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A B S T R A C T 

In this research ,we conduct an analytical study to estimate the approximate error of  
functions using algebraic polynomials in the normed linear space 𝐿𝑝,𝓌∗(𝕀)   ,𝕀 = [𝑑, 𝑏], 1 ≤ 𝑝 ≤

∞ .We first address the limitations of the weighted integral operator and  then establish a 
mathematical relationship between the norm of the weight functions 𝐿𝑝,𝓌∗(𝕀)   and the norm 

of continuous functions 𝐶(𝕀) on the uniform partition of  ℒi the interval 𝕀 .We found a 
relationship between higher-order smoothness and the approximation      error ,and we also 
determined approximation constants that depend on the properties of the normed linear 
space 𝐿𝑝,𝓌∗.Furthermore, we established the interpolation of functions 𝔣  on the interval 
[𝑑, ℎ] , where  ℎ ≤ 𝑏, to minimize the difference between the function and its derivatives and 
the nearest algebraic polynomials in representation. We also demonstrated that the 
uniform  C − normed space on the interval 𝕀 can be controlled by the normed linear space 
𝐿𝑝,𝓌∗. 

MSC.. 

https://doi.org/10.29304/jqcsm.2026.18.32968 

1.Introduction 

The theory of important theorems which defines the cornerstone of analysis , is of great importance in functional 

analysis , numerical analysis and differential equation , it relies on representing  complex function using simpler 

binary representations , among these functions are algebraic polynomials starting in space ∏𝑛 ,as well as geometric 

polynomials .In this research , we focused on the approximate motion of a weighted  function in external space 

𝐿𝑝,𝓌∗(𝕀) on the interval 𝕀 = [𝑑, 𝑏] for values 1 ≤ 𝑝 ≤ ∞  , wherever "𝓌∗(𝕥)" is a weighted function [1], [2], [3] and 

which determines the nature of the norm used  in the weighted integral along the interval:   

(‖𝔣‖𝐿𝑝,𝓌∗(𝕀)=(∫
𝕀
|𝔣(𝕥)𝓌∗(𝕥)|𝑝𝑑𝕥)

1

𝑝), 𝔣 ∈ 𝐿𝑝,𝓌∗(𝕀), 𝕥 ∈ 𝕀 [4], [5]. 

The interval  𝕀 was divided into subintervals    ℒ𝑖 = [𝕥𝑖 , 𝕥𝑖+1]    ,1 ≤ 𝑖 ≤ 𝑛  with length  ℎ𝑖 = |  ℒ𝑖| , and this implies 

that  find the close relationship between 𝐿𝑝,𝓌∗and 𝐶(𝕀) [6], this deepens the local analysis .In this research , we also 
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estimated the magnitude of  the error 𝐸𝑛−1(𝔣)𝓌∗,𝑝 [7], which represents the smallest distance between the function 

𝔣 ∈ 𝐿𝑝,𝓌∗(𝕀) and its best approximation using 𝑛 − 1 polynomials in 𝐿𝑝,𝓌∗ .To achieve these ideas ,several analytical 

tools were integrated among them , some important inequalities in approximation theory  were  employed including 

Markov’s inequality [8], [9] in determining the modulus of derivatives of polynomials and finding a relationship with 

the overall modulus on the interval   ℒ𝑖 . ,Whitney’s inequality [8], [9] was Also used and  applied to the weighted 

space 𝐿𝑝,𝓌∗  , due to the equivalence of moduli between 𝐿𝑝  and 𝐿𝑝,𝓌∗ , since the weighted function  𝓌∗(𝕥) is a 

decreasing and bounded  function, this allows for relating the smoothness modulus 𝜔𝑚−1
𝜑 (𝔣, 𝛿)𝓌∗,𝑝  to the 

approximation error of the derivative [1], [4] .Jackson’s inequality [8], [9] is another important inequality that finds 

the upper limits of the approximation error in founded on  the stability of the function , this ensures that algebraic 

polynomials provide the optimal approximation of  the function on the interval  𝐿𝑝,𝓌∗  and that the constants do not 

depend on the segment length  h.We can also link the analytical results of this research in 𝐿𝑝,𝓌∗ space with the 

topological characteristics of open sets of the (Delta-Semi-Open) type and (fan sets) discussed in the literature [12], 

[13], [14]. 

