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Abstract: 

The main goal of this work is to create a general type of D – space , namely, Cartan D – space and a 

new type of limit sets , namely, limit sets )(x  , )(xJ and, give some properties and some 

equivalent statement of these concept also we explain the relationship among the definitions Cartan D 

– space and )(x  , )(xJ  
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Introduction:. 

Y. I m a i and K. I s e k i [4] and K. I s e k i [5] 

introduced two classes of abstract algebras: 

namely, BCK-algebras and BCI-algebras. It is 

known that the class of BCK algebras is a 

proper subclass of the class of BCI-algebras. In 

[2], [3] Q. P. Hu and X. Li introduced a wide 

class of abstract algebras: BCH-algebras. They 

have shown that the class of BCI-algebras is a 

proper subclass of the class of BCH-algebras. 

J. N e g g e r s and H. S. K i m [6] introduced 

the notion of d-algebras which is another 

generalization of BCK-algebras, and 

investigated relations between d-algebras and 

BCK-algebras. They studied the various 

topologies in a manner analogous to the study 

of lattices. However, no attempts have been 

made to study the topological structures 

making the star operation of d – algebra 

continuous. Theories of topological groups, 

topological rings and topological modules are 

well known and still investigated by many 

mathematicians. Even topological universal 

algebraic structures have been studied by some 

authors. In section one we initiate the study of 

topological d – algebras. We need some 

preliminary materials that are necessary for the 

development of the paper. In section two, we 

define the sets )(x , )(xJ  and prove its  

 

 

 

properties, also we give some equivalent 

statement of )(x , )(xJ .In section three,  

we defines thin sets and Cartan D – space and 

give some propositions and theorems which 

related with this concepts and shown the 

relationship among the Cartan D – space and 

the sets )(x and )(xJ . 

 

1. Preliminaries 

1.1Definition: A non-empty set X together 

with a binary operation   and a zero element 0 

is said to be a d – algebra if the following 

axioms are satisfied for all x, y X 

1) ) x   x = 0 

2) 0   x = 0 

3) x   y = 0 and y   x = 0 imply that x = y. 

1.2 Definition: An element e of  D is called a 

left identity if e*a=a, a right identity if a*e = a 

for all a D and ae. If e is both left and right 

identity then we called e is an identity element.   

1.3 Example: 

i) Let D be any non – empty set and P(D) is 

power set of D then (P(D),-) is d – algebra and 

 is right identity in (P(D) ,- ). 

ii) let D={ 0,a,b,c} and define the binary 

operation  on D by the following table: 
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Then it is clear that the pair (D,*) is d – algebra 

with identity element. 

1.4 Definition : Let (D,*) be a d – algebra and 

T be a topology on D. The triple (D,*,T) is 

called a topological  d – algebra (denoted by 

Td – algebra) if the binary operation * is 

continuous. 

1.5 Example:  

i) Let D={ 0,a,b,c}and  be define by the 

following table: 

 

 

 

 

   

 

 

 

 

 

 It is clear that (D,*) is d – algebra and 

T={,{b},{c},{0,a},{b,c},{0,a,b},{0,a,c},D} is 

a topology on D such that the triple (D,*,T) is a 

topological d – algebra. 

 

ii) Let R be a set of real number and * is a 

binary operation which define by a*b = 

a.(a-b) then (R,*,T) is Td – algebra where 

T is the usual topology on R. 

1.7Definition: A topological 

transformation d - algebra is a triple 

(D,X,) where D is a  topological d – 

algebra, X is a topological space and 

 :DX  X is a continuous function 

such that   (d1, (d2, x)) =  (d1d2, x) for 

all d1≠d2 and d1, d2 D, x X, and if (D,) 

is a  topological d – algebra with identity, 

we say that the triple (D,X,) is a 

topological transformation d – algebra 

with identity if  (e, x) = x for all x X , 

where  e is the identity element of D. 

1.8 Example: Let (R,,U) be a Td – algebra, 

where ab = a(a – b) for all a,b  R and  ( R,U) 

is the usual space. Then (R,R,) is a 

topological transformation d – algebra where 

(a,b) = b for all a,b  R. 

 

 

 

 

 

1.9 Remark: 

(i) The function  is called an action of D on X 

and the space X together with  is called a 

D – space ( or more precisely left D – 

space ) and if (D,) is a  topological d – 

algebra with identity the space X together 

with , then (D,) is called a D – space 

with identity. 

