holds. Then we find
from definition (1.10) that

|z = w)* (3", Df (2)) + 1]
— K|(20’
- 1D(z
—w)2(3"(v, Df (@)
+ 2op-1)| <0,
Provided

a-0+ Y () @
k=1

+ b)(z —w)k+t

—{(20-1)

N )(z+ k) (@
+ bk)(z—w)k“‘ <0,

Forlz—w|=r<1-—-w
< A=+ k() dal +
|bDr¥tt — 2¢ko + (K + 2K0p — K +
o Y
K T ko - 1) () (al +
| it
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i k(l n k) (14 2x0 — k) (Jay|

k=1
+ |b |)T'k+1
— 2ko (¢ — p)
+(1-00- k)
<0. (2.2)
The inequality in (2.2) holds true for all
|z—w|=r<1—-w<1. Therefore,
letting r — 1 in (2.2), we obtain
® n

z k (l +lvk) (14 2k0 — k) (Jay|

k=1

+ bk l)
< 2ko({—p)
-(1-90-x).

Hence

f e 6912’0’“’{ (w, k,p,v,1).
The harmonic mappings

f@
- ZZKJ(Zl—p)—(l—()(l—K) X (2= W)
k=1 k(l+ vk) 1+ 2Kk0 — k)
+ ZZKU(Z l P) - (1 - Z)(l - K) m (23)
k=1 k(l+vk) (14 2Kk0 — k)
Where Y lxi| + Xp=ilyel =1, show

that the coefficient bound given by (2.1) is
sharp. The functions of the form (2.3) are in

SRY7S(w, k, p, v, [) because
o l n
k(H'—Vk) (1+2KO'—K) | |
a
i 2k0({—p) = (A= —x) "

i k(l—l—;k)n (14 20— k)

200 =)~ (=01 - o

Z|xk| + Zlykl—l

In the foIIowmg theorem it is shown that the
condition (2.1) is also necessary for function
f(2) = h(z) + g(z) where h and g are of
the form (1.7).

Theorem 2.2: Let f(2z) = h(z) + g(z) be
given by 1.7). Then
f € SR [w, k, p,v, 1] if and only if

b
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w {_moG-p-(-0U=0) ;.0
zk< ) (1 + 2x0 — k) (ay + by) r . k(1 + 2ko — k)
- € p) =7
<2ko({—p r
—1(1 —DA-K), (2.4) 2k0({—p)—(1-DA —K) 2 (25)
for 0<p<1;,-<0 <0<k <Lv= k(1 + 2ko — k) _ _
2 Proof: We only prove the left hand inequality.
0,0>0,,andn & N, = NU{O} and 0 <w<1 The proof of the right hand inequality is similar
where ¢ =Res(f,w) with 0< (<1, z€ and will be omitted.
U\w}. n,o,kK, .
Pro\o{f: ) Since Let f€GRL"[w,k,p,v,l]. Taking the

absolute value of f we have
{ . %\ )
Z_W+ Zak(z—w)
k=1
+ z b, (z — w)*
k=1

GERZ'J'K’([W, k,pv,l] c emg‘”“(w, kp,v D),
we only need to prove the ‘only if ' part of the
theorem. To this end, for functions f of the form If ()1 =
(1.7), we notice that the condition

(z=-w)* (3", Df(2)' + 1
(20 — 1)(z = w)2(3"v, Df (@) + (2ap — 1)

< K,

Is equivalent to 5 1 —w a K
n = —|z—- +b)z—w
Re{ 1= O+ Sek (rgg) (@t bz —w } w7 |kz=1( < bl l
20— p)+ (1= O - 35, k@0 — 1) (1) @+ bz —wyest 1 d
< K. ’ (l+ k) > —[(—rZZ(ak+bk)
If we choose the values of z on the real axis and " k=1
(z—w) - 17 we get > ¢
o l b r
(- 0+ %2k (r55%) (“k+l b B 2xa(c—p)—(1—¢)(1_x)z (=52) (1+2m—x)
20({— p)+ (1= O = 37, k2o —1) (1555) (@c+ b k(1 + 2K0 — 1) 200G —p) =A==
< K, + b )r?.
whence S §_Zo@-p-A-00-K) ,
© I n “r k(l + 2k0 — K)
1-0+ Z k<l T vk) (ax + bi) Now we show that SR}“"‘[w,k,p,v,1] is
k=1 closed under convex combination of its
< sza(( —p+trl=0) members.
_ Z k(20 Theorem 2.4: The class SRy [w, k, p,v, 1] is
- closed under convex combination.
l n Proof: For i=1,2,.. let
- (l m vk) (ax + by), f € &R [w, k. p,v, 1], where f is given by
and so
© I n f(2) = —+ Zak(z—w)k
k ( ) 1+ 2k0—k)(a, +b
kzl ) )@k + bi)
< 2k0({ — p) * Z bi(z = w)t,
— (1= ~x), Then by (2.4),

which is equivalent to (2.4
f (2.4). > k( L )(1+2K0‘—K)

The following theorem gives the distortion [+ vk
bounds for functions in 21«7(( p) - (1 —Da-1™
szaxz[W,k,P;U;l]- d l+ (1+2KJ—K)