2.Auxiliary Results 

In this section, we will present some important Lemmas for the relationship between the normed linear space 

𝐿𝑝,𝓌∗  and 𝐂 −normed space,which are necessary to complete the main ideas of the research. 

Lemma 2.1:Let 𝕀 = [𝑑, 𝑏] , 1 ≤ 𝑝 ≤ ∞  and 𝓌∗ weighted function on 𝕀 ,there is 0 < 𝑚 = 𝑖𝑛𝑓 𝓌∗(𝕥) ≤ 𝓌∗(𝕥) ≤

𝑠𝑢𝑝 𝓌∗(𝕥) = 𝑀 < ∞ ,if ℙ𝑛
∗ ∈ ∏𝑛"  is a polynomial of degree ≤ 𝑛  , and 

𝑟 = 𝑚𝑖𝑛 {
ℎ𝑖

2
,

1

2𝒜0𝑛2}   ,      ℒ𝑖 = [𝕥𝑖 , 𝕥𝑖+1] ⊂ 𝕀  , ℎ = |  ℒ𝑖|,  then 

‖ℙ𝑛
∗ ‖𝐶(  ℒ𝑖) ≤ 𝒜 |𝕁|

−1

𝑝  ‖ℙ𝑛
∗ ‖𝐿𝑝,𝓌∗(  ℒ𝑖) 

Proof : We define  𝑀 = ‖ℙ𝑛
∗ ‖𝐶(  ℒ𝑖) = 𝑚𝑎𝑥𝓉∈  ℒ𝑖

|ℙ𝑛
∗ (𝕥)|. 

Since  is continuous (closed ,bounded) ,it achieves its maximum , hence there exists 𝕥0 ∈   ℒ𝑖  , such that   |ℙ𝑛
∗ (𝕥)| =

𝑀.   By apply Markov’s inequality on 𝕀    then ‖ℙ𝑛
∗ ′‖𝐶(𝕀) ≤ 𝒜0 𝑛2 ‖ℙ𝑛

∗ ‖𝐶(𝕀),   𝒜0 > 0. 

 Since   ℒ𝑖 ⊂ 𝕀  ,  ‖ℙ𝑛
∗ ′‖𝐶(  ℒ𝑖) ≤ ‖ℙ𝑛

∗ ′‖𝐶(𝕀)  then   ‖ℙ𝑛
∗ ′‖𝐶(  ℒ𝑖)  ≤ 𝒜0 𝑛2 ‖ℙ𝑛

∗ ‖𝐶(𝕀) , by  the major amount Theorem [15], 

for any  𝕥 ∈   ℒ𝑖 ,  ‖ℙ𝑛
∗ ′‖𝐶(  ℒ𝑖)  ≤ 𝒜0 𝑛2 𝑀. 

(|ℙ𝑛
∗ (𝕥) − ℙ𝑛

∗ (𝕥0)| ≤ ‖ℙ𝑛
∗ ′‖𝐶(  ℒ𝑖) |𝕥 − 𝕥0| ≤ ‖ℙ𝑛

∗ ′‖𝐶(𝕀) |𝕥 − 𝕥0|) 

                              ≤ 𝒜0 𝑛2 ‖ℙ𝑛
∗ ‖𝐶(𝐼)|𝕥 − 𝕥0|. 

 We choose   𝑟 > 0   ,  𝑟 = 𝑚𝑖𝑛 { 
ℎ𝑖

2
,

1

2𝒜0𝑛2 }.Define 𝕁 =   ℒ𝑖 ∩ [𝕥0 − 𝑟, 𝕥0 + 𝑟]  , 𝕁 ⊂   ℒ𝑖   , 𝑟 ≤ |𝕁|,for all 𝕥 ∈ 𝕁  , that is  

𝕥 ∈ 𝕁 , "𝕥 ∈ [𝕥0 − 𝑟, 𝕥0 + 𝑟]". 

