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A B S T R A C T 

In this work, we propose a novel extension of the notion of prime submodules for unital 
modules over commutative rings with identity, called S-maximal prime submodules. A proper 
submodule Nof an R-module M is called  S-maximal prime if whenever rm∈N, where r∈R and 
m∈M, then either m∈N+SJ(N) or rM⊆N+SJ(N), where SJ(N) denotes the S-Jacobson radical of 
N. This concept extends the classical notion of prime submodules. In particular, We prove that 
prime submodules are necessarily S-maximal prime submodules, while the converse fails in 
general. Moreover, if an ideal I of a ring R is an S-maximal prime submodule of the R-module 
M, then I is called an S-maximal prime ideal of R. Several fundamental properties and 
characterizations of S-maximal prime submodules are investigated. Furthermore, we 
introduce the notion of the S-maximal prime radical of submodules and establish some of its 
basic properties. Special attention is given to multiplication modules, where strong 
connections between S-maximal prime submodules and compressible factor modules are 
obtained. 

MSC.. 

https://doi.org/10.29304/jqcsm.2026.18.32919 

 

1. Introduction 
 
    In the present article, we adopt the convention that every ring is a commutative ring possessing an identity 
element, and every module is a unital R-module. A proper submodule N of an R-module M is defined to be prime if 
the condition ry∈ N (for some r ∈ R and y ∈M) implies that either y ∈N or  r ∈ [N : M], where the ideal colon is given 
by [N : M] = \{ r ∈ R ∣ rM ⊆ N }. 
This idea serves as a natural extension of prime ideals from classical ring theory. Initially defined and thoroughly 
analyzed by Dauns [1978], the notion of prime submodules has subsequently drawn considerable interest from 
various researchers (e.g., [2-8]). Over time, mathematicians have introduced multiple extensions of this concept, 
including essential prime submodules and e-small prime submodules. 
Before proceeding to our main results, it is necessary to establish several core definitions. We denote the Jacobson 
radical of a module M as SJ(M), which represents the intersection of all maximal submodules of M. Furthermore, a 
non-zero submodule K of an R-module M is considered essential provided that its intersection with any non-zero 
submodule S of M  is non-trivial (i.e., K ∩ S ≠ (0)). Additionally, we classify an element y ∈M as a torsion element 
whenever ry = 0 for some non-zero scalar r \in R. An  R-module M is identified as a multiplication module if any 

mailto:std.2024205.h.wali@uowasit.edu.iq
mailto:hshahad@uowasit.edu.iq


Hasan Shakir Wali et al., Journal of Al-Qadisiyah  for Computer Science and Mathematics  Vol.18.(3) 2026,pp.Math 170–176                          171 

 

given submodule S ⊆M  can be expressed as   S = IM  for a specific ideal I of  R , which is equivalent to the 
formulation   S = [S : M]M 
This manuscript introduces the "S-maximal prime submodule" by incorporating the S-Jacobson radical, SJ(N), into 
the prime condition. We prove this concept is a strict generalization of classical prime submodules, offering a 
broader framework for studying modules. 
 
2. S-Maximal Prime Submodules 

In this part of the study, we introduce a generalization of prime submodules, termed the S-Maximal Prime Submodules (S-

max-PSs). We explore its fundamental properties and provide illustrative characteristics. 

Definition1  For a given ring R and an R-module M, we call a proper submodule N ⸦ M  an S-maximal submodule if it is 

not strictly contained within any proper semi-essential submodule of M. In other words, any semi-essential submodule W 

of M that properly contains N   (i.e., 𝑁 ⊊ 𝑊 ⊆ 𝑀  ) is necessarily equal to M 

Definition 2. Suppose let 𝑁 ⊂ 𝑀 is a proper submodule of an R-module M. We term N an S-maximal prime submodule (or 

simply S-max-PS) whenever the inclusion 𝑟𝑚 ∈ 𝑁, where 𝑟 ∈ 𝑅  and 𝑚 ∈ 𝑀  implies that 𝑚 ∈ 𝑁 + 𝑆𝐽(𝑁) or 𝑟𝑀 ⊆ 𝑁 +
𝑆𝐽(𝑁). Herein, SJ(N) represents the intersection over all S-maximal submodules K of M that satisfy 𝑁 ⊆ 𝐾. Notably, in the 

special instance where M is replaced by the ring R itself, N  acts as an S-maximal prime ideal of R. 

The following findings establish the main characterizations of S-max-PSs. 

Proposition 1.  A proper submodule N of an R-module M is considered an S-max-PS if and only if the following holds 

true: for any submodule D of M and any ideal I of the ring R such that ID ⊆ N , it must follow that eithe 𝐷 ⊆ 𝑁 + 𝑆𝐽(𝑁) or 

𝐼 ⊆ [𝑁 + 𝑆𝐽(𝑁): 𝑀]. 

