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1. Introduction:

At the beginning of the introduction here we must
introduce the concept of C* — algebra presented by
which [2]. The main idea B is a unital algebra with
unit I. An involution on B is a conjugate linear
function b — b~ satisfying

@i ") = b, (ii) (bc)" =c"b",

for all b, c € B. (B,*) is called = — algebra.

Banach * — algebra is a * — algebra B with complete
submultiplicative norm such that ||b*|| = ||b]| . A C* —
algebra is a Banach * — algebra such that ||b*b|| =
IblI* [2,6].

Clearly that under the norm topology, L(H), the set of
all bounded linear operator on Hilbert space H, is a
C* — algebra.
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As we previously knew, Banach contraction is a very
useful, a simple and classical tool in modern analysis.
Also, it is important tool for solving problems of
presence in many branches of mathematics. In general,
fixed point theory has been mainstreamed, with the
usual contractive condition is replaced by a new
contractive condition. On the other hand, work spaces
are replaced by metric spaces with an order on closed
and bounded Banach algebra. In recent years, O
Reagan and Petrusel [5] began investigations on a fixed
theoretical point in the required metric space. And that
many authors mainstream their theories a fixed point
on a different type of C* — algebra metric algebra
spaces [3,4]. in this paper We will present Based on the
concept and property of B — C* algebra we first
introduce a concept of B — C*algebra metric
space, some fixed point theorems for function the
contractive condition and B — C* algebra expansion on
such space.
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Now: Suppose the following two conditions:

C=
{M:M is a C* — subalgebra closed subset of B}.

B={L
: LisaC”
— subalgebra closed and bounded subset of B}.

In the item, B mean to us that B — C* algebra.
2- Main Results

Definition (2.1):
dg:XXX—->B is
properties:

that the function
with the following

Suppose
defined,

(1) dg(x,y) =0z, forall x,y in X.

(2)dg(x,y) =0 & x=y.
(3) dg(x,y) = dg(y,x) forall x,y in X.

(4) dg(x,z) < dg(x,y) + dg(y,z) forall x,y,z € X.
Then dy is said to be a B — C* algebra metric on X,
and (X, B, dg) is said to be a B — C* algebra metric
space.

Definition (2.2): Suppose that (X, B, d3) is a
B — C* algebra metric space. Let {x,,} be a sequence in

X and xeX. If dg(xp,x) ”'—”’; 03 (n = ), then it is

said that {x,,} is converge to x.

Definition (2.3): Suppose that (X, B, d3) is a
B — C* algebra metric space. Let {x,,} be a sequence in

Al
B.Ifforany n € N, dg(%4m, Xn) = 0z (n = o),

then it is called a Cauchy sequence in B

Note: A B — C* algebra metric space (X, B, d3) is
complete if every Cauchy sequence in B is convergent.

Example (2.4): If X is a topological space, CB(X)
be a collection closed and bounded continuous
subalgebra of algebra #*(X), then CB(X) is C* —
algebra.

For u,v € CB(X), we define dg: X X X — CB(X) by

dp(u,v) = max(lu; — v, lu, — v,)

Where u = [uy,u,],v = [vy,1,]
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Then dg isa B — C* algebra metric space, and
(X,B,dg) isacomplete B — C* algebra metric
space.

Definition (2.5),[3]: Let (X, B, d5) be a complete
metric space and h: X — X be afunction such that
forall x,y € X,

dg(hx, hy) < Adg(x,y),

where 1 € [0,1). Then h has a fixed point, i.e., there
exists a point x € X suchthat hx = x.

Definition (2.6),[4]: Anelement a € B is
invertible if there is element b € B such that ab =
ba=1

Inv(B) = {a € B:ais invertible }

Lemma (2.7): Let B be a unital B — C*algebra with
aunit 1

1- If beB, ,wehave b < 13 < ||b]| < 15.

2- Ifb € B, with ||b]] < ; ,then 1z — b is
invertible.

3- Ifb,ceB,and cb = bc,then bc > 05.

4- Ifb,c€B,andd € B, withd < b < c and
1— b € B, isan invertible, then (1 —
b)lcx (1 —b) td.

Theorem (2.8): Let (X,B,d3) be a complete

B — C*algebra metric space. Suppose that the function
h: X — X satisfies the following condition:

dg(hx,hy) < p*dz(x,y)p

where p € B, with ||z|| < 1, then h has a unique
fixed point in X.

Proof:
X.