   Hence  

(𝕥0 − 𝑟 ≤ 𝕥 ≤ 𝕥0 + 𝑟 ⇒ −𝑟 ≤ 𝕥 − 𝕥0 ≤ 𝑟 ⇒ |𝕥 − 𝕥0| ≤ 𝑟 =
1

2𝒜0𝑛2
) 

|ℙ𝑛
∗ (𝕥) − ℙ𝑛

∗ (𝕥0)| ≤ 𝒜0𝑛2‖ℙ𝑛
∗ ‖𝐶(𝕀) 𝑟  ≤

1

2
 ‖ℙ𝑛

∗ ‖𝐶(𝕀)  

𝕥 ∈ 𝐽  ,  since    |ℙ𝑛
∗ (𝕥0)| = ‖ℙ𝑛

∗ ‖𝐶(  ℒ𝑖)then  |ℙ𝑛
∗ (𝕥)| ≥ |ℙ𝑛

∗ (𝕥0)| − |ℙ𝑛
∗ (𝕥) − ℙ𝑛

∗ (𝕥0)| ≥
1

2
 ‖ℙ𝑛

∗ ‖𝐶(  ℒ𝑖) 

 Since 𝓌∗(𝕥) ≥ 𝑚𝑚𝑖𝑛 > 0 and  𝕁 ⊂   ℒi 
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‖ℙ𝑛
∗ ‖𝐿𝑝,𝓌∗(  ℒ𝑖)

𝑝
= ∫

ℓ𝑖
|ℙ𝑛

∗ (𝕥)𝓌∗(𝕥)|𝑝𝑑𝕥 ≥ ∫
𝕁
|ℙ𝑛

∗ (𝕥)𝓌∗(𝕥)|𝑝𝑑𝕥 ≥ 𝑚𝑚𝑖𝑛
𝑝

(
1

2
 ‖ℙ𝑛

∗ ‖𝐶( ℒ𝑖))
𝑝

|𝕁| 

 Hence   ‖ℙ𝑛
∗ ‖𝐿𝑝,𝓌∗( ℒ𝑖)  ≥ 𝑚𝑚𝑖𝑛  

‖ℙ𝑛
∗ ‖𝐶( ℒ𝑖)

2
  |𝕁|

1

𝑝 

 Therefore ‖ℙ𝑛
∗ ‖𝐶(  ℒ𝑖) ≤ 2𝑚𝑚𝑖𝑛 |𝕁|

−1

𝑝   ‖ℙ𝑛
∗ ‖𝐿𝑝,𝓌∗(  ℒ𝑖) = 𝒜 |𝕁|

−1

𝑝   ‖ℙ𝑛
∗ ‖𝐿𝑝,𝓌∗(  ℒ𝑖) 

𝒜 = 𝒜(𝑚𝑚𝑖𝑛)  ,  hence       ‖ℙ𝑛
∗ ‖𝐶(  ℒ𝑖) ≤ 𝒜 |𝕁|

−1

𝑝   ‖ℙ𝑛
∗ ‖𝐿𝑝,𝓌∗(  ℒ𝑖) . 

Lemma 2.2: Let ℒi be a partition of the interval 𝕀 such that ℎ = 𝕥𝑖+1 − 𝕥𝑖 ,suppose that the partition is regular , for 

some fixed "𝒜1, 𝒜2"  and    ( 
𝒜1

n
≤ hi ≤

𝒜2

n
)  , i = 0, … . , m − 1. 

   If  ℙn
∗ ∈ ∏n then there is a fixed 𝒜 > 0 such that  

‖ℙ𝑛
∗ ‖𝐶( ℒ𝑖) ≤ 𝒜 ℎ

2

𝑝‖ℙ𝑛
∗ ‖𝐿𝑝𝓌∗(ℒ𝑖) . 

Proof:  By Lemma (2.1) , for every point   ℒi 

       ‖ℙ𝑛
∗ ‖𝐶(ℒ𝑖) ≤ 𝒜|𝕁|

−1

𝑝  ‖ℙ𝑛
∗ ‖𝐿𝑝,𝓌∗(ℒ𝑖) 

 since   |𝕁|
−1

p   ≤ r
−1

p   , therefore  ‖ℙn
∗ ‖C(  ℒi) ≤ 𝒜 r

−1

p   ‖ℙn
∗ ‖Lp,𝓌(  ℒi). 

 By assumption 
𝒜1

n
≤ hi   hence  

𝒜1

2𝑛
≤

ℎ𝑖

2
. Substituting into lemma (2.1) then 

‖ℙ𝑛
∗ ‖𝐶(  ℒ𝑖) ≤ 𝒜𝑛

2

𝑝  ‖ℙ𝑛
∗ ‖𝐿𝑝,𝓌∗(  ℒ𝑖). 

3.Prime Effects 

We will demonstrate the prime ideas of the research, where we will find the point estimation of the approximation. 

