Recived : 15\6\2016

Journal of AL-Qadisiyah for computer science and mathematics

\ol.8

No.2

Year 2016

Page 25 - 33

Dheia. G /Mohammad. A

On DM- Compact Smarandache Topological Semigroups

Dheia Gaze Salih Al-Khafajy
Department of Mathematic
College of Computer Science and IT
University of Al-Qadisiyah

E-mail: dheia.salih@qu.edu.iq

Abstract

Mohammed Abdulridha Mutar

Wright state University, Ohio, USA

Revised : 16\10\2016

E-mail: Mutar.2@wright.edu

In this present paper, we have introduced some new definitions On DM-compact Smarandache

topological semigroup and DM-L. compact Smarandache topological semigroup for the compactness in

topological spaces and groups. We obtained some results related to DM-compact Smarandache topological

semigroup and DM-L. compact Smarandache topological semigroup, for example any infinite group can

be a DM- compact Smarandache topological semigroup.

Keywords:

topological group, direct product, isomorphism.

Mathematics subject classification: 22-XX

1. Introduction

A topological group (G,t,*) is said to be
compact topological group, if a topological
space (G,t) is a compact space [1]. Also a group
(G,*) is said to be D-compact group if for every
D-cover group of (G,x), there exists a finite sub-
D-cover group of (G,*) [5].

Vasantha Kandasamy [6], introduced details
on a Smarandache structure on a set G means a
weak structure Won G, where there exists a
proper subset H of G embedded with a strong
structure S. Here, we investigated on DM-

compact Smarandache topological semigroup
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semigroups, groups, Smarandache semigroup, DM-covering, topological semigroup,

and DM-L. compact Smarandache topological
semigroup for the compaction in topological
spaces and groups, we obtain some good results

related to these concepts above. Al-Khafajy [7],

introduced details on D-Compact Smarandache
Groupoids. Al-Khafajy and Sadek [8], studied
the D-Compact Topological Groups.

Motivated by this, we introduce and study
the

semigroup and DM-L. compact Smarandache

DM-compact Smarandache topological

topological semigroup.
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2. Definitions
2.1 Definition

1-We say that the triple (G,z,%) is a
topological semigroup if (G,7) is a topological
space and (G,*) is a semigroup, where *: G X
G — G is a continuous, (the set G x G has the
product topology).

2- 'We say that the triple (G,7,%) is a
topological monoid if (G,t) is a topological
space and (G,t) is a semigroup with a unit
element (monoid).

3- *The topological semigroup (G,t,*) is
called topological group and denoted by (G,*,7)
if (G,*) is a group, such that, writing p(x) =
x~1 the inversion map p G — G is
continuous.

4-Let (G,z,*) is a topological semigroup
(monoid, group), the topological subsemigroup
(submonoid, subgroup) (H,ty,*) is a subset H
of G with the topological and semigroup
(monoid, group) structures induced from G
make H a topological semigroup (monoid,
group), respectively, where Ty, =HNt
2.2 Definition

Let (G,t,*) be a topological semigroup, T is
a non empty subset of G, and I be an indexed (I
is a finite or an infinite set), we say that;

1- The family {4;; A; € t,Vi € I} is a DM-

covering setof Tif T € U; 4; -

! See [6]

% See [2]

26

Dheia. G /Mohammad. A

2-The set T is DM- compact Smarandache set if
for any DM-covering set of T, there is a finite
DM-subcovering set of T, {4;};¢;, (J is a finite
set), such that T = Uj¢; A; and (4;,*) is a group
V j € J under the same operation * on G.

3-The set T is DM-L. compact Smarandache set
if for any DM-covering set of T , there is a
countable DM-subcovering set of T, {A}ses
(S such that T =
Uses Asand (Ag,*) is a group V s € S under the

is a countable set),

same operation * on G.
2.3 Definition

Let (G,z,*) be a topological semigroup and [
be an indexed (I is a finite or an infinite) set, we
say that;
1- The family {G;; G; € Tt Vi€ I} is DM-
covering of (G,z,*) if G = U;¢; G; .
2- The topological semigroup (G,z,*) is DM-
weakly compact Smarandache topological
semigroup, if there is a finite DM-covering of
(G,7,*), such that (G;*) is a group Vi€l
under the same operation * on G .
3- The topological semigroup (G,tz,*) is DM-
compact Smarandache topological semigroup if
for every DM-covering of (G,z,x) there is a
finite sub-DM-covering {G;};c;, (J is a finite
set), such that G = Uje; G; and (Gj,) is a

group V j € J under the same operation = on G.



