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In this paper, we will study the relation between complex character f and the condition order
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condition Quasinilpotent QV, (A4) and the radical .
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1 Introduction and Preliminaries .

The study of spectrum has been started and
developed turn of the century in[G.
Frobenius,1908] for the canonical order of R",
[Krien-Rutman,1939] for Banach space, [Helmut
H. Schaefer, 1986] for order topological linear
space, [H. Raubenheimer and S. Rode,1996] for
ordered Banach algebra and [E. B. Daies
introduce( Spectral Theory and Differential
Operators) ,1996] , [K. Yosida introduce (On the
Theory of Spectra),1940].
in [D. Sukumar 2007] introduce the concept of
condition spectrum in real and complex Banach
algebra. In this chapter we introduce four
sections
Section one, focuses upon the introduction and
Preliminaries of the paper
Section two, concentrates on a new concept of a
spectrum of elements in real and complex unital
order Banach algebra is the condition order
spectrum and condition order radius. We will
prove some properties different from the
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properties to the usual spectrum which is a subset
of condition order spectrum.

Section three, involves the properties of
condition order spectrum and the concept of the
condition of Quisinilpotent. This section will
prove some of the properties to shows the
relation between Quisinilpotent and Radical.
Section four, shown the relation between
character and condition order spectrum. Also, we
will introduce the concept of pseudo spectrum in
a condition different from condition spectrum in
[4].

Definitions 1.1[5]:

e A partially ordered set (4, >) is called direct
set if for all «,Bin A such that o # £ ,then
there exists yu suchthaty > a,u = f.

e A function f from a direct set A to a non-

empty set X is called a net on X and it is
denoted by {f3}1en -
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Definition 1.2[6]: Let A be a real or complex
Banach algebra with identity and C non-empty
subset of A .We call C a cone if it satisfies the
following

l.a +beC foralla,beC

2.BaeC forallaeCandp = 0.

In addition, if C satisfies C N —C = {0}, then
C will be called a proper cone induced an
ordering (<) on A by a < b ,if and only if
b —aeC for all a,b eA We say that C is
algebra cone if it is satisfies the following:
1.a-beC forall a, b eC ,

2.eeC.

Definition 1.3(Ordered Banach Algebras)[6]: Every
complex Banach algebra A with identity generated by
C is called ordered Banach algebra (OBA) if A is

ordered by a relation (<) such that for every

nm,cedand g =0

a,b>0=a+b =0

l.a>04120=4a =0
2.a,b>0=a.b >0.

so if A is ordered by an algebra cone C, we will
obtain (4,C) which is an ordered Banach

algebra.

Example 1.4[7]: Let A be Banach algebra and
C ={ae:a =0} then C is closed, algebra
cone of A, then (4,C) be an ordered Banach

algebra.

Example 1.5 [7]: Let C be Banach algebra of
all complex numbers with norm|x| =
|x|and the subset of C of all non-negative
real numbers R*. Then R* is a closed, algebra
cone of C and (C,R*) be an order Banach

algebra.
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Definition 1.6(Character)[8]: Let A be
Banach algebra for all n €4 and BeF, we call

the functional f is Character if it satisfies:
i- Linear

thatis f(a + b) = f(a) + f(b)

and pf(a) = f(Ba)

ii- Multiplicative
thatis f(ab) = f(a)f(b)
iii- f(e) =1

If F=R, we say that f is real character,

and M, denote the set of all real character by

If F= C, we say that f is complex character,
Ch(A) denotes the set of all complex

character .

Theorem 1.7(Gelfand—Mazur)[5]: Let Ais
Banach algebra which is every non-zero
element is invertible, and then there is a unique

isomorphism from A into C.

Theorem 1.7(Automatic Continuity of
Character)[5]: let A be a Banach algebra
over F and let f: A —» F be a character then f

is continuous and has the norm ||f]| < 1.

2 Condition order spectrum properties order in

Banach algebra

Definition 2.1: Let A be OBA with algebra cone
C, we say that C is invertible algebra cone if
every element in C has inverse. We denote that

the set of all invertible elements in A by IN(C).
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Definition 2.2 (Spectrum): Let A be OBA and
aeA , the order spectrum of a which denoted by
SP(a) is defined by:

SP(a)={1eC: A —a & IN(C) } .

Definition 2.3: Let A be OBA and a €4 , the
order spectrum radius of a which denoted by
r(a) is defined by :

r(a) = sup{ | A | :AeSP(a)} .