(ii) Since  is understood from the context we 

shall often use the notation d.x for  (d,x) 

and d1.(d2.x) = (d1d2).x for  (d1, (d2,x)) 

=  (d1d2,x). 

(iii) Similarly, for H  D and A  X we put 

HA = {da/ dH, aA} for  (H, A). 

(iv)  For d D, let d : X X be the 

continuous function defined by d(x) =  (d, x) 

= d.x .Thus and if X is D – 

space with identity then e =IX, the identity 

function of X. 

 

2 – limit sets of a  point: 

     From now on, in this section by D – space 

is meant a completely regular topological  T2 – 

space X on which an locally compact, non – 

compact, T2 – topological d – algebra D with 

right identity 0 (where 0 is zero element in D) 

acts continuously on the left.  

2.1 Definition: Let X be a D – space and xX. 

Then: 

(i) )(x ={yX: there is a net (dg)gG in D 

with dg   ∞ such that dgx  y} is 

called limit set of x. 

(ii) )(xJ ={yX: there is a net (dg)gG in D 

and there is a net (χd)dD in X with dg

 ∞
 
and χd   x such that dgx

 y} is called first prolongation limit 

set of x. 

2.2 Proposition: Let X be a D – space and 

xX. Then: 

 (i) The orbit Dx is closed if and only if 

)(x  is a subset of Dx. 

(ii) If x )(x , then the stabilizer d – sub 

algebra  Dx of  D is compact. 

(iii) if )(x =, for each xX. Then the 

orbit Dx is not compact. 

(iv) Dx = Dx  )(x  

 (v) If X is discrete G – space, then )(x =

)(xJ  for each xX. 

 

 

 

2121 dddd  

 0 a b c 

0 0 0 0 0 

a a 0 0 a 

b b b 0 b 

c c c C 0 

 0 a b c 

0 0 0 0 0 

a 0 0 b c 

b 0 b 0 a 

c 0 c a 0 
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Proof: 

 i) Let y )(x , then there is a net (dg)gG 

in D such that dg  ∞ and dgx  y. 

Since dgx  Dx and (dgx)gG is a net in Dx, 

then by Proposition (1.8) y Dx . But Dx is 

closed then y Dx so )(x   Dx.  

     Let y Dx . Then there exists (yg)gG is 

a net in  Dx such that yg  y, then  gG 

there is dgD such that yg = dgx. Then (dg)gG 

is a net in D and dgx  y. Now either dg

 d or dg  . If dg  d then dgx 

  dx = y, which implies that yDx. If dg

 , then y )(x  Dx, then Dx is 

closed. 

    (ii) Let x  )(x  and suppose  that Dx  is 

not compact . Then there is a net  (dg)gG in G 

such that dg  . Since dgx = x, i.e. dgx 

 x then x )(x  which is a 

contradiction, thus Dx is compact. 

    (iii) Suppose that Dx is compact. Since D is 

not compact, then there is a net (dg)gG in D 

with dg  ,  . But Dx is compact and (dgx) 

gG is a net in Dx then by Proposition (1.7) dgx

 y for some yX. Hence y )(x , 

which is a contradiction with )(x =.    

    (iv) The proof of (iv) is obvious. 

    (v) The proof of (v) is obvious. 

2.3 Proposition: Let X be an D – space and 

xX. Then x )(x  if and only if there is a 

neighborhood U of x and a compact  

neighborhood V of 0, 0 is the right identity in 

D, such that dxU for each dV. 

Proof: Let x )(x  and suppose that the 

resulting statement is not true. i.e. for each 

neighborhood U of x and for each  compact  

neighborhood V of 0, there is point dV and 

dxU. Since X is completely regular, then 

there is a sequence {Un}nZ+ of an  open 

neighborhood of x such that Un+1Un   ... and 

}.{xU n
Zn




  Since x )(x ,  

then by Proposition(2.2,ii) Dx is compact. 

Since D is locally compact. Then there is a 

compact neighborhood V of e such that Dx  

V. Thus for each n, there is dnV and dnx

 x. By the hypothesis x )(x ,  

 

 

 

 

 

 

 then (dn)nN has an convergent  subnet of 

(dn)nN. Say itself. i.e. there is d D such that 

dn  d, and hence dnx  dx = x which 

means 

that d Dx  V thus for no  N, dn V for 

each n  no, which contradiction that dn V, 

therefore that the statement is true. 