Theorem 3.1: If  𝔣 ∈  𝐿𝑝,𝓌∗[𝑑, ℎ] , ℎ < 𝑏,then there is a polynomial ℙn−1
∗ ∈ ∏r−1 interpolating fat every points 

inside [𝑑, ℎ] , such that  

‖𝔣 − ℙ𝑛−1
∗ ‖𝐿𝑝,𝓌∗ ≤ 𝒜ℎ 𝜔𝑚−1

𝜑 (𝔣′, ℎ)𝓌∗,𝑝  , 𝑚 ≤ 𝑛 

Proof: i. If is 𝔣 a function of degree < 𝑛 where is then the polynomial ℙ𝑛−1
∗   is identical to the function 𝔣 , and 

therefore there is no difference in approximating 𝔣  using ℙ𝑛−𝑟
∗   ,i.e. the difference is zero.   

ii. If is  𝔣  function of degree not  < 𝑛 , then we need the polynomial ℙ𝑛−2
∗ .     

This polynomial provides the best approximation of  𝔣′ on [𝑑, ℎ], ℎ < 𝑏  because 𝔣′ is of degree 𝑛 − 1 and  ℙ𝑛−2
∗  is the 

"best approximation" of  𝔣′   more accurate in representing the derivative of  𝔣′ ) .Since ℙ𝑛−2
∗   represents the optimal 

polynomial for approximating 𝔣′, therefore , the approximation error can be represented as follows : 

𝐸𝑛−2(𝔣′) = 𝐸𝑛−2 = ‖𝔣′ − ℙ𝑛−2
∗ ‖𝐿𝑝,𝓌∗[𝑑,ℎ] 

Let 𝑄𝕥[𝔤] denote an integral operator on the interval [𝑎, 𝕥] , 𝕥 ≤ ℎ and represents the cumulative value of the function 

𝔤(𝕫) from 𝑎 to 𝕥 ,suppose that 𝑄𝕥 abounded ,positive ,and linear operator .Let 

ℙ𝑛−1
∗ (𝕥) = 𝔣(𝑑) +

𝔣(ℎ)−𝔣(𝑑)

𝑄ℎ[𝔤]
  𝑄𝕥[𝔤]  ,in the theoretical analysis , we can take 𝑄𝓉[𝔤] = ∫ 𝔤(𝕫)

𝕥

𝑎
𝑑𝕫        ∋ 𝔤(𝕫) =

ℙ𝑛−2
∗ (𝕫) + 𝐸𝑛−2 

"𝑄ℎ[𝔤] = ∫ 𝔤(𝕫)
ℎ

𝑑

𝑑𝕫"         
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Which includes the approximation set of the previous errors ,and this formula also ensure ℙ𝑛−2
∗ (ℎ) =  𝔣(ℎ)   ,

ℙ𝑛−1
∗ (𝑑) = 𝔣(𝑑) hence   𝔤(𝕫) ≥ 0. 

 Let ℚ∗(𝕥) = 𝔣′(𝕥) − ℙ𝑛−2
∗ (𝕥) ,  on  [𝑑, ℎ]   and  𝕥 = 𝔱ℎ  , 𝑑 ≤ 𝔱 ≤ 1. 

Suppose 𝐺(𝔱) = ℚ∗(𝔱ℎ) = (𝔣′(𝔱ℎ) − ℙ𝑛−2
∗ (𝔱ℎ))𝓌∗(𝔱ℎ) 

where  𝐺(𝔱)  a function defined on  [𝑑, 1] which is same as ℚ∗ but compressed horizontally on  [𝑑, 1] 

‖ℚ∗‖𝐿𝑝,𝓌∗[𝑑,ℎ]

𝑝
= ∫ |ℚ∗(𝕥)𝓌∗(𝕥)|𝑝𝑑𝕥

ℎ

𝑑

 

At 𝕥 = 𝑎  then  𝔱 =
𝑑

ℎ
  , if 𝕥 = ℎ  then  𝔱 = 1,hence 

‖ℚ∗‖𝐿𝑝,𝓌∗

𝑝
= ∫ |ℚ∗(𝕥)𝓌∗(𝕥)|𝑝𝑑𝕥

ℎ

𝑑

= ℎ ∫ |ℚ∗(ℎ𝔱)𝓌∗(ℎ𝔱)|𝑝𝑑𝔱
1

𝑑

ℎ

 