. vk
Theorem 2.3: Let f € kz 2k0({ —p)— 1 -1 -x) by
SRY7“[w,k,p,v,1]. Then for |z —w| = <1 (@26

r < 1—w we have

20
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For 372,t;,0 < t; < 1, the convex combination Vi = 0.
of f may be written as In  particular, the extreme points of

o)

<Zt aki)(z —w)k

Z tifi(2) =

i=1

z(ztbk%z-w-

Then by (2 6)
el l+vk (1+2K0‘—K)
kz:; 2"0(5 p)— (1A= —K) £ fift
k (H';Vk) (1 + 2k0 — K)

20§ =p) =~ (1=OA - 1) L

[ee)

k(5% +lvk) (1 +2Ko — k)
L |20G—p) —a-0a-m ™

X k(l+lvk) (1 + 2K0 — 1)
2kc((—p) -1 —-D(A —k) i

This is the conditiorlf}equired by (2.4) and so
Y21t fi(2) € SR [w, k, p,v, 1],

Next, we determine the extreme points of the
closed convex hulls of SR\ [w,k,p,v,1]
denoted by clcoSR}; "™ “Iw, k, p,v,1].

Theorem 2.5: Let f(z) = h(z) + g(2) be given
by (1.7). Then f € GRY"“[w, k, p,v,1] if and
only if

F2) = ) (i@ + g @), 27)
k=0

where

h@D=——, gD =0
hy (z)
=L
ZKG(( : p)— (1 -0 —K)( W)k, (k
k(l+ vk) (14 2x0 — k)
=1,23..)
and
2k6((—p)— A —p)A —kK)
gk(z) = ] (z
k(l+ vk) (14 2k0 — k)
W)k (k=1,23,..)

Yie1(e+ ) =1, x,20 and

21

SRy [w, k, p,v, ] are {hy} and {g,}.
Proof: For the functions f(z) of the form (2.7),
we have

F&) = i@ + e (),

o k=0
- n
=
N Zm(c P-(1-00-n)

k=1

X (z
l

k(l+ vk) 1+ 2ko — k)
_W)k

o 2k0({ —p) — (1= (1 — )
+ Z -

k=0 k ) 1+ 2ko — k)
Then
d k(ﬁ) (1+2KO'—K)
Li2ko(§=p) = (1=~ x)

I Vi (z — w)k.
(l + vk

2k6((—p)— (1 -1 —k)
i n Xi
k(l ) (1+2k0 — k)

P l n
k(l+vk) (14260 =) 260(¢ — p) — (1 - (1~ 1)

—2k0({ = p) = (1= ~x) (l ! k) (1 + 2K0 — K)
+ v

d

Z(xk+ J’k)_ x():l_ xosl,
k=0
And so f € GRY7“[w, k, p,v,1], conversely, if

f € SR [w, k, p,v, 1], then
20 (¢ — p)—(l—i)(l—K)

a, < ]
k(l+ vk) (14 2k0 — k)

2k0({—p) -1 - - K)

o= k(l+lvk) 1+ 2x0 — k)

And

Set

k(l +lvk) (14 2k0 — k)

< ay,
2k0((—p)— (1 - —x)
=1,2..)

k(l+l k) 1+ 2x0 — k)
206G —p) —A-O -1 *
=0,2..)
0< x,<1,(k=1,2,..)
1,(k =0,1,..).
We define x, =1 —

(k

Vi < (k

and 0< y, <

Yh=1Xk — Xk=oVk
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n
and note that by Theorem 2.2. x, > 0. >k (l-l-;vk) (14 2x0 — k) p
Conversely, we oolgtam L 20 —p) — (1= =1 apAg
= h(2) + ) o n
f(2) kzzo(xk @ + Ygu(@) (=) 1+ 20—
?gd hence this completes the proof of Theorem ; 2k0({ — p) — (1= ) (1 — k) by By
For our next theorem, we need to define the
convolution of two harmonic functions. For
harmonic functions of the form . k( l ) (142 )
[+ vk KoK
f(2) = Zf ar(z —w)* + Zbkm, = KU(Z lp1)—(1—5)(1—K)
and =t = . i k (l T k) (14 2k0—k)
F(z) = #+ z (2 — W) £i2k0({—p) — (1 -1 - 0 Ok
> k( L ) (1 + 2ko — k)
L+ vk
<)
+ ZBN W Li2k0(C—p)— A0 -0
We define the convolutlon of two harmonic © l _
functions f(z) and F(z) as n Z k (l + k) (1 +2K0 —x)
;¢ . L 2aC—p) - A0 -1
[@)FG) = ——+ Z @i (z = w) - -1
Since 0<p;<p,<1l, and fE€

+ Z beB Gz — W)k . (2.8)

Using this defmltlon we show that the class

SRYT [w, k, py,v, 1].
Therefore

f*F € GRE7[w, k, pyv,1] €

SRY"*[w,k,p,v,1] is  closed  under

convolution. SR w, k, py, v, 1]
Theorem 2.6: For 0< p; < p, <1, let H
f eGRE w,k,pp0,1]  and  F €
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