      Conversely: Let the statement be true. We 

suppose that x )(x  then there is a net 

(dg)gG in D such that dg   and dgx

 x, by hypothesis there exists U be a 

neighborhood of x and a compact 

neighborhood of 0 such that dxU for each 

dV. Since dgx  x then there is goG 

such that dgxU, for each g  go, therefore that 

dgV, which is an compact, thus the net 

(dg)gG has an convergent sub net, say itself, 

i.e., there is a point d D such that dg  d 

which is contradiction, since  (dg)gG has no 

convergent sub net, thus x )(x . 

2.4 Notation: Let X be a D – space and A , B 

be two subset of X . We mean by  ((A, B)) the 

set {dD / dA∩B}. 

2.5 Proposition: Let X be an D – space and x, 

yX. If there is a neighborhood U of y and a 

compact neighborhood V of 0, such that dxU 

for each dV, then y )(x . 

Proof:   

       Suppose that y )(x , then there is a 

net (dg)gG in D with dg   such that dgx

 y. Then by hypothesis there is a 

neighborhood U of y and compact 

neighborhood V of 0, such that dgxU for each 

dV. Since dgx  y, then there is goD 

such that dgxU for each go  g, therefore 

dgV, which is compact, then (dg)gG has a 

convergent subnet, which contradictions that dg

 . Hence y )(x . 

2.6 Theorem: Let X be  D – space and xX. 

Then x )(xJ  if and only if there is a 

neighborhood U of x and there is a 

neighborhood V of 0, where 0 is the right 

identity element of D, such that dU∩U =  for 

each dV. 
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Proof: We suppose that the above statement 

is not true, i.e., for each neighborhood U of x 

and for each compact neighborhood V of 0 

there is dV such that dU∩U  . We can 

choose {Un}nZ+ to be sequence of an open 

neighborhood of x such that  Un+1 Un  ...  

and }.{xUn
Zn




  Since D is locally  

compact , then there is a compact 

neighborhood of 0 , such that Dx  V. Thus for 

each n there is dn V such that dnUn∩Un   

i.e., there is χnUn and  dnχnUn. Since 

}{xUn
Zn




 , then we have χn  x ,  

dnχn  x and by hypothesis  the sequence 

(dn) nN has a convergent sub sequence , say 

itself, thus there is a point d D such that dn

  d , and since  the action is  continuous. 

Then we get dnχn   dx = x and hence d 

Dx V, therefore dnV for n  no , which is a 

contradiction. Thus the statement is true. 

         Conversely:  Let the statement be true, 

we suppose that x )(xJ . Then there is a 

net (dg)g G in G with dg    and there is a 

net (χg)gG in X with χg   x such that dgχg 

  x. Then by hypothesis, there exists U be 

a neighborhood of x and V be an compact 

neighborhood of 0 such that dU∩U =  for 

each dV. Since(χg)gG and (dgχg ) gG  are 

convergent to x , thus there is go G such that 

χgU and dgχgU for each g  go and hence dg 

 ((U,U)), therefore dg V, which is compact , 

this it must have a convergent sub net which is 

a contradiction x )(xJ . 

3 –Cartan D - space 

3.1 Definition: Let X be a D – space .A subset 

A of X is said to be thin relative to a subset B 

of X if the set ((A, B)) = {d D / dA∩B} 

has a neighborhood whose closure is compact 

in D. If A is thin relative to itself, then it is 

called thin. 

3.2 Remark: The thin sets have the following 

properties: 

 (i) If A and B are relative thin and K1  A and 

K2  B , then K1 and K2 are relatively thin. 

(ii) Let X be a D – space and K1, K2 be 

compact subset of X. Then ((K1, K2)) is 

closed in D. 

 (iii) If K1 and K2 are compact subset of D – 

space X such that K1 and K2 are relatively thin, 

then ((K1, K2)) is a compact subset of D.  

 

 

 

 

 

 

 

Proof:  The prove of (i) and (iii) are obvious. 

    (ii) Let d )),(( 21 KK . Then there is a net 

(dg)gG in ((K1, K2))  such that dg  d. Then 

we have net (
1

gk )gG in K1, such that dg

1

gk

K2 , since K2 is compact, then there exists a 

subnet (
1

mm gg kd ) of (dg

1

gk ) such that 

21

ogg kkd
mm

 , where 
2

ok  K2. But 

(
1

mgk ) in K1 and K1 is compact , thus there is a 

point 
1

ok  K1 and a subnet of 
1

mgk  say itself 

such that 
11

og kk
m
 . Then 

11

ogg dkkd
mm

  = 
2

ok , which mean that 

d ((K1, K2)), therefore ((K1, K2)) is closed in 

D. 