Proposition2.4: Let (4,C)be OBA If C is
inverse-closed then SP(a,A) = 8P (a,C) for

aceA.

Proof:-Since C € A is inverse — closed so
IN(c) € IN(a)

let 1eSP(a, A). Then A — a & IN (a) therefore
A—a € IN(c)and 2eSP(a, ().
Conversely, let Ae SP(a,C) then A —a & IN(c)

If 1 — aeIN(a) so A — a has inverse, since C is
inverse —closed then A — aelIN (c¢) this
contradiction

[m]

Definition2.5 (Spectrum Order Banach
algebra) : Let A be OBA with identity and ae4 ,
the spectrum which denoted by S%,(a) is define

by
SP,(a) = {a + iteC: (@« — a)? + t? ¢ IN(C)}.

The complexification of a real order Banach

algebra A denoted by Acsuchthat Ac = A X A,
Let (a,b), (c,d) €A¢ and a + iBeC
(a,b)+(c,d)y=(a+c,b+a)

a+iB(a,b) = (aa—pPb,ab+ Ba)
(a,b),(c,d) = (ac —bd,ad + bc).

With these operations A¢ become complex order
Banach algebra ,if A has identity ¢ , then (e, 0)

becomes the identity of A¢ .

And the complexificationto Cis Cc = C X C .
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Definition  2.6(Strong in

OBA):Let A be a OBA with identity, we say that

algebra cone

C is Strong algebra cone in OBA if it satisfies the

following:

o If C is an invertible algebra cone .
o laeC for all aeC and AeF* = F\{0}

Definition 2.7: Let 0 < £ < 1, define
C, ={aeIN(@) : ||a| ||a=|| <§}

In complexification,

CL = {(a,0eIN((a,0)): || (@, 0) = (a,0))” +
2] (@0 - (@ 0) +7| <13
Definition 2.8 (Condition order spectrum): Let

A be a complex OBA and aeAwith 0 <e<1

the condition order spectrum of a for ¢ is defined

by $.(a) = (et | 1 - a] | - &) 2 1)
Remark 2.9 : SP.(a™1) = {17 1: 2eSP.(a)}

If A be areal OBA the condition order spectrum
is defined by SP, (a) ={ a + it €C: (a — a)? +
t? ¢ C.}

= {a +iteC: | (@ — a)? + 2| | ((a — @)% +
)7 =1},

In complexification,

SP.((a,0)) = {a + iteC: || ((a,0) — (a,0))" +

2| || (@ 0) = (@, 0)° + )7 & ¢}

= {a + iteC: || ((a,0) — (a, 0))2 +

[ ((@0) = (@0)" + 7| =23
The condition order spectral radius which
denoted by 7, (a) is define by 7.(a) =
sup{ | A | 11 eSP. (a)}.

andr.(a™?) = sup{| 171 |: 1 e SP. (1)}



Journal of AL-Qadisiyah for computer science and mathematics

ISSN (Print): 2074 — 0204

Vol.9 No.2 Year 2017
ISSN (Online): 2521 — 3504

Proposition 2.10:

1. aeIN(C) if and only if (a, 0)eIN (C¢).

2. (a,b)eIN(C) if and only if (a, —b)eIN(C¢).
Proof:- It is clear from definition.

Proposition 2.11 : §?. ((a,0), A¢ ) = S, (a).
Proof:-Let a + it € SP. (a)

Then there is aeIN (C¢ ) such that

lG@—a?+ | [(@-a)? + 2| 22

then by proposition(4.2.10(1))

I (@, 0) = (@,0) + ¢2|| || (@, 0) = (a,0) +
o I

then (@ — a,t)(a — a,—t) & C,

and by proposition (4.2.10(2)) (a —a,t) € C;

then (a +it)(1,0) — (a,0) € C;

then a + it € SP. ((a, 0), A¢ ).

O
Theorem 2.12: SP(a) < SP. (a).
Proof:-Let AeSP(a) then A —a & IN(C)

SsOA—aé€&cC, .

| 7' >2 so0 1esP.(a).

&

Then |1 —al| |2 - «f

O

Proposition 2.13: Let (4, C) with algebra cone C
and B be subalgebra of A with algebra cone C n
B and e€ B c A such that the condition
spectrum radius in B is monotone . If a, beA

such that o < a < b relative to C and
.B(b) = r,4(b) then 1,4(a) < r,2(b).