‖ℚ∗‖𝐿𝑝,𝓌∗[𝑑,ℎ] = ‖𝔣′ − ℙ𝑛−2
∗ ‖𝐿𝑝𝓌∗[𝑑,ℎ] = ℎ

1

𝑝‖𝐺‖
𝐿𝑝,𝓌∗[

𝑑

ℎ
,1]

 

𝐸𝑛−2(𝔣′) = ‖𝔣′ − ℙ𝑛−2
∗ ‖𝐿𝑝,𝓌∗[𝑑,ℎ] = ℎ

1

𝑝‖𝔣′(𝔱ℎ) − ℙ𝑛−2
∗ (𝔱ℎ)‖

𝐿𝑝,𝓌∗[
𝑑

ℎ
,1]

 

≥ 𝑐ℎ
1

𝑝‖𝔣′ − ℙ𝑛−2
∗ ‖𝐿𝑝,𝓌∗[𝑑,ℎ] 

We have for 𝕥 ∈ [𝑑, ℎ] 

‖𝔣 − ℙ𝑛−1
∗ ‖𝐿𝑝,𝓌∗[𝑑,ℎ] = ‖𝔣(𝕥) − 𝔣(𝑑) −

𝔣(ℎ) − 𝔣(𝑑)

𝑄ℎ[𝔤]
𝑄𝕥[𝔤]‖

𝐿𝑝,𝓌∗[𝑑,ℎ]

 

Since  (∫ 𝔣′(𝕫)𝑑𝕫
𝕥

𝑑
= 𝔣(𝕥) − 𝔣(𝑑))  and  (∫ 𝔣′(𝕫)𝑑𝕫

ℎ

𝑑
= 𝔣(ℎ) − 𝔣(𝑑)) 

= ‖∫ 𝔣′(𝕫)𝑑𝕫
𝕥

𝑑

−
∫ 𝔣′(𝕫)𝑑𝕫

ℎ

𝑑

𝑄ℎ[𝔤]
𝑄𝕥[𝔤]‖

𝐿𝑝,𝓌∗[𝑑,ℎ]

 

= ‖∫ (𝔣′(𝕫) − ℙ𝑛−2
∗ (𝕫))𝑑𝕫

𝕥

𝑑
−

∫ 𝔣′(𝕫)𝑑𝕫
ℎ

𝑑

𝑄ℎ[𝔤]
𝑄𝕥[𝔤] + ∫ ℙ𝑛−2

∗ (𝕫)𝑑𝑧
𝕥

𝑑
‖

𝐿𝑝,𝓌∗[𝑑,ℎ]

, 

‖𝔣 − ℙ𝑛−1
∗ ‖𝐿𝑝,𝓌∗[𝑑,ℎ] =

‖∫ (𝔣′(𝕫) − ℙ𝑛−2
∗ (𝕫))𝑑𝕫

𝕥

𝑑
+ ∫ ℙ𝑛−2

∗ (𝕫)𝑑𝕫
𝕥

𝑑
− ℳ ∫ (ℙ𝑛−2

∗ (𝕫) + 𝐸𝑛−2)𝑑𝕫
𝕥

𝑑
‖

𝐿𝑝,𝓌∗[𝑑,ℎ]
, ℳ =

∫ 𝔣′(𝑧)𝑑𝑧
ℎ

𝑑

𝑄ℎ[𝔤]
 

≤ ‖∫ (𝔣′(𝕫) − ℙ𝑛−2
∗ (𝕫))𝑑𝕫

𝕥

𝑑

‖
𝐿𝑝,𝓌∗[𝑑,ℎ]

+ ‖∫ (ℙ𝑛−2
∗ (𝕫) − ℳ(ℙ𝑛−2

∗ (𝕫) + 𝐸𝑛−2))𝑑𝕫
𝕥

𝑑

‖
𝐿𝑝,𝓌∗[𝑑,ℎ]

 

=‖𝐼1‖𝐿𝑝,𝓌∗[𝑑,ℎ] + ‖𝐼2‖𝐿𝑝,𝓌∗[𝑑,ℎ] ,  

𝐼1 = ‖∫ (𝔣′(𝕫) − ℙ𝑛−2
∗ (𝕫))𝑑𝕫

𝕥

𝑑

‖
𝐿𝑝,𝓌∗[𝑑,ℎ]

 