Journal of AL-Qadisiyah for computer science and mathematics

\ol.8

No.2

Year 2016

4- The topological semigroup (G,t,*) is DM-
weakly L. compact Smarandache topological
semigroup, if there is a countable DM-covering
of (G,t,*), such that (G;,*) is a group Vj €]
under the same operation = on G .
5- The topological semigroup (G,t,*) is DM-
L. compact Smarandache  topological
semigroup if for every DM-covering of (G,t,*)
there is a countable sub-DM-covering {G}ses ,
(S is a countable set), such that G = Ugeg G
and (Gg,*) is a group Vs € S under the same
operation x on G .
2.4 Definition

3Let (G,7,*) and (G,7,%) be two topological
semigroups, we say that;
1- f:(G,1,%) - (G,7,¥) is a homomorphism if
f:(G,7) - (G,7) is a continuous and

fx*y»)=fx)*f(y) Vx,y€QG.

2- f:(G,t,*) = (G,7,¥) is an isomorphism if it
is a topological homeomorphism and
fxxy)=f)*f(y) vx,y€Q.
3 Main Results

The prove of the following lemma is direct,
hence is omitted.
3.1 Lemma

Any DM- compact Smarandache topological
semigroup is DM- weakly (DM-L.) compact
Smarandache topological semigroup.
3.2 Theorem

Any infinite group can be a DM- compact

Smarandache topological semigroup.

® See [2]
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Proof

Let (G,) is any an infinite group, I is a set
(finite or infinite), defined

T={A; €G; Af is a finite set, (4;,*) group
Viel&A;, €A, fori; <i,}u0.

Itis clear that T # @, since every finite group G,
(0(G) = 4), has nontrivial subgroups unless it is
cyclic of prime order, but G is an infinite so G
has nontrivial subgroups, [3].

It is easy to prove that (G,*) is a topological

space;

1- ¢ etand G° =0 isafinte= Ger.

2-  Let A;, A, €T soAf, AS are finite, but
(A1 N Ay)¢ = AS U AS = (A, N Ay)€ is finite
and we know that (4; N A,,*) is a group =
A NA,€erT.

3- LetA; €T, VseS = A isafinitevVseS
= NgesdS is a finite and (UgesA45)€ =

Nses AS , and we know that Ugeg Ay = A, for
some t where s <t Vs € 5§50 (UgesAg,*) IS a
group and hence Ugeg A; € T.
Therefore (G,*) is a topological space. And
hence (G,t,*) is a topological group, which is
also a topological semigroup.

Let {A4;; A3 € T,1 € A}, indexed by A, be
any DM-covering of (G,t,*), that is G =
Ujsea 4;. Let Ao € {A;} 14 = (Ao,%) is a group
{a,

and A¢ is a finite set, suppose that A¢

a,...,a,}, where a; € G Vj € J. For
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eachj € J there is AA,- € {A;}3ea such that
a; EA/‘;‘ = AP = Ujg Azj . But G = A. U AS
= G =AU (Uje; 43,):50 that there is a finite
sub-DM-covering {4-,4,,,4;,.. . . , A3,,} Which
is (4.,*) and (AA].,*) are groups for each j € ],
is a DM-

Smarandache topological semigroup.

and therefore (G,z,*) compact
By Lemma 3.1 and Theorem 3.2 we can
prove the following, any infinite group can be a
DM- weak (DM-L.) compact Smarandache
topological semigroup.
We can prove directly, by order the group and
Lemma 3.1, the following theorem,
3.3 Theorem
Let (G,t,*) be a topological semigroup, such
that G is a finite set. Then the following are
equivalents;
1-(Gt,x) is a DM-

topological semigroup.

compact Smarandache

2-(G,t,x) is a DM-L. compact Smarandache
topological semigroup.
3.4 Theorem
Let (G,z,*) be a topological semigroup and
A, BcaG, if A, B are DM-
AUB is a DM-

compact
Smarandache set. Then
compact Smarandache set.
Proof

Let {U;};c; be a DM-covering set of AUB
where U; € t,Vi €1, so that, A € U, U; and
B € Ui U; but Aand B are DM- compact
Smarandache sets, then there are finite subsets
J1-J2 € I'suchthat A € U, Us and
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B € Uqey, Uy where (U,*) and (U, *) are
groups for each s€j;,t €J,, hence AUB
€ (Usej, Us) U (Urey, Ur) = Ujeg,uy, Ui Where
J1UJ, is a finite set and (U;,*) is a group for
each j € J,UJ,. Therefore AUB is a DM-
compact Smarandache set.

The prove of the following corollary is direct
from Theorem 3.4, hence is omitted.
3.5 Corollary

Let (G,7,*) be a topological semigroup and
A.B et such that AUB is a DM- compact
Smarandache set, if (B,*) is group. Then 4 is a
DM- compact Smarandache set.
3.6 Theorem

Let (G,t,*) be a topological semigroup and
ABcG,Iif

1- A U B is a DM- compact Smarandache set,
2- A and B are disjoint open sets,
3-  (A,%), (B,*)are groups,

Then A and B are DM- compact Smarandache
sets.