If p = 05, itisclear that h has fixed point in

Suppose that p # 03
Let x, € X and x,,,; = hx,, = - = K" 1x,
If b,c e Band b < c, then forany d € B both d*bd

and d*cd are positive elementand d*bd < d*cd , we
get
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dp(Xni1, Xn) = dp(hxn, hxn_1) < P dp(xn, Xn-1)p

< (@) dp(tn-1, X0 2)P°

< S () dg (X, x0)p"
=@)"Pp"

We have to prove {x,} is Cauchy sequence, for any
nmz1

dB (xm+n' xn) < #9[43 (xm+n' xm+n—1)

+ d'(xm+n—1v xm)]
= de (xm+nr xm+n—1) + #943 (xm+n—1v xm)

S @)'Ppt -+ ()PP

el ;
1-llpll

Therefore {x,,} is Cauchy sequence. Since (X, B, dz) is
complete, there exist an x € X such that lim,,_,,,x, =
lim,_ohx,_1 = x.

<2l - Og

Since
g < dg(hx,x) < dg(hx, hx,) + dg(hx,, x)

S prdg(xn, x)p + dg(xn41,x) = Og

Noori F / Sarim H

hence hx = x, ( x is fixed point of h)
Now, let z be another fixed point of h such that x # z

g < dg(x,z) = dg(hx, hz) < p*dg(x,z)p.
We have
0p < lldg(x, 2| = lldg(hx, h2)|| < l|lp*dp(x, 2)pl

< llz* s Dl

= lpl*lldz(x, 21l < llds(x, 2) |l

Hence x = z

This means that the fixed point is unique.

Theorem (2.9): Let (X, B, dz) be a complete B — C*
algebra metric space, and h: X — X satisfies the
following condition forall x,y € X

dg(hx, hy) < 3(dz(hy,x) + dg(hx,y))

where S € B, and ||| < é . Then there exists a
unique fixed point in X.

Proof: If
X.

3 = 0g, itis clear that h has fixed point in

Suppose that J # 03
Let x, € X and x,,,; = hx,, = - = K" 1x,
dp(Xp, Xp41) = dp(hxn_y, hxy)
< S(dB (hxp, Xp—1) + dB(hxn—lixn))
= 3(dp(hxn, hxn_5) + dg(hxy_y, hxn 1))
< 3(dp(hxy, hxy_q) + dp(hxy_y, hx,_5))
= Jdg(hxp, hxy 1) + Jdg(hxy_q, hxy_3)
= Jdz(Xni1, %) + Idp(xn, Xp-1)
Using lemma ( 2.7), we have
(-

)dB (xn+1'xn) JdB (xn' Xn— 1)

Since b € B, with ||B|| < % ,then (13 — )1 e B,

and furthermore (1 — )~ € B, with ||3(1 —
3)7H| < 1, therefore :
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dB(xn+1ﬂxn) < 3(1 - S)_ldﬂcxn: xn—l)
= 7rdg(Xp, Xn_1)

where » = J(1 — 37!

We have to prove {x,} is Cauchy sequence, for any
nmx=1

dB (xm+nr xn) < S[dB (xm+n' xm+n—1)
+ dB(xm+n—1v xm)]

= SdB (xm+nr xm+n—1) + SdB (xm+n—1v xm)
< SdB (xm+nr xm+n—1)
+ 32 [dB (xm+n—1v xm+n—2)

+ dB (xm+n—2v xn)]

= SdB(xm+n' xm+n—1) + Szd'B(me‘L—lr xm+n—2)
+ Szd'B (xm+n—2: xn)

< Sd"B (xm+n' xm+n—1) + Szd"B (xm+n—1r xm+n—2)
+ SSdB(xm+n—2'xm+n—3) + -

+ Sm_ld‘B(xrwli xn)

< 3,,,m+n—1 + 324,vm+n—2 + ot Sm—l,’,n

I N1 2 [t 1] i 1 7

I3

~ T+ 3Nl > 0
131 =l ?

<

Therefore {x,,} is Cauchy sequence. Since (X,B,dz)
is complete, there exist an x € X such that
lim,_oxy, = lim,_ehx,_1 = x.
dp(hx,x) < 3[dp(hx, hx,) + dg(hxy, x)]
< S[dB (hx' xn) + dB (hxn!x) + dB(xn+1lx)]

< S[dB(hx' xn) + dB(xnlx) + dB(xn+11x)]
+ dB(xn+1l x)
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This is equivalent to

I =Jdp(hx,x) < 3(473(95: Xn) + dB(xn+1:x))
+ d‘B(xn+1:x)

Then

lldg(hx, )l < 131 — DI ldzCx, x,)
+ lldg(xni1, 01
+ I3 = D7l g Cenrr, X
Now, let z is another fixed point of h such that x # z

OB < dB(x,Z) = dB(hx, hZ) <
S(dg(hx, z)+dg(hz, x))

= J(dp(x, z)+d3(z,x))

dp(x,2) < J(1 - 'dp(x, 2)
Since ISA -3 <1

03 < lldg(x, 2) || = lldg(hx, hz)|

< I3A =) dzx, 2l

<ISA =) Hdz(, 2l < lldz(x, 2)|]
Hence x = z.
Therefore h has a fixed point of X.
Corollary (2.10): (K-function) : Let (X, B, d3) be a

complete B — C* algebra metric space, and h: X - X
satisfies the following condition for all x,y € X

dg(hx, hy) < G(dp(hx,x) + dp(hy,y))

where G € B, and ||G|| < % . Then there exists a
unique fixed point in X.

