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Abstract 

      In this present paper, we have introduced some new definitions On DM-compact Smarandache 

topological semigroup and DM-L. compact Smarandache topological semigroup for the compactness in 

topological spaces and groups. We obtained some results related to DM-compact Smarandache topological 

semigroup and DM-L. compact Smarandache topological semigroup, for example any infinite group can 

be a DM- compact Smarandache topological semigroup.  
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1. Introduction  

      A topological group (G, , ) is said to be 

compact topological group, if a topological 

space (G, ) is a compact space [1]. Also a group 

(G, ) is said to be D-compact group if for every 

D-cover group of (G, ), there exists a finite sub-

D-cover group of (G, ) [5].  

      Vasantha Kandasamy [6], introduced details 

on a Smarandache structure on a set G means a 

weak structure Won G, where there exists a 

proper subset H of G embedded with a strong 

structure S. Here, we investigated on DM- 

compact Smarandache topological semigroup  

 

 

and DM-L. compact Smarandache topological 

semigroup for the compaction in topological 

spaces and groups, we obtain some good results 

related to these concepts above. Al-Khafajy [7],  

 

introduced details on D-Compact Smarandache 

Groupoids. Al-Khafajy and Sadek [8], studied 

the D-Compact Topological Groups. 

      Motivated by this, we introduce and study 

the DM-compact Smarandache topological 

semigroup and DM-L. compact Smarandache 

topological semigroup.   
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2.   Definitions  

2.1 Definition 

1- We say that the triple (G, , ) is a 

topological semigroup if (G, ) is a topological 

space and (G, ) is a semigroup, where    : G × 

G → G is a continuous, (the set   ×   has the 

product topology). 

2-  1We say that the triple (G, , ) is a 

topological monoid if (G, ) is a topological 

space and (G, ) is a semigroup with a unit 

element (monoid). 

3- 2
The topological semigroup (G, , ) is 

called topological group and denoted by (G, , ) 

if (G, ) is a group, such that, writing   ( )  

    the inversion map    :G → G is 

continuous. 

4- Let (G, , ) is a topological semigroup 

(monoid, group), the topological subsemigroup 

(submonoid, subgroup) (H,  , ) is a subset H 

of G with the topological and semigroup 

(monoid, group) structures induced from G 

make H a topological semigroup (monoid, 

group), respectively, where          

2.2 Definition  

     Let (G, , ) be a topological semigroup,   is 

a non empty subset of  , and   be an indexed (  

is a finite or an infinite set), we say that;  

1- The family {         ,    } is a DM-

covering set of    if   ⋃       . 

 

 

 

 

                                                 
1
 See [6] 

2
 See [2] 

 

2- The set T is DM- compact Smarandache set if 

for any DM-covering set of T, there is a finite 

DM-subcovering set of T, *  +   , (   is a finite 

set), such that   ⋃       and (  , ) is a group 

      under the same operation   on G. 

3- The set   is DM-L. compact Smarandache set 

if for any DM-covering set of    , there is a 

countable DM-subcovering set of T, *  +    

,(   is a countable set), such that   

⋃      and (  , ) is a group       under the 

same operation   on G.  

2.3 Definition 

     Let (G, , ) be a topological semigroup and   

be an indexed (  is a finite or an infinite) set, we 

say that;  

1- The family {          ,    } is DM-

covering of (G, , ) if    ⋃       . 

2- The topological semigroup (G, , ) is DM- 

weakly compact Smarandache topological 

semigroup, if there is a finite DM-covering of 

(G, , ), such that (  , ) is a group       

under the same operation   on   .  

3- The topological semigroup (G, , ) is DM-

compact Smarandache topological semigroup if 

for every DM-covering of (G, , ) there is a 

finite sub-DM-covering *  +   , (   is a finite 

set), such that   ⋃        and  (  , ) is a 

group        under the same operation   on  . 
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4- The topological semigroup (G, , ) is DM-

weakly L. compact Smarandache topological 

semigroup, if there is a countable DM-covering 

of (G, , ), such that (  , ) is a group       

under the same operation   on   .  