Proof:-Since B is subalgebra of A, then (B,C N

B)is ordered Banach algebra by complex
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(theorem 2.3.8[9]), the condition spectrum radius
is monotone then 7.8 (a) < r.B(b), since BC A
and B is subalgebra, then SP. 4 (a) € SP.2(a)
so r.4(a) < .8 (a) and we have r.4(b) =
7.5(b), then we obtain

r4(a) <1.%(a) < 1.2 (b) = .4(b)

O

Theorem 2.14: r(a) < r.(a) < f

el
Proof:-Since SP(a) € SP. (a), thenr(a) <
r.(a)

Let a + iteC aeA

If |a+it]|<|a| since (1-&) ||| < (1 +
&)lall. then [a+it| <= [lal.

If |a+it| > ||a||,then(oc—a)2 + t2%is

invertible by

IN

proposition(2.2.22) and || ((@ — a)? + t?)7!||
1

la+it]-[al

Then || (@ — @)% + &2 ||| ((e¢ — @)% + t3)7!||

1 |a+it|+]a] _ 1

la+it|-|a] =

el a+it|+|al

>1
|a+it|-|a|

and

€(|a+it| + ||a|| > |a+it| - ||a||

e|la+it] te|a| = | +it] - [[all

||a||+e||a|| > |a+it| —£|a+it|

(1+e)||a|| 2(1—8)|a+it|

| a+it] <= al.

O

In [2], we have the next example which explains
that the radius is not a  necessary condition
radius and the spectrum is not a necessary

condition spectrum.
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Example(Bilateral Shift) 2.15: Let f: £2(Z) —
£2(Z) define by f(e;) = e;,, forall i€Z ,such
that e; is the standard basis. Let SeC , consider
f — B defineby b(t) = - +¢e*

Such that | f—=g|=|p@®],. Hence
| F=81=|8] +1when B#1 we have
p &SP and (f —pB)7 ! = E then
1

lG-m1= ||b(t)|| = infost=am [b(0)]
- |BT—1 if 6] >1

—r7 1Bl <1
so, lc=-mIl¢-ml=
22 i gl >1
L8 lpl <1

From this [|(f = Rl (f =7 || =5 if and

SR
1+¢

known that SP(f) = {B: | B| = 1}which is the

only if 1> |B] |g] >1.1tis

Range of f. Hence SP.(a) = {B:i—:s |B| <

st

1+e

Theorem 2.15: Let A be a real OBA with
identity and let f be a complex character from A
to C with f(e) =1, then f(a)e SP. (a) for all

ael .

Proof :- Let aed and f(a) = a + it and

(a — a)? + t? is invertible, then

1= [f@]=]f(a~a?*+*) (@~ a)? +
)71 < el (@—a)?+ 2| || (e — a)? +
)7

— 1
sof| (@ — @)+ 2| || (@ — &) + tH)7|| > -

Then f(a) = a + it € SP, (a).

O
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Theorem 2.16: Let A be a real OBA with
identity ,
functional from A to C .If f(a)eSP. (a) ,then

f is character.

let 0<e<1 and f be a linear

Proof :-Since SP. (e) = {1}, then f(e) =1

let aeA and [|a| = 1, by theorem(4.2.14 ) we
have ||| <= llal

define ¢: C — C by ¢(a + it)
it)(a)

= f(exp(a +
(1.1)

then ¢ is entire function since
f(@)eSP. (a) , p(a+it) #0

I lexpCla +
it|a)|| Sgexp(|a+it|.1).

we have that |<p(a + it) | <

We can write ¢ (a + it) by the way: ¢(a +
it)=exp(g(a + it)) for some Entire function

g Which define by g(a + it) = §(a + it) + B by
[37] since f(exp(0)) = 1,p(exp(0)) = 1

and ¢(0) = exp(g(a +it)) = 1since 1 =
exp(0), thenf(a)(a +it) + B =0,508 =0
and

g(a + it)=f(a)(a + it), we obtain

p(a+it) = exp(f(a)(a + it))
=310 M (a + i) (1.2)

by(1.1) we have

p(a+it) = f[Xi- 0 nl (a +it)"] =
s f(;l ) (@ +it)® by comparing with (1.2)
f@) = f(a".

O
3 further properties of condition order
spectrum
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Definition 3.1(condition Quasinilpotent) : Let
A order Banach algebra. Then A is called
condition Quasi nilpotent if SP.(a) = {0}and
denoted by QV,(4) .