Proof. (⇒)  Suppose 𝐼 ⊆ 𝑅  be an ideal and 𝐷 ⊆ 𝑀  be a submodule fulfilling 𝐼𝐷 ⊆ 𝑁 . We proceed by assuming that 

𝐷 ⊈ 𝑁 + 𝑆𝐽(𝑁). Consequently, an element 𝑑 ∈ 𝐷 exists wherein 𝑑 ∉ 𝑁 + 𝑆𝐽(𝑁). Knowing that 𝐼𝐷 ⊆ 𝑁, it implies 𝑥𝑑 ∈ 𝑁 

for each element 𝑥 ∈ 𝐼. Given that 𝑁 acts as an 𝑆-max-PS of 𝑀 and 𝑑 is not in 𝑁 + 𝑆𝐽(𝑁), it forces the condition 𝑥 ∈ [𝑁 +
𝑆𝐽(𝑁): 𝑀]. Therefore, we get 𝐼 ⊆ [𝑁 + 𝑆𝐽(𝑁): 𝑀]. 

(⇐) Conversely, assume there is an element 𝑎 ∈ 𝑅 and an element 𝑚 ∈ 𝑀 with 𝑎𝑚 ∈ 𝑁. This implies for the generated 

principal ideal (𝑎)  and the cyclic submodule (𝑚)  that (𝑎)(𝑚) ⊆ 𝑁 . Based on our initial hypothesis, we have either 

(𝑚) ⊆ 𝑁 + 𝑆𝐽(𝑁)  or (𝑎) ⊆ [𝑁 + 𝑆𝐽(𝑁): 𝑀] . Consequently, it directly follows that 𝑚 ∈ 𝑁 + 𝑆𝐽(𝑁)  or 𝑎 ∈ [𝑁 +
𝑆𝐽(𝑁): 𝑀], finalizing the proof. ◻ 

As an immediate consequence of Proposition 1, we obtain the subsequent corollary. 

Corollary 1.  Let 𝑀 be an 𝑅-module and 𝑁 ≤ 𝑀. Then 𝑁 is an 𝑆-maximal prime submodule of 𝑀 if and only if for every 

𝑎 ∈ 𝑅 and every submodule 𝐷 ≤ 𝑀 satisfying 𝑎𝐷 ⊆ 𝑁, one has either 𝐷 ⊆ 𝑁 + 𝑆𝐽(𝑁) or 𝑎 ∈ [𝑁 + 𝑆𝐽(𝑁): 𝑀]. 

Remark 1.  Note  that All prime submodule of an 𝑅-module 𝐾 is an 𝑆-maximal pSs. However, the converse does not 

necessarily hold, as illustrated in the  examples. 

Exaample 1.  Suppose 𝑀 = ℤ18 as a ℤ-module  , let 𝑁 = ⟨3⟩. Since the set of maximal submodules of ℤ18 is {⟨2⟩, ⟨3⟩}, we 

obtain { SJ(N) represents the intersection over all S-maximal submodules of ℤ18,  𝑁 ⊆ 𝐾} = ⟨6⟩. Now, for any 𝑎 ∈ ℤ and 

𝑦 ∈ ℤ18  with 𝑎𝑦 ∈ 𝑁, it follows that either 𝑦 ∈ 𝑁 + 𝑆𝐽(𝑁) or 𝑎 ∈ [𝑁 + 𝑆𝐽(𝑁): 𝑀]. Thus , 𝑁 is an 𝑆-max- pSs  of ℤ18 . 
Furthermore, It follows that N is not a classical prime submodule, as there are elements r ∈Z and m ∈ M with r 

m ∈N , yet m ∉N  and r M ⊈ N . This strictly separates the two concept 

 

Example 2.  Suppose  𝑀 = ℤ4 × ℤ2 and take 𝑁 = ℤ4 × {0}. Then 𝑁 is a proper submodule of 𝑀 and satisfies 𝑆𝐽(𝑁) = 𝑁. 

For any 𝑎 ∈ ℤ and (ℎ, 𝑘) ∈ 𝑀, if 𝑎(ℎ, 𝑘) ∈ 𝑁, then either (𝑥, 𝑦) ∈ 𝑁 + 𝑆𝐽(𝑁) or 𝑎𝑀 ⊆ 𝑁. Thus , 𝑁 is an 𝑆-max- pSs  of 𝑀. 

Propostion 2.  Assume that M is an R-module and N≤ M  with SJ(N) ⊆ N  .Then N is a prime submodule of M precisely 

when N is an S-max-PS submodule of M. 

Proof. Since 𝑆𝐽(𝑁) ⊆ 𝑁,  Thus   𝑁 + 𝑆𝐽(𝑁)  = 𝑁. Hence  all   𝑚 ∈ 𝑀   ,  𝑟 ∈ 𝑅, 

𝑟. 𝑚 ∈ 𝑁  Then   𝑚 ∈ 𝑁 or   𝑟𝑀 ⊆ 𝑁, 
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which is equivalent to 

𝑟. 𝑚 ∈ 𝑁   Then   𝑟 ∈ [𝑁: 𝑀]    𝑜r     𝑚 ∈ 𝑁  

Thus 𝑁 is prime if and only if 𝑁 is an 𝑆-max-PS. ◻ 

The proposition directly leads to the upcoming corollaries. 