5- The topological semigroup (G, , ) is DM-

L. compact Smarandache topological 

semigroup if for every DM-covering of (G, , ) 

there is a countable sub-DM-covering *  +    , 

(  is a countable set), such that    ⋃        

and (  , ) is a group        under the same 

operation   on   .  

2.4 Definition 

    
3
Let (G, , ) and ( ̅, ̅, ̅) be two topological 

semigroups, we say that; 

1-  f : (G, , )   ( ̅, ̅, ̅) is a homomorphism if  

f : (G, )   ( ̅, ̅) is a continuous and  

  (   )=  ( )  ̅  ( )     ,    . 

2-  f : (G, , )   ( ̅, ̅, ̅) is an isomorphism if it 

is a topological homeomorphism and              

 (   )=  ( )  ̅  ( )     ,    . 

3 Main Results 

The prove of the following lemma is direct, 

hence is omitted.  

3.1 Lemma 

     Any DM- compact Smarandache topological 

semigroup is DM- weakly (DM-L.) compact 

Smarandache topological semigroup.                                                                                                           

3.2 Theorem 

     Any infinite group can be a DM- compact 

Smarandache topological semigroup.  

 

 

                                                 
3
 See [2] 

 

Proof  

Let (G, ) is any an infinite group,   is a set 

(finite or infinite), defined 

  *          
  is a finite set, (  , ) group 

               for       +   . 

It is clear that    , since every finite group  , 

( ( )   4), has nontrivial subgroups unless it is 

cyclic of prime order, but   is an infinite so   

has nontrivial subgroups, [3].  

It is easy to prove that (G, ) is a topological 

space; 

1-      and        is a finite        . 

2-      Let   ,      so   
 ,   

  are finite, but 

(      )
    

    
   (      )

  is finite 

and we know that (     , ) is a group   

       . 

3-      Let     ,           
   is a finite      

  ⋂   
 

     is a finite and (⋃      )
  

⋂   
 

    , and we know that  ⋃          for 

some   where            so (⋃      , ) is a 

group and hence ⋃        . 

Therefore (G, ) is a topological space. And 

hence (G, , ) is a topological group, which is 

also a topological semigroup. 

     Let { 𝜆    𝜆   , 𝜆  𝛬}, indexed by 𝛬, be 

any DM-covering of (G, , ), that is   

⋃  𝜆𝜆 𝛬 . Let  °  * 𝜆+𝜆 𝛬   ( °, ) is a group 

and  °
  is a finite set, suppose that  °

   {𝑎 , 

𝑎 , . . . , 𝑎𝑛}, where 𝑎         . For  
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each     there is  𝜆𝑗  * 𝜆+𝜆 𝛬 such that 

𝑎   𝜆𝑗    °
  ⋃  𝜆𝑗      . But    °   °

  

     °  (⋃  𝜆𝑗     ),so that there is a finite 

sub-DM-covering { °, 𝜆 , 𝜆 ,. . . ,  𝜆𝑛} which 

is ( °, ) and ( 𝜆𝑗, ) are groups for each     , 

and therefore (G, , ) is a DM- compact 

Smarandache topological semigroup.  

      By Lemma 3.1 and Theorem 3.2 we can 

prove the following, any infinite group can be a 

DM- weak (DM-L.) compact Smarandache 

topological semigroup.  

We can prove directly, by order the group and 

Lemma 3.1, the following theorem, 

3.3 Theorem 

     Let (G, , ) be a topological semigroup, such 

that G is a finite set. Then the following are 

equivalents;  

1- (G, , ) is a DM- compact Smarandache 

topological semigroup. 

2- (G, , ) is a DM-L. compact Smarandache 

topological semigroup. 

3.4 Theorem 

     Let (G, , ) be a topological semigroup and 

 ,    , if   ,   are DM- compact 

Smarandache set. Then      is a DM- 

compact Smarandache set. 

Proof  

Let  *  +    be a DM-covering set of       

where      ,     , so that,   ⋃       and 

  ⋃       but         are DM- compact 

Smarandache sets, then there are finite subsets  

        I such that   ⋃        and   

 

 

 

 

   ⋃       
  where (  , ) and (  , ) are  

groups for each     ,     , hence     

 (⋃       
)  (⋃       

)  ⋃          
 where 

      is a  finite  set and (  , ) is a group for 

each         . Therefore     is a DM- 

compact Smarandache set.   

