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Abstract:

In the present paper, we establish a new subfamily of multivalent functions
with negative coefficients. Sharp results concerning coefficients, distortion
theorem and the radius of convexity for the class WHp(a,,B,g) are obtained.

Furthermore it is shown that the class WHp(a,,B,g)is closed under convex linear
combinations. The arithmetic mean is also obtained.
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1. Introduction :

Let W, (p a fixed integer greater than 1) denote the class of functions of
the form:

f(z)=1z" +ian+pz”+p , pnelN={23..} (1.1)
n=1

which are analytic and multivalent functions in the open unit disk
U={zeC:|z|<1} . Also let H, denote the subclass of W, consisting of
functions of the form:
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f()=2"->a,,2"" ,a,,20n,pelN. (1.2)
n=1

Afunction f e H issaid to be in the class WH (a, 3, ¢) if and only if

(t"@z*? ~ p(p-1)+ (' @z"" - p) |

, 1.3
26t ()2 —a)—(t @2 —p(p=D) " -

7eU, for 0O<a<P 0<p<ilce<t
2¢ 2

Such type of study and study another different classes of univalent and
multivalent functions was carried out by Aouf [1] caplinger [5], Gupte — Jain
[6], Juneja — Mogra [7], Kulkarni [8], Atshan [2] and Atshan — Kulkarni [3,4].

In the present paper, sharp results concerning coefficients, distortion theorem
and the radius of convexity for the class WHp(a,,B,g) are obtained. Finally,

we prove that the class WH p(a, B, ¢) is closed under the arithmetic mean and
convex linear combinations.

2. Coefficient Theorem :

Theorem 1:

A function f(z) =z - a,,,z"" isin the class WH (o, B, ¢) if and only if
n=1

>+ pln+ )+ (0+ p-D@s-Dpk,., <28 (p(p-D-a). (1)

The result (2.1) is sharp, the extermal function being

f(z)=2° - 268(p(p-1) -a) 2" (22)
(n+p)[(n+p)+(n+p-DR2e-Dpla,.,

Proof: Let |z|=1.Then
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(f"@)2%" - p(p-1)+ (f'@2" - p)| - A2e(t (2% ~a)-(t"(2)2*" - p(p-1))

2:(p(p-1)-a)- (e~ (n+ p)(n+ p-Dya, 2"

n=1

-B

_Zl(n + p)zampzn
n=

<3 (n+p)(n+ p)+(n+ p-D@e-Dfla,., —258(p(p—1) - a) <0,

n=1

by hypothesis. Hence, by the maximum modulus theorem f eWH  (a, 5, ).

Conversely, suppose that

| (f@2*" — p(p-D)+ (f()2" - p) |
25(t"()2" 7 —a)-(t"(2)2"* - p(p-D)

‘ _i(n"' p)zanerZn
n=1 <IB'

2:(p(p-1) -a) - (26 ~D)Y (n+ p)(n+ p-Da,, 2"

n=1

Since |Re(z)| <|z| for all z, we have

> (n+p)a,,,z"
n=1

Re < p.

26(p(p—1)-a)— (26 -1 (n+ p)(n+ p—Da,, 2"

n=1

We select the values of z on the real axis so that f"(z)z*°, f'(2)z"" are
real. Simplifying the denominator in the in the above expression and letting z
— 1 through real values, we obtain

o0

> (14 P)’a., 258(p(p-D-a) - @5 -DFY(N+ PN+ P-Da,.,

n=1
and it results in the required condition.
The result is sharp for the function (2.2) .
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3. Distortion Theorem:
Theorem?2:

Let f eWH (a,8,¢). Then for |z]=r,

o 28(p(p-)-a) <t () <10 + 2¢8(p(p-1)-a) e (3.)
(p+D[(p+1) + p(2e -1) ] (p+D[(p+1) + p(2e -1) 4]

and
p-1_ 258(p(p-D-a) p_

f'(Z)|< pr p_l+ 2@‘3(p(p—1)—0{) rp (3.2)
(p+D)+p(2e-Dp - o

(p+D)+p(2e-1) B

pr

Proof:
In view of Theorem 1, we have

< 2¢8(p(p-1) - )
Za “(p+D[(p+D)+ p2z -DA]

, r™P <rP 4+ Zéﬁ(p(p_l)_a) rp+1’
P (p+D[(p+1) + p(2e -1)B]

Hence |f(z)|<rP® +ia
n=1

p_ S n+p p_ Zgg(p(p—l)—a) p+l
nd [F@ 207 =2 2, 2 )+ pe D]

In the same way, we have

2¢8(p(P-D)~a) s
(P+)+pRe-)p

[f'(z)| < prP?+ Z(n + p)a,, /P < prit+
n=1

and

, T ot s et 28(P(P-D—a)
@z pr™ =2 (e Pl e e 15

This complete the proof of the theorem.
The above bounds are sharp. Equalities are attended for the following function

f(2)=2" - 28(p(P-D-a) 5 ,_ (3.3)
(p+D[(p+1) + p(2e -1) 5]
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4. Radius of Convexity :
Theorem 3:

Let f eWH (a,B,¢). Thenf is convex in the

disk || <r =r(p,a, B,€), where

=N

(poct, o) = inf{pz(m plin+ p)+(n+ p—l)(28—1)ﬂ]}
ST (04 p)2248(p(p-D) - ) -

The result is sharp, the extermal function being of the form (2.2).