 

Corollary 2.  Assume 𝑀 is an 𝑅-module and 𝑁 is a submodule of 𝑀. If the 𝑆-Jacobson radical of 𝑁 is trivial   𝑆𝐽(𝑁) = 0 , 

then 𝑁 qualifies as a 𝑃𝑆 of 𝑀 iff  it is an 𝑆-max-𝑃𝑆 of 𝑀. 

Proposition 3.  Let 𝑁 represent an 𝑆-max-𝑃𝑆 within an 𝑅-module 𝑀. Provided that 𝑆𝐽(𝑁) ⊆ 𝑁, it logically follows that 

the residual ideal [𝑁: 𝑀] functions as an 𝑆-max-𝑃𝐼 of the ring 𝑅. 

Proof. This is a direct consequence of Proposition 2. ◻ 

The upcoming case illustrates that the reverse implication of Proposition 3 is not universally valid. 

Example 3. Let 𝑅 = ℤ and the 𝑅-module 𝑀 = ℤ ⊕ ℤ.Take 𝑁 = 2ℤ ⊕ 0 of 𝑀 (N is submodule)  We then have: [𝑁: 𝑀] =
{𝑟 ∈ ℤ ∣ 𝑟𝑀 ⊆ 𝑁} = 0, which constitutes a prime ideal of 𝑅, and is therefore an 𝑆-max-𝑃𝐼. The   𝑆J(N)  can be expressed 

as: 𝑆𝐽(𝑁) = 2ℤ ⊕ ℤ, leading to the conclusion: 𝑁 + 𝑆𝐽(𝑁) = 2ℤ ⊕ ℤ. By selecting 𝑟 = 2 and 𝑚 = (1,0), we find that 

𝑟. 𝑚 = (2,0) ∈ 𝑁. Nevertheless, 𝑚 ∉ 𝑁 + 𝑆𝐽(𝑁) and 𝑟. 𝑀 = 2ℤ ⊕ 2ℤ ⊈ 𝑁 + 𝑆𝐽(𝑁). As a result, 𝑁 fails to be an 𝑆-

max-𝑃𝑆 of 𝑀. This demonstrates t The converse statement of Proposition 3 is not valid in general 

Proposition 4.  Suppose 𝑀 is a multiplication non-singular 𝑅-module, and let 𝑁 be a 𝑃𝑟-𝑆 satisfying 𝑆𝐽(𝑁) ⊆ 𝑁. Under 

these conditions, 𝑁 is an 𝑆-max-𝑃𝑆 of 𝑀 is equivalent to the ideal [𝑁: 𝑀] is an 𝑆-max-𝑃𝐼 from 𝑅. 

Proof. (⇒) This direction is an immediate consequence of Proposition 3. 

(⇐) Assume there exist 𝑟 ∈ 𝑅 and 𝑚 ∈ 𝑀 satisfying 𝑟𝑚 ∈ 𝑁. This implies that 𝑟(𝑚) ⊆ 𝑁. Given that 𝑀 is a multiplication 

module, we can find an ideal 𝐼 in 𝑅 yielding (𝑚) = 𝐼. 𝑀. Consequently, 𝑟𝐼𝑀 ⊆ 𝑁, which leads to 𝑟𝐼 ⊆ [𝑁: 𝑀]. 

Knowing that [𝑁: 𝑀] serves as an 𝑆-max-𝑃𝐼 of the ring 𝑅, we deduce that either 𝐼 ⊆ [𝑁: 𝑀] or 𝑟 ∈ [𝑁: 𝑀]. As a result, we 

have two possibilities: 

𝐼𝑀 ⊆ 𝑁 ⊆ 𝑁 + 𝑆𝐽(𝑁) 

or 

𝑟𝑀 ⊆ 𝑁 ⊆ 𝑁 + 𝑆𝐽(𝑁). 

Therefore, it must be the case  Thus  𝑚 ∈ 𝑁 + 𝑆𝐽(𝑁)   or   𝑟 ∈ [𝑁 + 𝑆𝐽(𝑁): 𝑀]. This confirms that 𝑁 is indeed an 𝑆-max-

𝑃𝑆 of 𝑀. ◻ 

Proposition 5.  Assume 𝑀  is an 𝑅 -module containing a submodule 𝑁 . If the residual ideal [𝑁 + 𝑆𝐽(𝑁): 𝑀]  forms a 

maximal ideal within the ring 𝑅, then 𝑁 is classified as an 𝑆-max-𝑃𝑆 of 𝑀. 

Proof. Assume there exist 𝑠 ∈ 𝑅 and 𝑚 ∈ 𝑀 such that 𝑠𝑚 ∈ 𝑁, while 𝑠 ∉ [𝑁 + 𝑆𝐽(𝑁): 𝑀]. By the hypothesis that [𝑁 +
𝑆𝐽(𝑁): 𝑀] is maximal in 𝑅, we can express the ring as 𝑅 = ⟨𝑠⟩ + [𝑁 + 𝑆𝐽(𝑁): 𝑀], where ⟨𝑠⟩ denotes the principal ideal 

generated by 𝑠 . Therefore, we can find elements 𝑟 ∈ 𝑅  and 𝑥 ∈ [𝑁 + 𝑆𝐽(𝑁): 𝑀]  satisfying the equation 1 = 𝑟𝑠 + 𝑥 . 