     The prove of the following corollary is direct 

from Theorem 3.4, hence is omitted. 

3.5 Corollary 

     Let (G, , ) be a topological semigroup and  

        such that     is a DM- compact 

Smarandache set, if (B, ) is group. Then   is a 

DM- compact Smarandache set. 

3.6 Theorem 

     Let (G, , ) be a topological semigroup and 

A,     , if 

1-     is a DM- compact Smarandache set,  

2-         are disjoint open sets, 

3-  (A, ), (B, )are groups, 

Then   and   are DM- compact Smarandache 

sets. 

Proof 

Let *  +    be a DM-covering set of   where 

                (⋃      )    but 

    is a DM-Smarandache compact set, so 

that, there is a finite subset of I such that 

    (⋃      )    where (  , ) are group 

     (   )    [(⋃      )   ]  

      (⋃      )    ⋃      , 

hence   is a DM- compact Smarandache set.     

By similarity can we prove that   is a DM- 

compact Smarandache set.  
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3.7 Theorem 

     Let (G, , ) be a topological semigroup and 

      , if (H, )  is a group and   is a DM- 

compact Smarandache set in (G, , ). Then   is 

a DM- compact Smarandache set in (H,  ,  ). 

Proof   

Let  *  +    be any DM-covering set of   in 

(H,  ,  ), (where        ), that is        

   ⋃       and                 , 

         ⋃ (     )    (⋃      )     

     ⋃       but   is a DM- compact 

Smarandache set in (G, , ), so there is a finite 

subset J   I such that   ⋃       and (  , ) is 

a group            (⋃   )       

 ⋃ (     )   , where (    , ) is a group 

    .  

Therefore   is a DM- compact Smarandache set 

in (H,  ,  ). 

     The prove of the following theorem is direct, 

hence is omitted. 

3.8 Theorem 

     Let (G, , ) be a DM- compact Smarandache 

topological semigroup and    , if (H, ) is a 

subgroup of (G, ). Then (H,  , ) is a DM- 

compact Smarandache topological semigroup. 

3.9 Corollary 

     Let (G, , ) is a DM- compact Smarandache 

topological semigroup and     , indexed by 

 , be any family of subset of   such that (  , ) 

is a subgroup of (G, ) for each    . Then 

(⋂      , , ) is a DM- compact Smarandache 

topological semigroup, (where   (⋂      )  

 ). 

 

 

 

 

3.10 Theorem 

     Let (G, , ) and ( ̅, ̅ , ̅) are two topological 

semigroups, if (   ) is a group and ( ̅, ̅ , ̅) is a 

DM- compact Smarandache topological 

semigroup. Then (   ̅,   ̅, ) is a DM-

compact Smarandache topological semigroup. 

Proof   

Let {(   ̅  , );  ̅   ̅,     } be any DM-

covering of    ̅       ̅   ⋃ (   ̅ )    

   (⋃  ̅    )    ̅  ⋃  ̅     but ( ̅, ̅ , ̅) is 

a DM- compact Smarandache topological 

semigroup, so there is a finite subset  J   I  

such that  ̅  ⋃  ̅     and ( ̅  , ̅) is a group 

      

 

     ̅    (⋃  ̅    )  ⋃ (   ̅ )    

where    ̅     ̅ and (   ̅ , ) is a group 

for each    . Therefore (   ̅,   ̅, ) is a 

DM- compact Smarandache topological 

semigroup. 

3.11 Theorem 

     Let (G, , ) and ( ̅, ̅ , ̅) be two DM- 

compact Smarandache topological semigroups. 

Then (   ̅,   ̅, ) is a DM- compact 

Smarandache topological semigroup. 

Proof   

Let (G, , ) and ( ̅, ̅ , ̅) are two DM- compact 

Smarandache topological semigroup   there 

exists a DM-covering groups *  +    and 

* ̅ +   of   and  ̅, respectively,, 
4     ̅   

(⋃      )  (⋃  ̅    )   ⋃ (     ̅ )        

   *     ̅ +         is a DM-covering of 

(   ̅,   ̅, ). 