Proof

Let {U;};c; be a DM-covering set of A where
Uiet.Viel= AUBC (Ui, U)UB but
A UB is a DM-Smarandache compact set, so
that, there is a finite subset of | such that
AUB < (Uje; Uj) U B where (U;,x) are group
vie]=(AUuBNAc[(UjgU)VUB]n
A=ACAN(Uj U) =A< Ujq U,
hence A is a DM- compact Smarandache set.

By similarity can we prove that B is a DM-

compact Smarandache set.
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3.7 Theorem

Let (G,7,*) be a topological semigroup and
ACHCG,if(H,*) isagroup and A isa DM-
compact Smarandache set in (G,t,*). Then A is
a DM- compact Smarandache set in (H,ty,*y).
Proof
Let {H;};c; be any DM-covering set of A in
(H,7y,*y), (where Ty =Hnt ), that
A C U H; H, =G, NnH.G e,
Viel = ACU;q(GNH) = (UigG)NH
= AZS UG, but A is a DM- compact

is

and

Smarandache set in (G,t,*), so there is a finite
subset J < | such that A = Uj¢; G; and (Gj,*) is
a group Vje] = = A=(UjgG)NH
= Ujg(Gj N H), where (G; N H,*) is a group
vj€eJ.
Therefore A is a DM- compact Smarandache set
in (H,7y,*y).

The prove of the following theorem is direct,
hence is omitted.
3.8 Theorem

Let (G,7,*) be a DM- compact Smarandache
topological semigroup and H < G, if (H,*) is a
subgroup of (G,*). Then (H,ty,*) is a DM-
compact Smarandache topological semigroup.
3.9 Corollary

Let (G,t,*) is a DM- compact Smarandache
topological semigroup and H; < G, indexed by
I, be any family of subset of G such that (H;,*)
is a subgroup of (G,x) for each i € I. Then
(Nje H;,T,*) is a DM- compact Smarandache
topological semigroup, (where T = (N;e; H) N

7).
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3.10 Theorem

Let (G,z,%) and (G,T ,*) are two topological
semigroups, if (G.x) is a group and (G,7 %) is a
DM- compact Smarandache topological
semigroup. Then (G X G, X 7,Q) is a DM-
compact Smarandache topological semigroup.
Proof
Let {(G X G; ,®); G; € T, Vi € I} be any DM-
covering of G X G = G X G = U;g(G X G))
=G X (Uje; G;) = G = Ui G; but (G,T %) is
a DM- compact Smarandache topological
semigroup, so there is a finite subset J < |
such that G = Uj¢; G; and (G; %) is a group
vji€]
=  GXG=GxUjgG) =UjegG xG)
where G x G; € T x Tand (G X G;,®) is a group
for each j € J. Therefore (G X G, X T,Q) is a
DM- compact Smarandache topological
semigroup.
3.11 Theorem

Let (G,r,*) and (G,T,¥) be two DM-
compact Smarandache topological semigroups.
Then (G xG,7X7,®) is a DM- compact
Smarandache topological semigroup.
Proof
Let (G,r,*) and (G, ,¥) are two DM- compact
Smarandache topological semigroup = there
exists a DM-covering groups {G,}ses and
{G,}pep0f G and G, respectively,, *= G x G =
(Uaea Ga) X (Upeg Gn) = Uaeapen(Ga X Gy)
=  {Gy X Gplacapes iS @ DM-covering of

(G x Gt X1,Q).

4

See [4]
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Let {W,;};¢; be any DM-covering of (G X G,T x
T,0) = G X G = U;g; W, , such that W, = U; x
V;, where U; €T, V; €Tfor each i €. But
(G,7,*) a DM-

topological semigroup, so there is a finite subset

is compact Smarandache
of I'such that G = Uj¢; U; and (U;,*) is a group
foreachj € J.

Let U, €{Uj}jey = {UWj, XVi}ies Is @
DM-covering of (U, xG,®) = U; xG =
Uier(W;, x V), but U, xG is a  DM-

compact Smarandache topological semigroup
from Theorem 3.11 since (U;,,*) is a group and
(G
topological semigroup, so there is a finite set
S <1 such that {U;,

is a DM- compact Smarandache
X Vs}ses 18

a group Vs € S and Uj, X G =Uges(Uj, X V)
= Uj, X (Uses Vs)
(Uses V)

= (Ujg U X (UsesVs) = GX G °*= G %G
(Ujes Uj) X (Uses Vs) = Ujeyses(U; X Vo),

where (U; X V5,®) are groups for each

= Uf1E/( uh x

j€J. s€S. Therefore (G xG,1XT,Q) is a

DM-compact Smarandache topological
semigroup.
The prove of the following corollary is direct,
hence is omitted.
3.12 Corollary

Let (G,z,*) is a DM- compact Smarandache
topological semigroup and H.S are two subsets
of G. Then HxS is a DM- compact

Smarandache set in (G X G,T X 7,Q).