Multiplying by 𝑚 yields 𝑚 = 𝑟𝑠𝑚 + 𝑥𝑚. Since 𝑠𝑚 ∈ 𝑁 ⊆ 𝑁 + 𝑆𝐽(𝑁) and 𝑥𝑚 ∈ 𝑁 + 𝑆𝐽(𝑁), we conclude that 𝑚 ∈ 𝑁 +
𝑆𝐽(𝑁). This verifies that 𝑁 is an 𝑆-max-𝑃𝑆 of 𝑀. ◻ 

Remark 2.  It is a recognized mathematical fact that if we take a non-trivial multiplication 𝑅-module 𝑀 and a prime 

submodule 𝑁 within it, then any submodule 𝐷 of 𝑀 that strictly contains 𝑁 (𝑁 ⊊ 𝐷) will satisfy the condition [𝐷: 𝑀] ⊈
[𝑁: 𝑀]. 

Corollary 3.  Consider a multiplication module 𝑀 over a ring 𝑅, and let 𝑁 act as a 𝑃𝑟-𝑆 of 𝑀. Assume that the residual 

[𝑁 + 𝑆𝐽(𝑁): 𝑀] constitutes a prime ideal in 𝑅, and furthermore, that 𝑁 + 𝑆𝐽(𝑁) ⊆ 𝐷 holds for all submodule 𝐷 of 𝑀. 

Under these conditions, 𝑁 serves as an 𝑆-max-𝑃𝑆 of 𝑀. 

Proposition 6.  Suppose 𝑀 is an 𝑅-module containing submodules 𝑁 and 𝐷 such that 𝑁 ⊆ 𝐷. Provided that 𝑁 acts as an 

𝑆-max-𝑃𝑆 of 𝑀 and the relation 𝑆𝐽𝐷(𝑁) = 𝑆𝐽𝑀(𝑁) holds, it implies that 𝑁 is equivalently an 𝑆-max-𝑃𝑆 of the module 𝐷. 
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Proof. Assume 𝑎𝑑 ∈ 𝑁 for some element 𝑎 ∈ 𝑅 and 𝑑 ∈ 𝐷. Because 𝑁 is established as an 𝑆-max-𝑃𝑆 of 𝑀, we must have 

either 𝑑 ∈ 𝑁 + 𝑆𝐽𝑀(𝑁) or 𝑎𝑀 ⊆ 𝑁 + 𝑆𝐽𝑀(𝑁). If the first condition holds, meaning 𝑑 ∈ 𝑁 + 𝑆𝐽𝑀(𝑁) = 𝑁 + 𝑆𝐽𝐷(𝑁), the 

proof is complete. In the alternative case, we observe that 

𝑎𝐷 ⊆ 𝑎𝑀 ⊆ 𝑁 + 𝑆𝐽𝑀(𝑁) = 𝑁 + 𝑆𝐽𝐷(𝑁). 

Thus,  𝑁 is indeed an 𝑆-max-𝑃𝑆 of 𝐷. ◻ 

Proposition 7 .  Let 𝑀 be an 𝑅-module containing a submodule 𝑁 for which [𝑁 + 𝑆𝐽(𝑁): 𝑀] constitutes a prime ideal in 

the ring 𝑅. Under these circumstances, 𝑁 is  considered an 𝑆-max-𝑃𝑆 from 𝑀 if  onle if the equality 𝑇−1𝑁 = 𝑇−1(𝑁 +
𝑆𝐽(𝑁)) is valid for any multiplicatively closed subset 𝑇 of 𝑅 satisfying 𝑇 ∩ [𝑁 + 𝑆𝐽(𝑁): 𝑀] = ∅. 

Proof. (⇒) Let 𝑇  be a multiplicatively closed subset of 𝑅  such that 𝑇 ∩ [𝑁 + 𝑆𝐽(𝑁): 𝑀] = ⌀ ,and let 𝑚 ∈ 𝑀  with 
𝑚

1
∈

𝑇−1𝑀. If 
𝑚

1
∈ 𝑇−1𝑁,thus 𝑡𝑚 ∈ 𝑁 A number 𝑡 ∈ 𝑇. because 𝑁 is an a S-max-PS of 𝑀 and 𝑡 ∉ [𝑁 + 𝑆𝐽(𝑁): 𝑀],it follows 

that 𝑚 ∈ 𝑁 + 𝑆𝐽(𝑁). Hence 
𝑚

1
∈ 𝑇−1(𝑁 + 𝑆𝐽(𝑁)). 