     

                                                 
4
  See [4] 
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Let *𝒲 +    be any DM-covering of (   ̅,  

 ̅, )      ̅  ⋃ 𝒲     , such that 𝒲  𝒰  

𝒱 , where 𝒰   , 𝒱   ̅ for each    . But 

(G, , ) is a DM- compact Smarandache 

topological semigroup, so there is a finite subset 

of I such that    ⋃  𝒰     and (𝒰 , ) is a group 

for each    .  

     Let  𝒰   *𝒰 +        *𝒰   𝒱 +    is a 

DM-covering of  (𝒰    ̅, )    𝒰    ̅  

⋃ (𝒰   𝒱 )   , but 𝒰    ̅  is  a   DM- 

compact Smarandache topological semigroup 

from Theorem 3.11 since (𝒰  , )  is a group and 

( ̅, ̅) is a DM- compact Smarandache 

topological semigroup, so there is a finite  set  

   I  such  that  *𝒰   𝒱 +     is   

a  group       and      ̅  ⋃ (𝒰   𝒱 )    

 𝒰   (⋃ 𝒱    )     ⋃ ( 𝒰       

(⋃ 𝒱    )) 

 (⋃       )  (⋃      )      ̅  
5     ̅ 

(⋃       )  (⋃      )  ⋃ (     )       , 

where (𝒰   𝒱 , ) are groups for each 

         . Therefore (   ̅,   ̅, ) is a 

DM-compact Smarandache topological 

semigroup.  

The prove of the following corollary is direct, 

hence is omitted. 

3.12 Corollary 

     Let (G, , ) is a DM- compact Smarandache 

topological semigroup and     are two subsets 

of  . Then     is a DM- compact 

Smarandache set in (   ,   , ). 

 

 

                                                 
5
  See [4] 

 

3.13 
6
Theorem 

     Let *       } be a family of topological 

groups. Then the direct   ∏      , equipped 

with the product topology is a topological 

group.  

From Theorem 3.11 and Theorem 3.13, 

respectively, and by induction we can prove the 

following theorem; 

3.14 Theorem 

     If (G, , ) is a DM- compact Smarandache 

topological semigroup, then ( 𝑛, 𝑛 , ) is a 

DM- compact Smarandache topological 

semigroup, where(     )  (     ,...,  𝑛  

 𝑛) for each   ,     G,   1, 2, . . ., n. 

3.15 Theorem 

    The product of any finite collection of DM- 

compact Smarandache topological semigroups 

is a DM- compact Smarandache topological 

semigroup. 

The following corollary is direct from Corollary 

3.12 and Theorem 3.15; 

3.16 Corollary 

     Suppose   is non-empty set and (  ,  ,  ) is a 

DM- compact Smarandache topological 

semigroups for each     , if      is a subset of  

   ,      . Then  ∏        is a DM- compact 

Smarandache set in ∏      , , ), where 

   ∏      
  the usual product topology. 

3.17 Theorem 

     Let (G, , ) and ( ̅, ̅, ̅) be two topological 

semigroups and f : (G, , )   ( ̅, ̅, ̅) is an 

isomorphism. Then  

 

 

                                                 
6
 proposition 3.3.4., p.18, [1]. 
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1- If   is a DM- compact Smarandache 

set in (G, , )    ( ) is a DM- compact 

Smarandache set in ( ̅, ̅, ̅). 
2- If   is a DM- compact Smarandache 

set in ( ̅, ̅, ̅) and f is an open map      ( ) 

is a DM- compact Smarandache set in (G, , ). 

Proof 

1-  Let * ̅ +    be any DM-covering set of  ( ) 

in ( ̅, ̅, ̅) that is   ( )  ⋃  ̅     
7    

   (⋃  ̅    ) = ⋃    ( ̅ )    ,  it is clear that  

   ( ̅ )            since   ̅   ̅  for  each  

     and     is continuous , but   is a  DM- 

compact Smarandache set in (G,  ,  ), so there 

is a finite subset of I such that 

  ⋃    ( ̅ )    and (   ( ̅ ),  ) is a group 

            (⋃  ̅    )    f( )   

 (   (⋃  ̅    ))  ⋃  ̅     where ( ̅ , ̅) is a 

group      since   is an isomorphism   

 ( ) is a DM- compact Smarandache set  in 

( ̅, ̅, ̅). 