Let ℚ∗(𝕫) = 𝔣′(𝕫) − ℙn−2
∗ (𝕫) 

|∫ (𝔣′(𝕫) − ℙn−2
∗ (𝕫))d𝕫

𝕥

d

| ≤ ∫ |ℚ∗(𝕫)𝓌∗(𝕫)|d𝕫
𝕥

d

 

by applying Holder’s inequality to [𝑑, 𝕥] 
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∫ ℚ∗(𝕫)𝓌∗(𝕫) 𝑑𝕫 ≤ (∫ 𝑑𝕫
𝕥

𝑑

)

1

𝑞

(∫  |ℚ∗(𝕫)𝓌∗(𝕫)|𝑝𝑑𝕫
𝕥

𝑑

)

1

𝑝𝕥

𝑑

 

(∫ |ℚ∗(𝕫)𝓌∗|𝑝𝑑𝕫
𝕥

𝑑

)

1

𝑝

≤ (∫ |ℚ∗(𝕫)𝓌∗(𝕫)|𝑝𝑑𝕫
ℎ

𝑑

)

1

𝑝

  , 𝕥 ≤ ℎ 

= ‖𝔣′(𝕫) − ℙ𝑛−2
∗ (𝕫)‖𝐿𝑝,𝓌∗[𝑑,ℎ] 

                                                               = 𝐸𝑛−2(𝔣′)𝑝,𝓌∗   

                      |∫ (𝔣′(𝕫) − ℙ𝑛−2
∗ (𝕫))𝑑𝑧

𝕥

𝑑
| ≤ (𝕥 − 𝑑)

1−
1

𝑝 𝐸𝑛−2(𝔣′)𝓌∗,𝑝  

                                                                ≤ ℎ
1−

1

𝑝 𝐸𝑛−2(𝔣′)𝓌∗,𝑝  

       ‖∫ (𝔣′(𝕫) − ℙ𝑛−2
∗ (𝕫))𝑑𝑧

𝕥

𝑑
‖

𝐿𝑝,𝓌∗[𝑑,ℎ]

≤ 𝐸𝑛−2(𝔣′)𝓌∗,𝑝 ‖ℎ
1−

1

𝑝‖
𝐿𝑝,𝓌∗[𝑑,ℎ]

  

                                           ‖𝐼1‖𝐿𝑝,𝓌∗[𝑑,ℎ]
≤

ℎ

𝑝
1
𝑝

𝐸𝑛−2(𝔣′)𝓌∗,𝑝 ≤ ℎ𝐸𝑛−2(𝔣′)𝓌∗,𝑝  

                                                        ‖𝐼2‖𝐿𝑝,𝓌∗[𝑑,ℎ]
= ‖∫ (ℙ𝑛−2

∗ (𝕫) − ℳ(ℙ𝑛−2
∗ (𝕫) + 𝐸𝑛−2(𝔣′)𝓌∗,𝑝)) 𝑑𝕫

𝕥

𝑎
‖

𝐿𝑝,𝓌∗[𝑑,ℎ]
 

 We have                                         ℙ𝑛−2
∗ (𝕫) + 𝐸𝑛−2(𝔣′)𝓌∗,𝑝 ≥ 0 , then      

                                                        |ℙ𝑛−2
∗ (𝕫)𝓌∗(𝕫)|𝑝 ≤ 𝐸𝑛−2

𝑝
(𝔣′)𝓌∗,𝑝  and 

                                                     ∫ |ℙ𝑛−2
∗ (𝕫)𝓌∗(𝕫)|𝑝𝑑𝕫 ≤ ∫ 𝐸𝑛−2

𝑝
(𝔣′)𝓌∗,𝑝𝑑𝕫

ℎ

𝑑

ℎ

𝑑
 

|(1 − ℳ) ∫ ℙ𝑛−2
∗ (𝕫)𝓌∗(𝕫) 