(⇐) Suppose that 𝑟𝑚 ∈ 𝑁  with 𝑟 ∉ [𝑁 + 𝑆𝐽(𝑁): 𝑀]. Let 𝑇 = {1, 𝑟, 𝑟2, … },which is multiplicatively closed and disjoint 

from [𝑁 + 𝑆𝐽(𝑁): 𝑀]. Thus  
𝑚

1
∈ 𝑇−1𝑁 = 𝑇−1(𝑁 + 𝑆𝐽(𝑁)), and   𝑚 ∈ 𝑁 + 𝑆𝐽(𝑁). This  𝑁 is an a S-max-PS of 𝑀. ◻ 

Proposition 8.  Given all finitely generated non-singular multiplication 𝑅-module 𝑀 with submodules 𝑌 and 𝑁, if 𝐼 is a 

max-𝑃𝐼 of 𝑅 satisfying 𝑎𝑛𝑛(𝑌) ⊆ 𝐼, then 𝐼𝑌 is necessarily an 𝑆-max-𝑃𝑆 of 𝑀. 

Proof. Assume 𝑎𝑚 ∈ 𝐼𝑌  there exists scalar 𝑎 ∈ 𝑅  and element 𝑚 ∈ 𝑀 . Given the premise this 𝑀  is a multiplication 

module, we can identify an ideal 𝐽 within 𝑅 that satisfies (𝑚) = 𝐽𝑌. Consequently, we have 

𝑎𝐽𝑌 ⊆ 𝐼𝑌, 

leading to the relation 

𝑎𝐽 ⊆ 𝐼 + 𝑎𝑛𝑛(𝑌) = 𝐼. 

Knowing that 𝐼 is a maximal prime ideal of 𝑅, it must be true this either   𝐽 ⊆ 𝐼   or  𝑎 ∈ 𝐼  

If 𝑎 ∈ 𝐼, it follows that 𝑎𝑀 ⊆ 𝐼𝑌 ⊆ 𝐼𝑌 + 𝑆𝐽(𝐼𝑌). 

Alternatively, if 𝐽 ⊆ 𝐼, we obtain 𝑚 ∈ 𝐽𝑌 ⊆ 𝐼𝑌 ⊆ 𝐼𝑌 + 𝑆𝐽(𝐼𝑌). 

In both scenarios, we conclude that either 𝑚 ∈ 𝐼𝑌 + 𝑆𝐽(𝐼𝑌) or 𝑎𝑀 ⊆ 𝐼𝑌 + 𝑆𝐽(𝐼𝑌). Thus, 𝐼𝑌 is proven to be an 𝑆-max-𝑃𝑆 

of 𝑀. ◻ 

Corollary 4.  Consider a multiplication 𝑅 -module 𝑀   , let 𝑁  be a 𝑃𝑟 -𝑆  of 𝑀  satisfying   𝑆𝐽(𝑁) 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑁 . The 

submodule 𝑁 acts as an 𝑆-max-𝑃𝑆 of 𝑀 if and only if the quotient module 𝑀/𝑁 is a compressible 𝑅-module. 

Proposition 9.  Assume 𝑀 is an 𝑅-module, and let 𝑁 be a 𝑃𝑟-𝑆 of 𝑀. Suppose that for any submodule 𝐷 of 𝑀 strictly 

containing 𝑁  ( 𝑁 ⊊ 𝐷 ), the equality [𝑁 + 𝑆𝐽(𝑁): 𝑀] = [𝑁 + 𝑆𝐽(𝑁): 𝐷]  holds, along with 𝑁 + 𝑆𝐽(𝑁) ⊆ 𝑁 . Then 𝑁  is 

classified as an 𝑆-max-𝑃𝑆 of 𝑀. 

Proof. Assume there exists an element 𝑎𝑦 ∈ 𝑁 , with 𝑎 ∈ 𝑅  and 𝑚 ∈ 𝑀 , with  𝑦 ∉ 𝑁 + 𝑆𝐽(𝑁) . Let us define a new 

submodule 𝐷 = 𝑁 + 𝑆𝐽(𝑁) + ⟨𝑦⟩. It is clear that 𝑁 + 𝑆𝐽(𝑁) is strictly contained in 𝑁 + 𝑆𝐽(𝑁) + ⟨𝑦⟩, which ensures 𝑦 ∈ 𝐷. 

Furthermore, we can deduce that 𝑎 ∈ [𝑁: 𝑁 + 𝑆𝐽(𝑁) + ⟨𝑦⟩]. This subset is naturally contained within [𝑁 + 𝑆𝐽(𝑁) ∶ 𝑁 +
𝑆𝐽(𝑁) + ⟨𝑚⟩], which by our hypothesis equals [𝑁 + 𝑆𝐽(𝑁): 𝑀]. 

Consequently, we have 𝑎 ∈ [𝑁 + 𝑆𝐽(𝑁): 𝑀]. This confirms that 𝑁 satisfies the condition to be an 𝑆-max-𝑃𝑆 of 𝑀. ◻ 

Remark 3.  The intersection of two S-max-PSs of an 𝑅-Mod 𝑀 need not be a S-max-PS of 𝑀, as demonstrated by the 

upcoming example. 