Definition 3.2 (Radical ): Let A be OBA with
identity , then the radical which denoted by
Rad (A) is define asRad (A) = {xeA: e —

xz€ C:z€A }

Proposition3.3: Rad (A) = {acA:aA c
QN (A)} =[aeA: Aa € QN (A))}

Proof:-Let ae{acA: aA c QN.(A)}. Then
SP:(az) = {0}

For all zeA, so 1 — zaeC which implies that
aeRad (A) conversely, let aeRad (A). Then
1 — zaeC for all zeA this implies 1 — zaeC is
invertible, so SP,. (az) = {0} for all zeA we
obtain azeQN,(A), then aA c QN (A).

O
Corollary 3.4: Rad (A) c QN,(4).
Proof:-It is clear .

Proposition 3.5: Let (A ,C) be a OBA and the
condition spectral radius is monotone. Then the
following are satisfies:

1.1f b is Quasi nilpotent, then a is Quasi
nilpotent

2. If be Rad (A), then a is Quasi nilpotent

3. If beRad (A) and a in the center of A then
aeRad (A).

Proof:-

1. Since beQN,(A) then r.(b) = 0,since

0< 1.(a) < 0 then we give SP.(a) = {0}.
beRad (4), beQN,(4A) by
corollary(4.3.4) so by (1) above we have
aeQN;(4).

2. Since then
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3. Since beRad (A) then beQN,(A) sor.(a) =0
let xeA, since xa = ax then r.(ax) <
r.(a)r,(x) < 0.1,(x) =0 we obtain ad <
QN_(A) ,then aeRad (A).

O

Theorem 3.6: Let A be OBA and the condition
spectrum radius is monotone such that 0 < a <
b .If beRad (A) then aC < QN (A).

Proof:- Let beRad (A). Then bc € Rad (A) c
QN (A) sor.(bc) =0,since o < a < b ,then
0 < ac < be forall ceC and 1, (ac) < r.(bc)
because of the condition spectrum radius is
monotone

we obtain that r,(ac) = 0 then aC < QNV_(4).

O

4  The Relation Between Character And

Condition Order Spectrum

Theorem 4.1: Let A be OBA andaeA then
SP.(a) is upper semi continuous on A, that is:
If acA then for every open set U containing
SP.(a)there exists § > 0 such that ||a —b| <

6 implies SP.(b) cU

Proof:-Suppose that there exists sequence
{b,}and {a,} such that

a =lim,_ b,, a,eSP.(b,) N U°from theorem

| b |l so {a,} is

bounded sequence in C and therefore has a

1+¢
1-¢

(4.2.14[9]). Then |a,| <

convergent subsequence .(without loss a
generality ) we may assume that {«,,} convergent
say to a that is (a, — by)? +t2 - (a —a)? +
t? asn — oo ,since U¢ is closed, so U = U° then
a ¢ U we obtain that « — a is invertible ,since
the set of all invertible is open so for n

_bn

large

enough «a, is invertible which s

contradiction.

O
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Theorem 4.2: Let A be OBA anda €A \let U,V
are two disjoint open set such that S, (a) c
UUV and SP.(a)NU # 0. then there exists
r>0suchthat [a—b| <r implies SP. (b)

NU #0

Proof:- Since the spectrum is upper semi
continuous there exists § >0 such that ||a —

b| < &imply 2. (b) c UUV

Suppose that there exists a sequence b,, — a such
that SP.(b) c V for n large enough let f be a
function on UUV define by f(a) =1 if aeU and
f(a) = 0ifaeV, then f is holomorphic on
UUV , since b, — a and the definition of the
functional culculas we see that lim,,_,, f(b,) =
f(a)and f(b,) = 0 for n large
enough

since SP(f(a)) € $P. (f(a)) =
SP. (0) = {0}, then SP(f (a)) S {0}

since SP(f(a)) = f(SP(a)) by spectral
mapping theory [1], then f(SP(a)) < {0} but
f(sP(@) € f($P.(a)), then f(SP:(a)) = {0}
so we obtain f(SP.(a)) = SP. (f(a)) = {0}

but SP,. (f (a)) contain 1 and this contradiction

Then SP, (b)NU # 0.