Proof:
It is enough to show that.

2#t"(2) )
‘(“ f'(z)J P

First, we note that

<p for |z<1.

‘(1+_Zf "(Z)j_ p‘ _|#"(@)+@-p)f '(z)I . ;”(m P)a,,,|7]

f'(2) | F@ =X pa,,

Thus, the result follows if

>on(n+ Bl | < p{p_;m p)an+p|z|“},

or, equivalently,

i(n; p)zamp|z|n <1
n=1

But, in view of Theorem 1, we have

S (n+ p)(n+ p)+ (n+ p-DRe -1 Sla,., <268 (p(p—1)-a).

n=1
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Thus f is convex if

(u)zmn _(n+ p)[(n+ p)+(n+ p—l)(25—1),6’],n _123..
p 2e8(p(p-1) -a)

hence

S

o= { P+ P+ )+ (0 p—1>(28—1>ﬂ]} ne123..
(n+p)* 255 (p(p~1) - a2)

which complete the proof.

5. Closure Theorem:

Next, two results respectively show that the family WH (e, B,¢) is
closed under taking "arithmetic mean" and "convex linear combination™.

Theorem4:

Let f(z)=z"-)a,,z"Pand g(z)=2"-> b, ,z"Pare in the class
=1 n=1

WH  (a, B,&) . Then
h(z) =z" —%Zl“(amp +b,,,)2™" isalsointhe class WH  (a, B, ¢) .

Proof:
f and g both being members of WH (&, B, ¢), we have in accordance with

Theorem 1,

[ e}

> (n+p)(n+p)+(n+ p-H(2e-1)h,., <288(p(p-D-a) (5.1)

n=1

and

> (n+pln+ p)+(n+ p-1(2e ~D]b,., <26 (p(p -1 ~)(5.2)
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To show that h is member of WH  (a, 5, £) it is enough to show

3+ P+ )+ (14 =@ - DK, +Dr,,) < 28 (P(P-D - a)

This is exactly an immediate consequence of (5.1) and (5.2).

Let the function f,(z) (j=12,...,¢) be defined by
f(z)=2z" —Zamp’jz”“’,(amp’j >0,neIN,n>1) (5.3)
n=1

Theorem 5:
WH  (a, B, ¢) is closed under convex linear combination.

Proof:
Let the function f;(z)(j=12) defined by (5.3) be in the class

WH (a, B,¢). Itis sufficient to show that the function h(z) defined by
h(z) = Af,(2)+1-A)f,(2), (0<A<)
is in the class WH | (a, 3, €) .Since, for 0<A<1,

h(z) =z" —i[ﬂamp,l + (1—/1)an+p,2]z”*p

n=

by applying Theorem 1, we have

i(“ pl(n+p)+(n+p-H(2e-1)B

I 1-2
= 288 (p(p-1)-a) a2

a3y eplns (e p-@e DA,
248 (p(p-D-a)

-3 (Pl p) ¢ (1+ p-1)(26 ~1)/]
= 2¢6(p(p-1)—a)
which implies that h(z) is in the class WH ,(«, B, £) and this completes the proof.

QAn.p2 <1

228



Journal of Al-Qadisiyah for Computer Science and Mathematics

3" Sinentific Conference 19-20/ APRIL -2011
Vol 3 No.2 Year 2011

REFERENCES

[1] M.K. Aouf, Certain classes of P-valent functions with negative coefficients
11, Indian J. pure appl. Math. 19(8), (1988), 761-767.

[2] W.G. Atshan, Fractional calculus on a subclass of spiral-like Functions
defined by Komatu operator, Int. Math. Forum 32(3), (2008), 1587-1594.

[3] W.G. Atshan and S.R. Kulkarni, On a class of p-valent analytic Function
with negative coefficients defined by Dziok-Sirvastava linear operator,
Int. J Math. Sci. & Engg. Appls. (IIMSEA) 2(1) (2007), 173-182.

[4]W.G. Atshan and S.R. Kulkarni, Application of subordination and
Ruscheweyh derivative for p-valent functions with negative coefficients,
Acta Ciencia Indica, Vol. XXXIV M, No.1, (2008), 461-474.

[5] T.R. Caplinger, On certain classes of analytic functions, Ph.D. dissertation,
University of Mississipi, 1972.

[6] V.P. Gupta, P.K. Jain, Certain classes of univalent functions with negative
coefficients, Bull. Auster. Math. Soc. 15, (1976),467-473.

[7] O.P. Juneja, M.L. Mogra, Radii of convexity for certain classes of univalent
analytic functions, pacific Jour. Math. 78.(1978) , 359-368.

[8] S.R. Kulkarni , Some problems connected with univalent functions, Ph.D.
Thesis , Shivaji University , Kolhapur (1981) , unpublished.

229