3.3 Theorem: Let X be D – space and xX. 

Then x )(xJ  if and only if x has no thin 

neighborhood. 

Proof:  Let x )(xJ  and suppose that x 

has thin neighborhood ,then there is a 

neighborhood U of x such that the set ((U,U)) 

has compact closure .By hypothesis x

)(xJ , then there is a net (dg)gG in D with 

dg   and a net (χg)gG in X with χg   

x such that dgχg   x, since U is a 

neighborhood of x , thus there is goG such 

that χgU and dgχg U for each g go . Thus 

dg )),(( UU , g go , which is compact , 

and hence the net (dg)gG must have a 

convergent subset , which is a contradiction, 

therefore x has no thin neighborhood. 

   Conversely:   Let x has no thin 

neighborhood . We suppose that x )(xJ , 

then by Theorem (2.5) there is an 

neighborhood U of x and a compact 

neighborhood V of e such that dU∩U =  for 

each dV . In the other words, if dU∩U  , 

then dV , thus ((U,U))  V which is 

compact, therefore U is an  thin neighborhood 

of x, which is a contradiction, and hence x

)(xJ . 

3.4 Theorem: Let X be a D – space and x, y be 

two points of X such that x is periodic and Dx 

 Dy. Then y )(xJ  if and only if there is 

a neighborhood U of x, a neighborhood W of y 

and a compact neighborhood V of 0, where 0 is 

the identity element of D , such that dU∩W = 

 for each dV. 
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Proof:  Let y )(xJ  such that x is 

periodic and (x)  (y). We suppose that the 

statement is not true, i.e., for each 

neighborhood U of x, for each neighborhood 

W of y and each compact neighborhood V of 

0, there is dV and dU∩W . We can 

choose {Un}nN a sequence of an open 

neighborhood of x such that Un+1 Un … and

}{xU n
Nn




  and {Wn}nZ+ be a sequence 

of an open neighborhood of y such that Wn+1 

Wn  ... and }{yWn
Nn




  , also we 

choose V as a compact neighborhood of 0. 

Thus for each nN there is dnV and  dnUn∩

Wn   i.e., there is χnUn and dnχnWn , since 

}{xU n
Nn




 , then we have χn   x and 

dnχn   y, by hypothesis y )(xJ  , then 

the sequence (dn) nN has a convergent sub 

sequence ,(say itself), i.e., there is a point dD 

such that dn  d thus dnχn   dx = y, 

which means that  Dx = Dy, which is a 

contradiction . Thus the statement is true. 

    Conversely: Let the statement be true, 

suppose that y )(xJ  . Then there is a net 

(dg)gG in G with dg    and a net (χg)gG 

in X with χg   x such that dgχg   y . 

By hypothesis, there exist neighborhood U of 

x , W is a neighborhood of y and V is a 

compact neighborhood of 0 such that dU∩W 

=  for each dV. Thus for goG we have 

χgU and dgχgW for each g  go , then dgV, 

which is compact, therefore the net (dg)gG has 

convergent subnet , which is contradiction. 

Thus y )(xJ . 

3.5 Proposition: Let X be a periodic D – 

space . Then )(xJ  = for each x X if and 

only if every pair of point x ,y  X such that 

Dx  Dy has relatively thin neighborhood. 

Proof:  Let )(xJ  = for each xX and y 

be any point in X. Thus (y )(xJ ). Then by 

Theorem (3.4) there is a neighborhood U of x 

and a neighborhood W of y, and a compact  

neighborhood V of 0 such that dU∩W =  for 

each dV, in the other words, dU∩W   then 

dV i.e., ((U, W)) has compact closure, 

therefore U and W are relatively thin 

neighborhood. 

 

 

 

 

     

Conversely: Let x, yX. Then by 

hypothesis, there are relative thin 

neighborhood U of x and W of y. Thus ((U, 

W)) has  compact closure. If V1= )),(( WU  

and V2 be a compact neighborhood of Dx, then 

V = V1 V2 is a compact neighborhood of 0 

and each dV, then dU∩W this means that 

y )(xJ . But x and y are arbitrary, thus we 

have )(xJ   for each xX.                          

3.6 Definition: A D – space X is said to be a 

Cartan D – space if every point in X has a thin 

neighborhood. 

