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Introduction:.

Y. ImaiandK.Iseki[4]and K. Iseki[5]
introduced two classes of abstract algebras:
namely, BCK-algebras and BCl-algebras. It is
known that the class of BCK algebras is a
proper subclass of the class of BCI-algebras. In
[2], [3] Q. P. Hu and X. Li introduced a wide
class of abstract algebras: BCH-algebras. They
have shown that the class of BCI-algebras is a
proper subclass of the class of BCH-algebras.
J.Neggersand H. S. Kim [6] introduced
the notion of d-algebras which is another
generalization  of  BCK-algebras, and
investigated relations between d-algebras and
BCK-algebras. They studied the various
topologies in a manner analogous to the study
of lattices. However, no attempts have been
made to study the topological structures
making the star operation of d — algebra
continuous. Theories of topological groups,
topological rings and topological modules are
well known and still investigated by many
mathematicians. Even topological universal
algebraic structures have been studied by some
authors. In section one we initiate the study of
topological d — algebras. We need some
preliminary materials that are necessary for the
development of the paper. In section two, we

define the sets A (X),J (X) and prove its
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properties, also we give some equivalent

statement of A (x) ,J (X) .In section three,

we defines thin sets and Cartan D — space and
give some propositions and theorems which
related with this concepts and shown the
relationship among the Cartan D — space and

the sets A (X)and J (X).

1. Preliminaries

1.1Definition: A non-empty set X together
with a binary operation * and a zero element 0
is said to be a d — algebra if the following
axioms are satisfied for all x, ye X

D)x=* x=0

2)0* x=0

3)x* y=0andy* x=0imply that x =y.
1.2 Definition: An element e of D is called a
left identity if e*a=a, a right identity if a*e = a
for all ae D and a=e. If e is both left and right
identity then we called e is an identity element.
1.3 Example:

i) Let D be any non — empty set and P(D) is
power set of D then (P(D),-) is d — algebra and
¢ is right identity in (P(D) ,- ).

ii) let D={ 0,a,b,c} and define the binary
operation * on D by the following table:
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« | 0| a|b]|c
0j0]O0]0]|O
a|a|0|O0]a
b|b|b|O0]|b
clc|lc|C]|O

Then it is clear that the pair (D,*) is d — algebra
with identity element.

1.4 Definition : Let (D,*) be a d — algebra and
T be a topology on D. The triple (D,*,T) is
called a topological d — algebra (denoted by
Td — algebra) if the binary operation * is
continuous.

1.5 Example:

i) Let D={ 0,a,b,c}and * be define by the
following table:

* 0 a | b c
0Oj]0|O0}|O0]|O
a 0 0 b c
b|0]|b | O a
c 0 c a 0

It is clear that (D,*) is d — algebra and
T={¢,{b},{c},{0,a},{b,c},{0,a,b},{0,a,c},D} is
a topology on D such that the triple (D,*,T) is a
topological d — algebra.

ii) Let R be a set of real number and * is a
binary operation which define by a*b =
a.(a-b) then (R,*,T) is Td — algebra where

T is the usual topology on R.

1.7Definition: A topological
transformation d - algebra is a triple

(D, X,p) where D is a topological d —
algebra, X is a topological space and

¢ :DxX — X is a continuous function
such that ¢ (d,o (da, X)) = ¢ (dyds, x) for

all d;#d, and dy, d,€ D, xe X, and if (D,*)

is a topological d — algebra with identity,

we say that the triple (D,X,p) is a
topological transformation d — algebra
with identity if ¢ (e, x) = x for all xe X,
where e is the identity element of D.

1.8 Example: Let (R,*,U) be a Td — algebra,
where a*b = a(a —b) for all a,b € R and ( R,U)
is the wusual space. Then (R,R,p) is a
topological transformation d — algebra where
¢(a,b) =b forall a,b € R.
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1.9 Remark:

(1) The function ¢ is called an action of D on X
and the space X together with ¢ is called a
D — space ( or more precisely left D —
space ) and if (D,*) is a topological d —
algebra with identity the space X together
with ¢, then (D,*) is called a D — space
with identity.

(i1) Since ¢ is understood from the context we
shall often use the notation d.x for ¢(d,x)
and d;.(d,.x) = (didy).x for ¢ (d;,o (d,x))
= ¢ (did2.x).

(iii) Similarly, for H € D and A < X we put

HA = {da/ deH, ae A} for ¢ (H, A).

(iv) For de D, let ¢4 : X—> X be the

continuous function defined by @q(x) = ¢ (d, x)

=d.x .Thus Py Py, = Py,4, and if X is D —

space with identity then ¢, =Iyx, the identity
function of X.