Example 4.  Let 𝑀 = ℤ, 𝑅 = ℤ, 𝑁 = 2ℤ and 𝐷 = 3ℤ. Thus 𝑁 and 𝐷 are S-max-PSs of 𝑀, but 𝑁 ∩ 𝐷 = 6ℤ is not a S-max-

PS of 𝑀 because 2 ⋅ 3 ∈ 6ℤ, 2 ∈ 𝑅, 3 ∈ ℤ, but 3 ∉ (𝑁 ∩ 𝐷) + 𝑆𝐽(𝑁) and 2 ∉ [(𝑁 ∩ 𝐷) + 𝑆𝐽(𝑁): 𝑀] = 6ℤ. 
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Proposition 10.  Let 𝑀 be an 𝑅-module, and let 𝑁 and 𝐷 be two S-max-PSs of 𝑀 with ⊆ 𝑆𝐽(𝑁) and 𝐷 ⊆ 𝑆𝐽(𝑁). Then 

𝑁 ∩ 𝐷 is a S-max-PS of 𝑀. 

Proof. Suppose 𝑎𝑦 ∈ 𝑁 ∩ 𝐷, with 𝑚 ∈ 𝑀, 𝑎 ∈ 𝑅. Thus  𝑎𝑚 ∈ 𝑁 and 𝑎𝑚 ∈ 𝐷. Since 𝑁 and 𝐷 are S-max-PSs of 𝑀, either 

𝑚 ∈ 𝑁 + 𝑆𝐽(𝑁) or 𝑎𝑀 ⊆ 𝑁 + 𝑆𝐽(𝑁), and either 𝑚 ∈ 𝐷 + 𝑆𝐽(𝑁) or 𝑎𝑀 ⊆ 𝐷 + 𝑆𝐽(𝑁). But 𝑁 ⊆ 𝑆𝐽(𝑁) and 𝐷 ⊆ 𝑆𝐽(𝑁), so 

either 𝑚 ∈ 𝑆𝐽(𝑁)  or 𝑎𝑀 ⊆ 𝑆𝐽(𝑁)  and either 𝑚 ∈ 𝑆𝐽(𝐷)  or 𝑎𝑀 ⊆ 𝑆𝐽(𝐷) . Hence either 𝑚 ∈ (𝑁 ∩ 𝐷) + 𝑆𝐽(𝑁)  or 𝑎𝑀 ⊆
(𝑁 ∩ 𝐷) + 𝑆𝐽(𝑁 ∩ 𝐷). Therefore 𝑁 ∩ 𝐷 is a S-max-PS of 𝑀. ◻ 

Proposition 11.  Assume  𝑀 be an 𝑅-module and Suppose 𝑁, 𝐷 are submodules from 𝑀  with  𝑆𝐽(𝑁) ⊆ 𝐷 and 𝐷 ⊈ 𝑁. If 𝑁 

is an 𝑆-max-PS of 𝑀,thus 𝑁 ∩ 𝐷 is an 𝑆-max-PS from 𝐷. 

Proof. Since 𝐷 ⊈ 𝑁,it follows that 𝑁 ∩ 𝐷 is a proper submodule of 𝐷. Let 𝑎 ∈ 𝑅 and 𝑦 ∈ 𝐷 such that 𝑎𝑦 ∈ 𝑁 ∩ 𝐷. Then 

𝑎𝑦 ∈ 𝑁 and 𝑎𝑦 ∈ 𝐷. 

because 𝑁 is an 𝑆-max-PS of 𝑀,we conclude eitheer 

𝑦 ∈ 𝑁 + 𝑆𝐽(𝑁) or 𝑎𝑀 ⊆ 𝑁 + 𝑆𝐽(𝑁). 

Since 𝑦 ∈ 𝐷 and 𝑎𝑦 ∈ 𝐷,it follows that either 

𝑦 ∈ (𝑁 + 𝑆𝐽(𝑁)) ∩ 𝐷 or 𝑎𝐷 ⊆ (𝑁 + 𝑆𝐽(𝑁)) ∩ 𝐷. 

As 𝑆𝐽(𝑁) ⊆ 𝐷,by the modular law we obtain 

                            D ∩ (𝑁 + 𝑆𝐽(𝑁)) = (𝑆𝐽(𝑁) ∩ 𝐷) + (𝑁 ∩ 𝐷). 

By [13,Cor. 9.9],we have 𝑆𝐽(𝐷) = D ∩ 𝑆𝐽(𝑁). Hence either 

𝑦 ∈ (𝐷 ∩ 𝑁) + 𝑆𝐽(𝐷) or 𝑎𝐷 ⊆ (𝐷 ∩ 𝑁) + 𝑆𝐽(𝐷). 

Therefore 𝑁 ∩ 𝐷 is an 𝑆-max-PS of 𝐷. ◻ 

Example 5.  Assume  𝑅 = ℤ and 𝑀 = ℤ as an 𝑅-module. Consider the prime submodules 𝐷1 = 2ℤ and 𝐷2 = 3ℤ of 𝑀. 

