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Abstract: In this paper we shown that the relationship with the best algebraic approximation and K-
monotone functions with bounded (i) such that (i < k,i = 1) derivatives by algebraice polynomial
of degree < k — 1, which interpolates a K-monotone functions f in an interval I at K points, and by
this worke , we are found the rate of approximation of K-monotone functions in space Ly,,(I),0 <

p<l1.
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1.Introduction and Main results

Let f € Ly ,(I),1 = [—b,b], and let pj_; be
algebraic polynomials of degree <k —1
which interpolates f at k points , and let
wg(f,n™1)y,, the Ditzian-Totik modulus of
smoothness of f € L, ,(1),0 <p <1, which
defined by :

W (f, 8, Dyyp = sup l|ak (. )”

Where ||. ||L¢ n denotes the welghted qua5|

normed space([3]) and
AE(f, 2, Dy = AR(f, X)y

- flx =5t —ih)
{z< 1 DM—WT; et
\ 0 o.w

is the kth symmetric difference .A functions
f:I — R is said to be k —monotone , k > 1
on I = [—b, b] iff for all choices of (k + 1)

distinct  xg,..,x, in I, the inequality
[xo,...,xk]f = 0 (1)
holds, where [xg,..,x:]f = Z] O(f(w(x ),

denotes the kth divided difference of f at
Xg, -, X and w(x) = ?zo(x—xj) ()}
Note that 1 —monotone ( 2 —monotone )
functions the class of all k —monotone
functions on I is denoted by A*[I]([5]). A
function f is called weakly k —monotone if the
inequility(1) is satisfied for any set of equally

€l
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spaced points x,, ..., x, ([6]) . We let A1()), be
the set of functions f which chang their
monotone exactly at the points j; € J, , and we
will write f € A' . We consider the space
Ly, (I) , consisting of all functions f on an
interval | for which

f@)
”f”pr(I) I |w()

Recall that for f € Ld,p(l) that

||f||L NORS 2” ||f||L1,,_1(1)

That is ijl(l) C Lyp).

Suppose for some k>2 that f — R is
k —monotone then (é)gc)) , the derivative of
order j , exists on (—=b,b) for j < k — 2 and is
(k — j) —monotone ([1]).

The following theorem is the main results of
this paper :
Theorem (1.1): Let f € A¥[I], be such that
(g)(i) € Ly,(I),i <k,i =1, then there exist
a polynomial p,, € I1,, such that

||f_pn“L¢p(1)
< c(p, 025 ) Wk (f, 6)¢;’||f(‘)||

()

Ly (D

2. Auxiliary Results: Now the following
Lemmas are crucial for the proof of theorem
(1.2).
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Lemma (2.1) [4]: There exist a polynomial
Ik-1 € [lx—1, k> 1 interpolate f at k>1
points inside an interval of J, =[my+
A|l|,m; — All|] where A<Z , is a strictly
positive constant then :

IIf— gwk—1(f)||L¢_p(1) =

e, )W (f 111, 1y -
Lemma (2.2)[3]: For f € Ly,(), k>1 ,
0<p<l, 0<h< § , then

W (f, 8)yp < c(@)swig ™ (f, 8)yp -
Lemma (2.3)[3]:For a functions f € Ly, ,,(I) ,
0<p<1 we have
Wl () < c@IONfIlLy 0

Lemma (2.4) :Let feA[I],i<k,i>1,
then :

W0 (f,8)yp < cOIN 0T (F D, 8y
Proof: By using the definition of the modulus
of smoothness, keeping in mind that
A¥"1f(x) >0 for feA* and changing
variables, we have

Doty 0)y = Bty B (F X)y
| h(p()[f (x+ )
el
] ||Ah¢,()[f(x +8) - f)] -
(=2~ Feoll,
= [lasec f [F G+ = fx = oDt
LypD)

<c) 2 ||Ah<p() [f(x +0 -

lasgtl,,,

Fox— l)] dl ||LW(I)
h z
< c(p) JZ wg 2 (f, 8)y pl
= c(p)twk 2 (f, 6,)1,,,1, , hence
Wk (f,8)ypp < c@N2WE2(f,8)yp .-G
Now, by lemma (2.2) and the inequality (3)
for i < k where i > 1 we get the result

(U(,;(f, 6)1[),17 < C(p)n_iw(’;_i(f(i)l 6)1/},17 .

Lemma (2.5): Let f € Ly, (1), then fori <k
where i>1  there exists a polynomial
Pn € ] ;which is satisfies

If = Palleyor < c@ O FOL,
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Proof: by Lemma (2.1) then there exist a
polynomial p,, € [1x—1,k > 1 interpolate f at
k points which is satisfies
If = Pu iy iy < €@ IOOES N1
And by lemma (2.4) for i < k wherei > 1 we
get
Ilf— pn”Lw_l(I) <c(p, k)n_lwzl/g_l(f(l):fs)w,l .
By lemma (2.3) we get

Ilf — pn”Lw‘l(I) <

o k)n_in—(k—i)”f(i)“Lwlm ,

hence

If = Pally s < @AM FOL, o
Proof of theorem (1.1): by the inequality (2)
then we have

If =pallZ, ) < PIIf palll,
p-1
f-» f-»
If =palll, . n=1J Z 7
@ T o] fpee

If = pully, gy < @2 PlIf

pnllep(I)”f - pnl|L¢,1(1)
By lemma (2.1), we get
”f_pnllipp(l) <
c@ 2Dk (£, F = Palliy s -
By lemma (2.5)
If =pall?, ) <
1-2) kK p-1|| (i
SOL RO 1A H
Hence
||f—Pn||L¢p(1)

<c(p, k)2<v2 )nv wk(f, 5)¢§||f<l>||
Where0<p<1l,i<kand>1.

Ly (D)
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