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In this research ,we conduct an analytical study to estimate the approximate error of
functions using algebraic polynomials in the normed linear space Ly, ,,-(I) ,1 =[d,b],1<p <
oo .We first address the limitations of the weighted integral operator and then establish a
mathematical relationship between the norm of the weight functions L, ,.-(I) and the norm
of continuous functions C(I) on the uniform partition of £; the interval I .We found a
relationship between higher-order smoothness and the approximation  error ,and we also
determined approximation constants that depend on the properties of the normed linear
space Ly, ,,-.Furthermore, we established the interpolation of functionsf on the interval
[d, h], where h < b, to minimize the difference between the function and its derivatives and
the nearest algebraic polynomials in representation. We also demonstrated that the
uniform C — normed space on the interval I can be controlled by the normed linear space
L
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1.Introduction

The theory of important theorems which defines the cornerstone of analysis , is of great importance in functional
analysis , numerical analysis and differential equation , it relies on representing complex function using simpler
binary representations , among these functions are algebraic polynomials starting in space [],, ,as well as geometric
polynomials .In this research , we focused on the approximate motion of a weighted function in external space
Ly .»+(I) on the interval I = [d, b] for values 1 < p < o , wherever "w ()" is a weighted function [1], [2], [3] and

which determines the nature of the norm wused in the weighted integral along the interval:
1
Wflle,, . =(f [{@©w @ dt)?), | € Ly, D), t € T [4], [5].

The interval [was divided into subintervals £; = [t;, t;;;] ,1 <i <n with length h; =| £;|, and this implies

that find the close relationship between L, ,-and C(I) [6], this deepens the local analysis .In this research , we also
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estimated the magnitude of the error E,,_;(f),*, [7], which represents the smallest distance between the function
f € Lp,,»(I) and its best approximation using n — 1 polynomials in L,, ,,~.To achieve these ideas ,several analytical
tools were integrated among them , some important inequalities in approximation theory were employed including
Markov’s inequality [8], [9] in determining the modulus of derivatives of polynomials and finding a relationship with
the overall modulus on the interval £;. ,Whitney’s inequality [8], [9] was Also used and applied to the weighted
space L, 4+, due to the equivalence of moduli between L, and L, ,,+, since the weighted function w*(t)is a
decreasing and bounded function, this allows for relating the smoothness modulus w;,_,(f,8),-, to the
approximation error of the derivative [1], [4] .Jackson’s inequality [8], [9] is another important inequality that finds
the upper limits of the approximation error in founded on the stability of the function , this ensures that algebraic
polynomials provide the optimal approximation of the function on the interval L, ,+ and that the constants do not
depend on the segment length h.We can also link the analytical results of this research in L, ,,- space with the
topological characteristics of open sets of the (Delta-Semi-Open) type and (fan sets) discussed in the literature [12],
[13], [14].

2.Auxiliary Results

In this section, we will present some important Lemmas for the relationship between the normed linear space
Ly .+ and C —normed space,which are necessary to complete the main ideas of the research.

Lemma 2.1:Letl =[d,b], 1 <p <o andw* weighted function onl there is0 <m = inf w*(t) <w*(t) <
supw*(t) =M < Jif P € [],." is a polynomial of degree <n , and

r =min{%,ﬁ} , Li=[t,t]cl h=]| L] then

1Pl 2o < AT I3, o

Proof: We define M =[P, l¢( ;) = maxse ,|PR(O)].
Since is continuous (closed ,bounded) ,it achieves its maximum , hence there exists t, € £;, such that [P} (t)| =
M. By apply Markov's inequality on I then [P}, [lcqy < Ao n2 IPllcay, Ao > 0.
Since £; T, 1Py llcc y < 1Py llcay then (1P llec ¢y < Ao n* IPhllcay, by the major amount Theorem [15],
forany t€ Ly [IP}llcc ) < Apn® M.
(IP;(®) = Pr(t)| < 1P} llec £p 1t = tol < NP3 lleqy 1t = tol)

< Agn? [|Pallcnlt — Gol.
We choose r>0 , r= min{%,ﬁ}ﬂeﬁne]} = Lin[ty—7,ty+7], ] c L ,r<|J|for allt €] ,that is
te],"te [ty -1ty +1]"

Hence

tp—r<tty+r =>-r<t—-tr=>t—-4|r=——m
(0 0 0 | Ol 2c/lon2)

1
IPA (1) = Po(to)] < Aen®IPhllcy r < 5 IPallca

. * * * * * * 1 *
t E] , Since “Pn([to)l = ”]Pn”C( Li)then ”P)n(ﬂ:)l 2 |Ip)n([t0)| - “P)n(tt) - Pn(to)l 2 2 ”]Pn"C( L)