Then 𝑁 = 𝐷1 ∩ 𝐷2 = 6ℤ.  Take 𝑎 = 2  and 𝑦 = 3 .Then 𝑎𝑦 = 6 ∈ 𝑁 ,but 𝑦 ∉ 𝑁  and 𝑎𝑀 = 2ℤ ⊈ 𝑁 . Since 𝑆𝐽(𝑁) = 0 ,we 

have 𝑁 + 𝑆𝐽(𝑁) = 𝑁. Hence 𝑁 is not an 𝑆-max-PS of 𝑀. This shows that the intersection of prime submodules need not be 

an 𝑆-max-PS. 

Proposition 12  Assume𝑓 ∈ Hom(𝑀, 𝑀′) be an onto 𝑅-morphism ,  Assume 𝑁 be an 𝑆-max-PS from 𝑀′. Thus 𝑓−1(𝑁) is 

an 𝑆-max-PS of 𝑀. 

Pro f. First,we show that 𝑓−1(𝑁) is a proper submodule of 𝑀 . Since 𝑁  is proper in 𝑀′  and 𝑓  is onto ,and from this  

𝑓−1(𝑁) ≠ 𝑀. 

Now Assume  𝑚 ∈ 𝑀 and 𝑎 ∈ 𝑅 with 𝑎𝑚 ∈ 𝑓−1(𝑁). Theen 𝑓(𝑎𝑚) = 𝑎𝑓(𝑚) ∈ 𝑁. because 𝑁 is an 𝑆-max-PS of 𝑀′,we 

have either 

𝑓(𝑚) ∈   𝑆𝐽(𝑁) + N or 𝑎𝑀′ ⊆ 𝑆𝐽(𝑁) + N 

If 𝑓(𝑚) ∈ 𝑁 + 𝑆𝐽(𝑁),then 

𝑚 ∈ 𝑓−1(𝑁) + 𝑓−1(𝑆𝐽(𝑁)). 

By [15,Thm.(1.4)(a)],we have 

𝑓−1(𝑆𝐽(𝑁)) ⊆ 𝑆𝐽(𝑓−1(𝑁)). 

Hence 

𝑚 ∈ 𝑓−1(𝑁) + 𝑆𝐽(𝑓−1(𝑁)). 

If 𝑎𝑀′ ⊆ 𝑁 + 𝑆𝐽(𝑁),then since 𝑓 is onto,we obtain 

𝑎𝑓(𝑀) ⊆ 𝑁 + 𝑆𝐽(𝑁), 
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and hence 

𝑎𝑀 ⊆ 𝑓−1(𝑁) + 𝑓−1(𝑆𝐽(𝑁)) ⊆ 𝑓−1(𝑁) + 𝑆𝐽(𝑓−1(𝑁)). 

Therefore 𝑓−1(𝑁) is an 𝑆-max-PS of 𝑀. ◻ 

Proposition 13.  Assume we have an epimorphism 𝑓 from an 𝑅-module 𝑀 onto an 𝑅-module 𝑀′. If 𝑁 serves as an 𝑆-max-

𝑃𝑆 within 𝑀 and contains the kernel of 𝑓 (ker𝑓 ⊆ 𝑁), then its image 𝑓(𝑁) constitutes an 𝑆-max-𝑃𝑆 in 𝑀′. 

Proof. To begin, we must verify that 𝑓(𝑁) strictly sits inside 𝑀′ . Assume the opposite, namely 𝑓(𝑁) = 𝑀′ . For any 

element 𝑦 ∈ 𝑀, its image 𝑓(𝑦) belongs to 𝑀′ = 𝑓(𝑁), meaning we can find some 𝑥 ∈ 𝑁 satisfying 𝑓(𝑦) = 𝑓(𝑥). This 

gives 𝑓(𝑦 − 𝑥) = 0 , leading to 𝑦 − 𝑥 ∈ ker𝑓 ⊆ 𝑁 . Consequently, 𝑦 ∈ 𝑁 , which forces 𝑀 = 𝑁 . This contradicts the 

assumption that 𝑁 is a proper submodule, confirming that 𝑓(𝑁) ⊊ 𝑀′. 

Next, suppose 𝑎𝑚′ ∈ 𝑓(𝑁) for some scalar 𝑎 ∈ 𝑅 and 𝑚′ ∈ 𝑀′. Because 𝑓 is surjective,  choose 𝑦 ∈ 𝑀 with 𝑓(𝑦) = 𝑚′. It 

follows that 𝑎𝑚′ = 𝑎𝑓(𝑦) = 𝑓(𝑎𝑦) ∈ 𝑓(𝑁). Thus, an element 𝑥 ∈ 𝑁 exists where 𝑓(𝑥) = 𝑓(𝑎𝑦), yielding 𝑓(𝑥 − 𝑎𝑦) = 0. 

This implies 𝑥 − 𝑎𝑦 ∈ ker𝑓 ⊆ 𝑁, from which we deduce 𝑎𝑦 ∈ 𝑁. 