2- Let *  +   be any DM-covering set of 

   ( ) in(G, , )    ( )   ⋃      ,(   

        )     (⋃      )  ⋃  (     ), it 

is clear that  (  )   ̅          since   is an 

open map , but   is a  DM- compact 

Smarandache set  in  ( ̅, ̅, ̅), so there is a finite 

subset  J   I  such that    ⋃  (     ) where 

( (  ), ̅) is a group 

        (⋃      )   
  ( )  

⋃      , 

 where (  , ) is a group      since    is an 

isomorphism     ( ) is a DM- compact  

Smarandache set  in (G, , ).   

 

                                                 
7
  See [4] 

 

3.18 Theorem  

     Let (G, , ) and ( ̅, ̅, ̅) be two topological 

semigroups and f : (G, , )   ( ̅, ̅, ̅) is an 

isomorphism. Then the following are 

equivalents; 

1- (G, , )  is a DM-compact Smarandache 

topological semigroup, 

2- ( ̅, ̅, ̅) is a DM- compact Smarandache 

topological semigroup. 

Proof 

( )  Suppose that (G, , ) is a DM- compact 

Smarandache topological semigroup , let  

* ̅     ̅   ̅      + be any DM-covering of 

( ̅, ̅, ̅)    ̅  ⋃  ̅          f - ( ̅)   

   (⋃  ̅    )    ⋃    ( ̅ )   , but (G, , ) 

is a DM-compact Smarandache topological 

semigroup, so there is a finite subset of I  such 

that   ⋃    ( ̅ )    and (   ( ̅ )  ) is a 

group              (⋃  ̅    )   

 ̅   ( )   (   (⋃  ̅    ))  ⋃  ̅    , 

where ( ̅    ̅) is a group     . Therefore 

( ̅, ̅, ̅) is a DM- compact Smarandache 

topological semigroup. 

(⟸) Suppose that ( ̅, ̅, ̅) is a DM- compact 

Smarandache topological semigroup, let 

*              + be any DM-covering of 

(G, , )     ⋃          ̅  f( )   

  (⋃      )    ̅  ⋃  (  )   , but ( ̅, ̅, ̅) is a 

DM-compact Smarandache topological 

semigroup, so there is a finite subset of I  such 
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 that   ̅  ⋃  (     ) and  ( (  ), ̅) is a group 

        ̅  f(⋃      )     f
- ( ̅)    

   ( (⋃      ))  ⋃       , where (  , ) is a 

group     .     

     Therefore (G, , ) is a DM- compact 

Smarandache topological semigroup. 
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DM -حول حراص سوارانذاش لشيه السهر الخوبولوجيت هن نوع 

 

 هحوذ عبذ الرضا هطر                                      ضياء غازي طالح الخفاجي               

 جاهعت رايج الرسويت                       جاهعت القادسيت                        

 الوخحذة الاهريكيت /ولايت اوهايوالولاياث كليت علوم الحاسوب وحكنولوجيا الوعلوهاث                    

 قسن الرياضياث                         

 

 

 الوسخخلض :

 DM -قدمىا في هذا انبحث بعض انتعاريف انجديدة حىل تزاص سماراوداش نشيه انشمز انتىبىنىجيت مه وىع        

وهي تزبط انفضاءاث انتىبىنىجيت ووظزيت   .DM-Lو حىل تزاص سماراوداش نشيه انشمز انتىبىنىجيت مه وىع 

و تزاص  DM  -بىنىجيت مه وىع انشمز. حصهىا عهى بعض انىتائج تتعهق بتزاص سماراوداش نشيه انشمز انتى

, مىها كم سمزة غيز مىتهيت ممكه تكىن تزاص سماراوداش  .DM-Lسماراوداش نشيه انشمز انتىبىنىجيت مه وىع 

 DM . -نشيه سمزة تىبىنىجيت مه وىع
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