Since w*(t) = My, >0and J © L;
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1 p
Iwm&w4w=fﬂp(DW(MWN>IW(®WW®Wﬂ>n%m<IWqu)WI

I n”c(L)
Hence ”]P:l”Lp’w*([,i) = My ———— ”]l

Therefore [Py lcc £y < 2mpin |l]| IPallL, . p = A |]]| Pl £o

A = A(Mypin) , hence  ||Ppllec gy < A IJII Pl 2o
Lemma 2.2: Let £; be a partition of the interval I such that h = t;,.; — t; ,suppose that the partition is regular, for
some fixed "A;, A," and ( L <hy <Z2 ,i=0,...,m—1.

If P}, € [, then there is a fixed A > 0 such that
2
1Py < A hp”]ID;L”pr*(Li) .
Proof: By Lemma (2.1), for every point £;

-1
IP3llceey < AWP 1P, oo

-1 -1 -1
since [J|P <rP ,therefore ||Pyllccsy < ArP IIIP’;;HLPW( L)

By assumption % < h; hence % < % Substituting into lemma (2.1) then

1Pl 2o < An? 1Pl . 2o
3.Prime Effects
We will demonstrate the prime ideas of the research, where we will find the point estimation of the approximation.
Theorem 3.1: If f€ L,,+[d,h], h < bthen there is a polynomial P;_, € [],_, interpolating fat every points
inside [d, h], such that

If = Pralle, . < Ahwp_ (F W) wep m <n
Proof: i. If isfa function of degree < n where is then the polynomial P;_; is identical to the functionf, and
therefore there is no difference in approximating f using P;,_,. ,i.e. the difference is zero.
ii. Ifis f function of degree not < n, then we need the polynomial P;,_,
This polynomial provides the best approximation of {' on [d, h], h < b because {' is of degree n — 1 and P;,_, is the
"best approximation” of f' more accurate in representing the derivative of §' ) .Since IP;,_, represents the optimal
polynomial for approximating j’, therefore, the approximation error can be represented as follows :

En_, i) = E, = If — P;—Z”an*[d,h]

Let Q;[g] denote an integral operator on the interval [a, t],,t < h and represents the cumulative value of the function
g(z) from a to t ,suppose that Q, abounded ,positive ,and linear operator .Let

P;_, () =f(d) + % Q¢[g] ,in the theoretical analysis , we can take Q.[g] = f;g(z) dz 3g(z) =

Pr2(2) + En_»

h
%M=fgmwf
d



Safa Turki Atiyah et al,, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.18.(3) 2026,pp.Math 206-212 209

Which includes the approximation set of the previous errors ,and this formula also ensure P;_,(h) = f(h) ,
P;,_,(d) = f(d) hence g(z) = 0.

Let Q*(t) ={'(t) — P;,_,(t), on [d,h] and t=th,d<t<1.

Suppose G(t) = Q*(th) = (¥ (th) — P;_,(th) )w* (th)

where G(t) afunction defined on [d, 1] which is same as Q* but compressed horizontally on [d, 1]

h
Q|12 - f Q" (D (D7 dt
d

pw*[d,h]

Att = a then tzg ,ift = h then t = 1,hence

h 1
10K, = [ 10 @ ©Fd=h [, 10 @w @ ra
v, :

1
NQ" Mz, tan = I = Przlle,, .fan = h”||G||Lp‘W*[%_1]

1
En () = I = Przlle, ,.an = APIIT (th) — Pi_z(th)llew*[%u

1
> chr||f’ — PZ—Z”an*[d,h]

We have for t € [d, h]

f(h) —f(d)
— p* = —_ d e —
I P"‘llanW*[d'h] LORRICY Qxla] Oulel Ly yp[d.h]
Since (f;f'(z)dz = f(t) — f(d)) and ( f;‘ f'(z)dz = f(h) —§(d))
0 " (z)dz
- ff’(z)dz —I“QTQa[g]
d ni8 Lp o+ [dh]
h ! Z)AZ
= [0 @ - P @)dz - L2 g, [g] + [} Py (@)dz :
Lp -+ [d.h]
IIf — IP):z—1||Lp’w*[d,h] =
d Z n—2\Z Z qfn-2 Z)aZ a\tn=2 z n-2)0Z Lp,w*[d‘h]' - Qnlsl

<

[ @ - P @)z [ e - M@ + Bz
d d

+
Ly p*ld.0] Ly *ldh]

=”11”Lp,w*[d,h] + ”IZHLP'W*[d,h] )

I =

f (f (2) — Py, (@))dz
d

Lp o+ [dh]