Knowing that 𝑁  is an 𝑆-max-𝑃𝑆  of 𝑀 , we face two possibilities: either 𝑦 ∈ 𝑁 + 𝑆𝐽(𝑁) or 𝑎𝑀 ⊆ 𝑁 + 𝑆𝐽(𝑁). Mapping 

these conditions through 𝑓, we get: 

𝑓(𝑦) ∈ 𝑓(𝑆𝐽(𝑁)) + 𝑓(𝑁) or 𝑎𝑀′ ⊆   𝑓(𝑆𝐽(𝑁)) + 𝑓(𝑁). 

According to [15, Thm. (1.4)(a)], the inclusion 𝑓(𝑆𝐽(𝑁)) ⊆ 𝑆𝐽(𝑓(𝑁)) holds. Therefore, the previous relations become: 

𝑚′ ∈ 𝑓(𝑁) + 𝑆𝐽(𝑓(𝑁)) or 𝑎𝑀′ ⊆ 𝑓(𝑁) + 𝑆𝐽(𝑓(𝑁)). 

This concludes the proof that 𝑓(𝑁) is an 𝑆-max-𝑃𝑆 of 𝑀′. ◻ 

Corollary 5.  Consider an 𝑅-module 𝑀 equipped with submodules 𝐷 and 𝑁 satisfying 𝐷 ⊆ 𝑁 ⊊ 𝑀. Provided that 𝐷 ⊆
𝑆𝐽(𝑁), the submodule 𝑁  qualifies as an 𝑆-max-𝑃𝑆  of 𝑀  exactly when the quotient 𝑁/𝐷  is an 𝑆-max-𝑃𝑆  of the factor 

module 𝑀/𝐷. 

Proposition 14.  Assume M be an R-module, and let N, D, and F be submodules of M such that F is an S-max-PS of M. If 
N ∩ D ⊆ F and the residual condition [N: M] ⊈ [F + SJ(N): M] holds, then D ⊆ F + SJ(N). 

Proof. Given the non-inclusion [𝑁: 𝑀] ⊈ [𝐹 + 𝑆𝐽(𝑁): 𝑀], we can pick an element 𝑎 ∈ [𝑁: 𝑀] that does not belong to 

[𝐹 + 𝑆𝐽(𝑁): 𝑀]. For any arbitrary 𝑥 ∈ 𝐷, we clearly have 𝑎𝑥 ∈ 𝐷. Furthermore, since 𝑎 ∈ [𝑁: 𝑀], it implies 𝑎𝑀 ⊆ 𝑁, 

resulting in 𝑎𝑥 ∈ 𝑁. Combining these facts yields 𝑎𝑥 ∈ 𝑁 ∩ 𝐷 ⊆ 𝐹. 

Knowing that 𝐹  is an 𝑆 -max- 𝑃𝑆  of 𝑀  and 𝑎 ∉ [𝐹 + 𝑆𝐽(𝑁): 𝑀]  (which means 𝑎𝑀 ⊈ 𝐹 + 𝑆𝐽(𝑁) ), it necessitates that 

𝑥 ∈ 𝐹 + 𝑆𝐽(𝑁). Consequently, we conclude that 𝐷 ⊆ 𝐹 + 𝑆𝐽(𝑁). ◻ 

 

Conclusion 

In this research, the S-Maximal PS is studied and presented as a new generalization of PSs. The following is a 
summary of the study’s primary findings: 
In the present study, we introduced and systematically investigated The notion of an 𝑆-maximal prime submodule 
(𝑆-max-PS) as a substantial generalization of the classical notion of a prime submodule. By incorporating the 𝑆-
Jacobson radical 𝑆𝐽(𝑁) into the defining condition, the new concept captures a broader class of submodules while  
preserving a structural essence similar to that of prime submodules.Our study established fundamental 
characterizations and properties of 𝑆-max-PSs. Specifically, we proved equivalent conditions involving ideals and 
submodules (Proposition 1 and its corollary), clarified the relationship between prime submodules and 𝑆-max-PSs 
(Proposition 2), and examined the behavior of the residual [𝑁: 𝑀] (Propositions 3, 4, and 5). Furthermore, we 
provided several Conditions guaranteeing a submodule to be an 𝑆-max-PS, particularly in the context of 
multiplication modules (Propositions 5, 6, and 8). The interaction of 𝑆-max-PSs with standard module operations—
such as intersection (Propositions 10,  and 11), pre-images, and homomorphic images (Propositions 13 and 14)—
was also analyzed, revealing both preserving and non-preserving behaviors, as illustrated by explicit 
counterexamples.The results demonstrate that the theory of 𝑆-maximal prime submodules enriches the structure 
theory of modules, offering a more flexible framework that applies to a wider range of contexts, especially when the 
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Jacobson radical plays a non-trivial role. Future research may focus on further exploring the properties of 𝑆-max-PSs 
in specific classes of modules (such as injective, projective, or Artinian modules), investigating their associated 
spectral topologies, and developing localization techniques tailored to this new concept. Additionally, potential 
applications in related areas, such as module theory over non-commutative rings or in homological algebra, present 
promising avenues for further exploration. 
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