3.7 Proposition: If X is Cartan D – space, then 

each stabilizer Dx of D is compact. 

Proof:  Let xX, then there exists a thin 

neighborhood V of x. Clearly Dx is closed in D 

and since Dx  ((V,V)). Hence Dx is compact. 

3.8 Proposition: If X is an Cartan D-space, H is 

a closed d – sub algebra of D and Y is an H-

invariant subspace of X, then Y is a Cartan H-

space. 

Proof: Since D is locally compact and H is a 

closed d –sub algebra of D, then H is locally  

compact. Now to show that Y is an H-space. 

Define  : HYY such that        (h,y) = hy 

for each  hH and yY . 

i)  is continuous.   

 ii)  (e ,y) = e y = y . 

iii)  (h1 , (h2 ,y)) =  (h1 ,h2 y) = h1 h2 y 

=  (h1 h2 ,y). 

    Hence Y is an H-space. At the present 

time we are going to prove that Y is 

Cartan. Let y Y. Then y X. Since X is 

a Cartan D – space then y has U as a thin 

neighborhood in X. Since U Y is a 

neighborhood of y in Y. So U Y is a thin 

neighborhood of y in Y. Hence Y is an 

Cartan H-space. 

3.9 Proposition: Let X and Y be D – 

spaces. Then X  Y is a Cartan D – space 

if at least one of X or Y is Cartan. 

Proof: At first we shall show that X  Y is 

a D – space. Since X is a D – space, then 

D acts on X by  1 :DXX such that  1 

(d,x) = dx for each d D and x X . Since 

Y is a D – space, then D acts on Y by  

2:DY Y such that  2 (d,y) = dy for 

each dD and y Y .Define  : DXY 

 XY such that (d,(x,y)) = d(x,y) = 

(dx, dy)  for each d D, xX and y Y . 
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i)  is continuous . 

ii)  (e,(x,y)) = e (x,y) = (ex , ey) = (x,y) 

iii)  (d1 , (d2 ,(x,y)) =  (d1 ,d2 (x,y)) 

=d1d2(x,y)=(d1d2 x, d1d2 y)= (d1d2 

,(x,y)).Hence X  Y is a D – space. Now to 

prove that X  Y is Cartan. Let (x,y) X  Y. 

Since x X and X is Cartan, then there exists U 

a thin neighborhood of x. Then we get U  Y as 

a neighborhood of (x,y) in X  Y. Because we 

have ((U,U)) = ((UY,UY)). So, 

((UY,UY)) is relatively compact , which 

means that  X  Y is a Cartan D – space. 

3.8 Theorem: Let X be a D – space. Then X is 

Cartan D – space if and only if                x 

)(xJ  for each xX. 

Proof: If X is a Cartan D – space. Let x 

)(xJ , then there is a net (dg)gG in D with dg

  and there is a net (χg)gG in X with χg 

  x such that dgχg   x. Since xX 

and X is a Cartan D – space, then x has an 

open neighborhood U such that ((U, U)) is 

relative thin. Then ((U, U)) is relative compact. 

Thus there is gG, χg and dgχg  are in U. So 

that dg is in ((U, U)).Then (dg)gG contains a 

convergent subnet, this is contradiction. 

     Suppose that X is not an Cartan D – 

space. Then there is a point x in X such that x 

has no neighborhood relative thin. Since X is 

completely regular, then by  the point x has a 

sequence {Un}nZ+ of an open neighborhood 

such that Un+1 Un  ... and 

}.{xU n
Zn




 Then ((Un, Un)) is not 

relative thin. We can choose an open 

neighborhood U of 0 in D such that Dx  U 

and it is relative compact. Then there is a 

sequence (dn) nN in ((Un, Un)) – U. Since dn in 

D then there is a sequence (χn)nN in Un such 

that dnχn is in Un. Since }{xUn
Zn




 , 

then χn   x and dnχn   x. Since x

)(xJ , then (dn) nN has a convergent 

subsequence, say (
knd ) with 

knd  d. 

Thus 
knd

kn   x, 
kn   x and  


knd  d, imply that x = xd. Hence d is in 

Dx and hence 
knd  is in U for large nk and this 

is contradiction. 
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 :المستخلص 

وكذلك أعطينا نىع جديد لنقاط الغاية    لكارتن  – D في هذا البحث قدمنا نىع جديد من الفضاءات يسمى بفضاء

 وبعض الخصائص لها والعلاقة مع هذا الفضاء  , 
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