Theorem (2.11): Let (X, B, d3) be a complete
B — C* algebra metric space, and h: X — X be a
function satisfies the following condition for all
x,y €X

dg(hx, hy) < ydg(hx,y) + ndg(hy, x)

st. 1,y € B, and ||n]l + |lyll < 1. Then there exists a
unique fixed point in X.
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Proof :
If n,y = 05, itis clear that h has fixed point in X.
Suppose that p # 0g.
Let x, € X and x,,,; = hx, = -+ = h"*1x,
dp (X, Xny1) = dg(hx,_1, hxy)

< 7743 (hxn—lr xn—l) +
VdB (hxn' xn)

< vdg(Xny1, Xn)
< y(dB (hxnrxn) + d‘B(hxn—lv xn—l))

From which it follows (1 = Y)dg(xn, Xne1) <
yd‘B(xn'xn—l) (1)

By a similar way, we have

dg(Xni1, Xn) = dg(hxy, hx,_q)

< ndg(hx,, x,) + ydg(hx,_q, Xp_1)
< ndg(Xni1, %)
< n(dp(hxn, x,) + dp(hxn_1,%n-1))
That is,
(13 = M dp(Xp, Xp41) < Ndp (X, Xn—1) -..(2)
Now, from (1) and (2), we get

nty n+ty
(1‘B - T)dB(xn' xn+1) < Td‘B(xn:xn—l)

Since n,y € B, and |ln + |l < lInll + Ilyll < 1, then
(1 — ?)‘1 € B, which together with lemma (2.7 )
we obtain

+y\—1 N+
(i Xne1) < (p = 27 L g (o, 1)
+\ "L+
Let 7 = [(15 = ZX) 2], then Il =
n+ty\-1 1ty
las -EH 5 <1

Thus, {x,} is Cauchy sequence in X and therefore by
the completeness of X, there are x € X such that
lim,_ox, = x
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dg(hx, x) < dg(hx, X,41) + dp(xpe1, %)
= dg(hx, hx,) + dp(xp41,%)
< vdp(hx, x,) + ndg(hx,, x) + dp(xpi1,%)
= ydg(x,x,) + ndg(Xpi1, %) + dp(Xni1, %)
and then

ldChx, )| < llyllllds (e, x )l + 171l dg(xnar, Xl
+ lldg (Xns1, )|

By the continuity of the metric and the norm, we know
llds Chx, )l < lInlllldz (hax, )|

Since the ||| < 1 that lim,_|ldg(hx, x)|| = 0z,
thus hx = x.

By the same logic of the theorem (2.8), we get x =y
Hence x is a fixed point of h.

Corollary(2.12): Let (X, B, d3) be a complete
B — C* algebra metric space, and h: X — X satisfies the
following condition for all x,y € X

dg(hx, hy) < ydg(hx, x) + ndz(hy,y)

st. n,¥y € B, and ||n]| + |lyll < 1. Then there exists a
unique fixed point in X.

3. B — C” algebra expansion

Definition(3.1) : Let X be a nonempty set. We said
that the function ¢: X — X is B — C~ algebra
expansion on X, it is satisfies the following condition:

D) X)) =X
(2) dg(ex,py) = w*dg(x,y)w forall
x,y €X

where «» € B is an invertible elementand || || <
1.

Theorem(3.2): Let (X, B, d3) be a complete B — C*
algebra metric space, then for all algebra expansion the
function ¢, there exists a unique fixed point
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Proof: Firstly, to prove that ¢ is 1-1. Assume that
@x = @y, where x,y € X

05 = dg(px, py) 7w dg(x, y)w

Since w*dg(x, y)w = 0z. Also w is invertible,
dg(x,y) =0g,thenx =y

Thus ¢ is 1-1.
Now, we will prove ¢ has a unique fixed point

Since ¢ is invertible and forany x,y € X

dg(px, py) 7 w’dg(x, y)w

Replace the above formula, x, y with ¢~ 1x, ¢~ 1y,
respectively, we get

dg(x,y) = w'dg (@~ x, o ' Y)w

This mean

1

(w) g (x, Y)w ™ = dy(™ x, 07 1y)

= (w)'dg(x,y)w™ > dg(e7'x,07y)

By theorem (2.8) , there exist a unique fixed point x
such that ¢ ™x = x .

This means ¢gx = x.
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