O

Theorem 4.3: let A be OBA and f a linear
functional from A into C such that f(e) = 1 ,then

the two following conditions are equivalent

1. f(a) = ia then f(a™) = —a™

2. f is Character

Proof:- (1) — (2)To prove that f is character
we have to prove that f(ab) = f(a)f(b)

if f(a) = a+ip then f(a —a) = iB, by(1)
fa) = —a"
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flla=a)") = =" then (f(a — a))"
g =—p"

ifn=2k+1,k=0,24,...

thatis f((a — &)™) = (f(a — &)

Timo(=D"(}) f(@F)ak =

Tiizo D) f(@"Fak then f(a™™) =
fl@r*

so f(ak*t) = f(a)**! thatis f(a™) = f(a)™
such that m = k + 1, then £ is character

(2) - (1) since f(a) = ia, then f(ab) =

iaf (b) forall a,beA,aeR

since f(ab) = f(a)f(b), then f(a.a) =
f(@).f(a)

then f(a™) = f(a)"

since f(a) = ia we have (f(a))™ = (ia)"

i"a™ = —a™ suchthatn =2k + 1,k =0,2,4, ...

Theorem 4.4: let A be a complex OBA with

identity and let f be a character functional on A

i-1f f(1) =0, then || f|| <& O<e<1
ii- If f(1) =0, then f(a)eSP.(a), for every

!

aed, where € = £
lrl

Proof:- (i) let a, beA , since f is character. Then
f(ab) = f(@)f(b) so f(ab) —f(a)f(b) =0
if b=1, we obtain |f(@)| =0<e, then
7l < =

(i) suppose f(a) = B and B — a is invertible
since f is character then f is continuous

then| £ (8 — )f (B~ &) || = [ /(B -

(B —-a) | <esuchthat | g —all | (B -

7| = @ then BeSP.(a)



Journal of AL-Qadisiyah for computer science and mathematics

ISSN (Print): 2074 — 0204

Vol.9 No.2 Year 2017
ISSN (Online): 2521 — 3504

Definition 4.5(condition pseudo spectrum): Let
A be OBA and aeA, 2€C. The condition pseudo
spectrum of a which denoted by PSP.(a) is
define by PSP.(a) = {SP.(a) N {AeC: | 2| =
1:(a)} for all AeC.

In the following theorem we prove that the

condition radius is convergent

Theorem 4.6: Let A be a real OBA and {a,} be

a sequence, such that a,—->a as n-
oo .If PSP, (a) contains at least one isolated point

in §P.(a) then r.(a,) - r.(a) asn - oo.

Proof:-Let Ae PSP.(a) isolated point in SP.(a)
and let B(A, r)open set such that B(4,7) N
SP.(a) =1

let V open set such that B(4,7) N V = @ that

mean A & V and

SP.(a)\AcVlet0< k <r.Thensp.(a) c
B(k, rg(a)) from the upper semi continuous of
the spectral radius and the fact a,, — a it follows
that there exists V., N, €N such that . (a,) <
1.(a) + k andr,(a,,) = r.(a) — k forall neN,
we have SP.(a) € B(4, k) UV and SP.(a) N
B(A, k) # @ so by using theorem(4.4.2[9])
SP.(a,) N B(A, k) # @ suppose a,eSP.(a) and

|, — 2| < ky forall n > W, , then 7.(a)

> |an| >r(a)—¢
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let V' = max{V, , Ny, }, s0.(a) — k <
1.(a,) < 1.(a) + k that mean —k < 1.(a,) —
(a) <k

| r.(a,) — 1:(a) |< k that meanr.(a,) -
7:(a)

O

Definition 4.7: let A be complex OBA with
identity, we define the distance between AeC and

the SP.(a) by

d(2,8P.(a)) = inf{| 21— B|: BeSP.(a)}. And
if 1 = 0 the distance was between 0 and P, (a)
will denoted by 8(a) = 4(0,5P.(a))

let A be OBA and Cis closed
if

Theorem 4.8:
normal
aeA,then §(a)eSP.(a).

and closed-inverse algebra cone,

Proof:- if a ¢ IN(a) ,then 6(a) = 0eSP.(a)
suppose that aeIN (a),since aeC and C is inverse-

closed then a=1eC

since C is normal and closed then
r(aHeSP.(a™h)

*)

so that . (a™1) = ﬁ for some a + iteSP.(a)
sincer,(a™!) = ﬁ ,then by comparing with (*)

obtain §(a)eSP.(a) . |
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