> See [4]
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3.13 °Theorem
Let {G;:i € I} be a family of topological
groups. Then the direct G = [];¢; G;, equipped
with the product topology is a topological
group.
From Theorem 3.11 and Theorem 3.13,
respectively, and by induction we can prove the
following theorem;
3.14 Theorem
If (G,7,%) is a DM- compact Smarandache
topological semigroup, then (G",t",®) is a
DM- Smarandache

compact topological

semigroup, where(x ® y) =(x; * yq,0es X *
y,) foreach x;, y; €G,i=1,2,...,n.
3.15 Theorem

The product of any finite collection of DM-
compact Smarandache topological semigroups
is a DM- compact Smarandache topological
semigroup.
The following corollary is direct from Corollary
3.12 and Theorem 3.15;
3.16 Corollary

Suppose I is non-empty set and (G;,t;,*;) is a
DM- compact Smarandache topological
semigroups for each i € I , if H; is a subset of
G; ,Viel . Then [l H; is a DM- compact
[lier G1.5.®),

§ =1y, the usual product topology.

Smarandache set in where

3.17 Theorem
Let (G,7,*) and (G,T,¥) be two topological

semigroups and f : (G,r,x) — (G,7,%) is an

isomorphism. Then

® proposition 3.3.4., p.18, [1].
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1- If A is a DM- compact Smarandache
set in (G,r,x) = f(A) is a DM- compact
Smarandache set in (G,7,¥).

2- If B is a DM- compact Smarandache

set in (G,7,%) and f is an open map = f~1(B)
is a DM- compact Smarandache set in (G,t,*).
Proof

1- Let {G;};c; be any DM-covering set of £(A)
in (G,7%) that is f(4) S UG = AC
F ' (Uie; Gi) = Ui, f71(Gy) , it is clear that
f~YG) et .viel since G; et for each
i€l and f is continuous , but A isa DM-
compact Smarandache set in (G, 7, *), so there
is of | that
A= Uje, f1(G) and (F71(Gy), #) is a group
Vie] = A=f"(UjG) = fA)=

F(F(Ujer 6)) = Uyes Gy where (G, is a

group Vj €] since f is an isomorphism =

a finite  subset such

f(A4) is a DM- compact Smarandache set in
(G,T.%).

2- Let {G;}ie;be any DM-covering set of
f71(B)  in(Gr*)= f'(B) S Ui Gi\(Gi €
T. Vi€l) = B < f(Uig Gi) = Ui, f(G), it
is clear that f(G;,) e T. Vi €l since f is an
open map , but B is a DM- compact
Smarandache set in (G,T,%), so there is a finite

subset J S | such that B = Uj¢, f(G;) where

(f(G,).% is a group
Vji€]=B=f(Uj,G)= f(B) =
Ujes Gjs

where (G;,*) is a group Vj € J since f is an

isomorphism = f~1(B) is a DM- compact

Smarandache set in (G,t,*).

7

See [4]
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3.18 Theorem
Let (G,7,*) and (G,T,¥) be two topological
semigroups and f : (G,r,*) - (G,7.%) is an
isomorphism.  Then the following are
equivalents;
1-(G,t,%)
topological semigroup,
2-(G,£%) is a DM-

topological semigroup.

is a DM-compact Smarandache

compact Smarandache
Proof

(=) Suppose that (G,t,*) is a DM- compact
Smarandache topological semigroup , let
{G;; G; € T,Vi €I} be any DM-covering of
(6% = G=UigG = G=f1G) =
f (Uie1 Gi) = G = Ui f1(Gy), but (G,7,%)
is a DM-compact Smarandache topological
semigroup, so there is a finite subset of I such
that G = Uje; f71(G) and (F~1(G)x) is a
goup VjeJ] = G= f'(UjgG) =
G=f6)=f(F(UjesGi)) = Ujse; G,
where (G;.¥) is a group Vj €]. Therefore
(G, %)

topological semigroup.

is a DM- compact Smarandache
(<) Suppose that (G,7,¥) is a DM- compact

Smarandache topological semigroup, let
{G,; G, €T, Viel} be any DM-covering of
Gt*x) = G6=UiG = G=fG)=
fUie1G) = G = Ui f(Gy), but (G,7,%) is a
DM-compact

Smarandache topological

semigroup, so there is a finite subset of | such
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that G = Uje; f(G)) and (f(G;).¥) is a group
Vje]=G=1(UjgG) =G6=f10G) =
f_l (f(UJEJ G])) = UJE] G] , where (G],*) is a
group Vj € J.

Therefore (G,z,%) is a DM-

Smarandache topological semigroup.

compact
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