𝕥

𝑎

𝑑𝕫 − ℳ ∫ 𝐸𝑛−2(𝔣′)𝓌∗,𝑝

𝕥

𝑑

𝑑𝕫| 

≤ (1 − ℳ) ∫ |ℙ𝑛−2
∗ (𝑧)𝓌∗(𝑧)|𝑑𝑧

𝕥

𝑑

+  ℳ ∫ 𝐸𝑛−2(𝔣′)𝓌∗,𝑝

𝕥

𝑑

𝑑𝕫 

                                ≤ (1 − ℳ) ℎ 𝐸𝑛−2(𝔣′)𝓌∗,𝑝  + ℳ ℎ 𝐸𝑛−2(𝔣′)𝓌∗,𝑝, 1 − ℳ > 0  ,   0 < ℳ ≤ 1 

                                 = ℎ 𝐸𝑛−2(𝔣′)𝓌∗,𝑝
  

‖𝐼2‖𝐿𝑝,𝓌∗[𝑑,ℎ]
≤ ℎ 𝐸𝑛−2(𝔣′)𝓌∗,𝑝 

‖𝔣 − ℙ𝑛−1
∗ ‖𝐿𝑝,𝓌∗[𝑑,ℎ] ≤ ‖𝐼1‖𝐿𝑝,𝓌∗[𝑑,ℎ] + ‖𝐼2‖𝐿𝑝,𝓌∗[𝑑,ℎ] ≤ 2ℎ 𝐸𝑛−2(𝔣′)𝓌∗,𝑝. 

Using the reference  that contains  Whitney’s inequality  , and since the weight function is positive and bounded on 

[𝑑, ℎ] , the space 𝐿𝑝,𝓌∗ is norm-equivalent to 𝐿𝑝 . Consequently , Whitney’s inequality extends from 𝐿𝑝  to 𝐿𝑝,𝓌∗ , 

hence    ‖𝔣 − ℙ𝑛−1
∗ ‖𝐿𝑝,𝓌∗[𝑑,ℎ] ≤ 𝒜ℎ𝜔𝑚−1

𝜑 (𝔣′, 𝛿)𝓌∗,𝑝    , 𝒜 = 𝒜(𝑛, 𝑝). 

Theorem 3.2: Let 1 ≤ 𝑝 ≤ ∞  and {𝕥𝑖}𝑖=0
𝑚   be a fraction of the interval  𝕀 such that ℎ𝑖 = 𝕥𝑖+1 − 𝕥𝑖 ≈

1

𝑛
  , if ℙ𝑛

∗ ∈ ∏𝑛  

then for some fixed 𝐾(𝕫) > 0 such that  

‖ℙ𝑛
∗ ‖𝐶(𝕀) ≤   𝐾(𝕫)‖ℙ𝑛

∗ ‖𝐿𝑝,𝓌∗(𝕀) 

Proof:  Since   ∪𝑖=0
𝑚−1   ℒ𝑖 = 𝕀 = [𝑑, 𝑏]  such that      ℒ𝑖 = [𝕥𝑖 , 𝕥𝑖+1] 

‖ℙ𝑛
∗ ‖𝐶(𝐼) = 𝑀𝑎𝑥0≤𝑖≤𝑚−1‖ℙ𝑛

∗ ‖𝐶(  ℒ𝑖) .By Lemma (2.2) 

‖ℙ𝑛
∗ ‖𝐶(  ℒ𝑖) ≤ 𝒜 𝑛

2

𝑝 ‖ℙ𝑛
∗ ‖𝐿𝑝,𝓌∗(  ℒ𝑖)  

since      ‖ℙ𝑛
∗ ‖𝐿𝑝,𝓌∗(𝕀)

𝑝
= ∑ ‖ℙ𝑛

∗ ‖𝐿𝑝,𝓌∗(  ℒ𝑖)
𝑝𝑚−1

𝑖=0  
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𝑀𝑎𝑥0≤𝑖≤𝑚−1‖ℙ𝑛
∗ ‖𝐿𝑝,𝓌∗(  ℒ𝑖) ≤ ‖ℙ𝑛

∗ ‖𝐿𝑝,𝓌∗(𝕀), therefore  

‖ℙ𝑛
∗ ‖𝐶(𝕀) ≤   𝐾(𝕫)‖ℙ𝑛

∗ ‖𝐿𝑝𝓌∗(𝕀)   ,   𝐾(𝕫) =  𝒜 𝑛
2

𝑝. 

Theorem 3.3: Let 𝔣 ∈ 𝐿𝑝,𝓌∗  , and ℙ𝑛−1
∗ ∈ ∏𝑛−1 i ,then there is occur a fixed  𝒜 > 0  so that 

|𝔣(𝕥) − ℙ𝑛−1
∗ (𝕥)| ≤  𝐴 ℎ 𝜔𝑚−1

𝜑
(𝔣′, 𝛿)𝓌∗,𝑝,where 𝒜 = 𝒜(1 + 𝐾(𝑛 − 1)) , ∀𝕥 ∈ 𝕀. 