Let Q*(z) = {'(z) — Py, ()

fd (f (2) — Py_,(z))dz

< f @ @w* (2)|dz
d

by applying Holder’s inequality to [d, t]
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J-ﬁ Q" (D)w*(z) dz < <f¢dz>a (ft |(@*(Z)4,Lr*(z)|sz)E
d d d

. 1 :
(J- |Q*(Z)w*|pdz> < (J- IQ*(Z)W*(Z)lde) , t<h
d d
= If'(@) = Pr2(@)llL, ,,[a.n]
= n—Z(T,)p,w*

|5 @ = Pro@)dz| < (€ = )7 By y (P

1-1
<h v En—z(f,)w*,p

1
1__
h »

||f;(f’ (z) - lP’,*;_z(Z))dzHL < Epy () p

w0 *[d,h] Lpw*dh

h ’ r
"Illle.w*[d,h] < —lEn—Z(f )w*,p < hEn—Z (f )w*,p
pp

[i Pz (@ = M (Pos (@) + Eyeo(Mup)) 2|

Lll, . =
” 2”Lp,w [d,h] p,w*[d'h]

We have n—2(z) + Ey_;(f)wp = 0, then
IPr2@w @I < Ey_, (1) p and

h * * h !
S, 1Py (@ w* @)IPdz < [} EL_, (1) pdz

|(1 - M)J n—2(@)w’ (z) dz —Mj En—y () p dz
a a

t t
< (- ) L Py, (D (2)dz + M fd Epeo()p d
SO =M)hEy sy + M hEy (o 1-M >0, 0<M<1
=h En—z(f’)w*,p
Mall, e < R Enca P
IIf — [P;—llle’w*[d,h] < ”11”Lp’w*[d,h] + ||12||Lp_w*[d,h] < 2hEp 2 () p-

Using the reference that contains Whitney’s inequality , and since the weight function is positive and bounded on

[d,h], the space L, ,+ is norm-equivalent to L, . Consequently , Whitney’s inequality extends from L, to L, -,

hence ”f - [P;l—llle’w*[d,h] S ‘Ahqu:[—l(f” 6)w*,p ’CA = CA(nJ p)

1

Theorem 3.2: Let 1 <p < o and {t;}[%, be a fraction of the interval [such thath; =t;,, —t; = — i P, €,

then for some fixed K (z) > 0 such that
Pl ey < K(Z)”P;”an*(n)

Proof: Since u;'! £; =1=[d,b] suchthat £L; = [t; ;]

P71l ey = Maxocism—1 1Pyl £, -By Lemma (2.2)
2
1Pl zpy < Anp ”]P;”Lp’w*( L)

since ”]P;lllfpw*(]l) = Z?;BlI“P’Z"IL)pw*( £)
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Maxosism-1lPnllL, . £y < P2l , . therefore

2
IPallcy = K@IPAL,,.0p » K(2) = Anp.

Theorem 3.3: Letf € L, ,,-,and P;,_; € [[,— i,then there is occur a fixed <4 > 0 so that

() = P; (O] < Ahwl_,(F,8) e pwhere A = A(1+K(n—1)),VLE L

Proof: Let Q;,_; € [[,-; is a polynomial who is the "best approximation” to f then Vt € I

f(®) = Pr—1 (O = () — Qu-1(0) + (@1 (V) — Py (1)

f(®) = Pr_s (O] < (O = @y (O] + Q-1 (©) = Pry (O] - (1

Sine Q;_;(t) — Pr_1(t) € [[,—, then
By theorem (3.2)

1(Qn-1(®) = Proy ()’ (O] < K = DIQu (O = Py O, ) (2

1oy = Pially oy < I = Qucalliy o + 1T = Pocally. ) -3

Hence ,from (1),(2),(3), we obtain

I = P )w™ (O | < K(n = DIF = Q| + K = DIf = Qs
+If — ]P):L—llle*’p(]I) (4

|(F = Qu-Dw™ (O] < [If = Qu-1llea (5

Using Jackson’s inequality ,thus

1(F = Qu-1) w O] < MIf = Quesllew < AR wp_ (7,8) e p

To this end, using (4) ,(5) and Theorem (3.1) we obtain

|(F(®) = Proy ()w* (©) | < Ah (7,8 p + Ks(n = Dhwy (7,8 p Ky = K(n — DA

|(F(®) = Proa @) w (@) | < A = D hwg_, (7, 8)

t €1 ,A(n-1)=c+K;(n-1), since m = min,¢;|w*(t)| then

A
1 f(©) = P (O] < Oy (7, 8)r

mn—1h
m
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