Proof: Let ℚ𝑛−1
∗ ∈ ∏𝑛−1  is a polynomial who is the "best approximation"  to 𝔣 then ∀𝕥 ∈ 𝕀 

𝔣(𝕥) − ℙ𝑛−1
∗ (𝕥) = (𝔣(𝕥) − ℚ𝑛−1

∗ (𝕥)) + (ℚ𝑛−1
∗ (𝕥) − ℙ𝑛−1

∗ (𝕥))  

                              |𝔣(𝕥) − ℙ𝑛−1
∗ (𝕥)| ≤ |𝔣(𝕥) − ℚ𝑛−1

∗ (𝕥)| + |ℚ𝑛−1
∗ (𝕥) − ℙ𝑛−1

∗ (𝕥)|                        … (1 

 Sine    ℚ𝑛−1
∗ (𝕥) − ℙ𝑛−1

∗ (𝕥) ∈ ∏𝑛−1  then 

 By theorem (3.2) 

                                   |(ℚ𝑛−1
∗ (𝕥) − ℙ𝑛−1

∗ (𝕥))𝓌∗(𝕥)| ≤ 𝐾(𝑛 − 1)‖ℚ𝑛−1
∗ (𝕥) − ℙ𝑛−1

∗ (𝕥)‖𝐿𝓌∗,𝑝(𝕀)     ...(2         

‖ℚ𝑛−1
∗ − ℙ𝑛−1

∗ ‖𝐿𝓌∗,𝑝(𝕀) ≤ ‖𝔣 − ℚ𝑛−1
∗ ‖𝐿𝓌∗,𝑝(𝕀) + ‖𝔣 − ℙ𝑛−1

∗ ‖𝐿𝓌∗,𝑝(𝕀)                … (3 

Hence ,from (1) ,(2) ,(3), we obtain  

|(𝔣(𝕥) − ℙ𝑛−1
∗ (𝕥))𝓌∗(𝕥) | ≤ 𝐾(𝑛 − 1)|𝔣 − ℚ𝑛−1

∗ | + 𝐾(𝑛 − 1)(‖𝔣 − ℚ𝑛−1
∗ ‖𝐿𝓌∗,𝑝(𝕀) 

                              +‖𝔣 − ℙ𝑛−1
∗ ‖𝐿𝓌∗,𝑝(𝕀)                                                                                               …(4  

                           |(𝔣 − ℚ𝑛−1
∗ )𝓌∗(𝕥)| ≤ ‖𝔣 − ℚ𝑛−1

∗ ‖𝐶(𝕀)                                                                …(5                                 

Using Jackson’s inequality  ,thus 

|(𝔣 − ℚ𝑛−1
∗ ) 𝓌∗(𝕥)| ≤ ‖𝔣 − ℚ𝑛−1

∗ ‖𝐶(𝕀) ≤ 𝒜ℎ 𝜔𝑚−1
𝜑

(𝔣′, 𝛿)𝓌∗,𝑝 

To this end, using (4) ,(5) and Theorem (3.1) we obtain 

|(𝔣(𝕥) − ℙ𝑛−1
∗ (𝕥))𝓌∗(𝕥) | ≤ 𝒜ℎ 𝜔𝑚−1

𝜑 (𝔣′, 𝛿)𝓌∗,𝑝 + 𝐾1(𝑛 − 1)ℎ 𝜔𝑚−1
𝜑 (𝔣′, 𝛿)𝓌∗,𝑝 , 𝐾1 = 𝐾(𝑛 − 1)𝒜 

|(𝔣(𝕥) − ℙ𝑛−1
∗ (𝕥))𝓌∗(𝕥) | ≤ 𝐴(𝑛 − 1) ℎ 𝜔𝑚−1

𝜑 (𝔣′, 𝛿)𝓌∗,𝑝 

𝕥 ∈ 𝐼  , A(n-1)=c+K1(n-1), since m = 𝑚𝑖𝑛𝓉∈𝐼|𝓌∗(𝕥)| then  

| 𝔣(𝕥) − ℙ𝑛−1
∗ (𝕥)| ≤

𝐴(𝑛 − 1) ℎ

𝑚
𝜔𝑚−1

𝜑 (𝔣′, 𝛿)𝓌∗,𝑝 
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