2 — limit sets of a point:

From now on, in this section by D — space
is meant a completely regular topological T, —
space X on which an locally compact, non —
compact, T, — topological d — algebra D with
right identity 0 (where 0 is zero element in D)
acts continuously on the left.

2.1 Definition: Let X be a D — space and xeX.
Then:
1 A (x) ={yeX: there is a net (dgeeg in D

with dg— oo such that dox — 3y} is
called limit set of x.

J (X)={yeX: there is a net (dggeg in D
and there is a net (Yg)aep in X with d,

(i)

— o and 3¢ —— x such that dyx

— 3y} is called first prolongation limit
set of x.
2.2 Proposition: Let X be a D — space and
xeX. Then:
(i) The orbit Dx is closed if and only if

A (x) is a subset of Dx.

(i) If x¢ A (x), then the stabilizer d — sub
algebra D, of D is compact.

(i) if A (X)=¢, for each xeX. Then the
orbit Dx is not compact.

(ivy DX =DxuU A (X)

(v) If X is discrete G — space, then A (X) =
J (x) foreachxeX.
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Proof:

)= Letye A (x) , then there is a net (dy)geq
in D such that d,— 00 and dyx—y.
Since d,x € Dx and (dgX)ee is @ net in Dx,

then by Proposition (1.8) ye Dx . But Dx is
closed theny eDxso A (X) c Dx.

& Let ye Dx . Then there exists (yg)eeq i
a net in Dx such that y,——y, then V geG
there is d,eD such that y, = d x. Then (d,)eec
is a net in D and dgx ——>y. Now either d,
—>d or dg—>o0. If d,—3d then dx
—> dx =y, which implies that yeDx. If d,
——o, then ye A (x)g Dx, then Dx is
closed.

(i) Let x ¢ A (X) and suppose that Dy is
not compact . Then there is a net (dy)gec in G
such that d,——>o0. Since dex = X, ie. dex
——>x then xe A (X)
contradiction, thus Dy is compact.

(iii) Suppose that Dx is compact. Since D is
not compact, then there is a net (dy)eeg in D
with d,—>00, . But Dx is compact and (dyx)
2<G 1s a net in Dx then by Proposition (1.7) dgx

which is a

—y for some yeX. Hence ye A (x)>

which is a contradiction with A (X) =¢.

(iv) The proof of (iv) is obvious.

(v) The proof of (v) is obvious.
2.3 Proposition: Let X be an D — space and
xeX. Then x¢ A (x) if and only if there is a
neighborhood U of x and a compact
neighborhood V of 0, 0 is the right identity in
D, such that dx¢U for each d¢V.

Proof: Let x¢ A (X) and suppose that the

resulting statement is not true. i.e. for each
neighborhood U of x and for each compact
neighborhood V of 0, there is point dg¢V and
dxeU. Since X is completely regular, then

there is a sequence {U,},.z+ of an open
neighborhood of x such that U,;cU, < ... and

N U, ={x3. Since xe¢A (X).
nez™*

then by Proposition(2.2,ii) Dy is compact.
Since D is locally compact. Then there is a
compact neighborhood V of e such that D,
V. Thus for each n, there is d,gV and d,x

— > x. By the hypothesis xg A (X),
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then (d,),en has an convergent subnet of
(dp)nen. Say itself. i.e. there is de D such that
d,—sd, and hence d,;x — 3y dx = x which
means
that de D, < V thus for n, € N, d, €V for
each n > n,, which contradiction that d, ¢V,
therefore that the statement is true.

Conversely: Let the statement be true. We

suppose that xe A (X) then there is a net

(dg)eec in D such that d,——> o0 and dgx
—> X, by hypothesis there exists U be a
neighborhood of x and a compact
neighborhood of 0 such that dxgU for each
deV. Since dx——>x then there is g,eG
such that d,xeU, for each g > g,, therefore that
d,eV, which is an compact, thus the net
(dg)gec has an convergent sub net, say itself,
i.e., there is a point de D such that d,——>d
which is contradiction, since (dg)seg has no

convergent sub net, thus xg A (x) ]

2.4 Notation: Let X be a D — space and A , B
be two subset of X . We mean by ((A, B)) the
set {deD /dANB=o}.

2.5 Proposition: Let X be an D — space and x,
yeX. If there is a neighborhood U of y and a
compact neighborhood V of 0, such that dx¢U

for each dgV, then yg A (X).
Proof:

Suppose that ye A (X), then there is a
net (dy)geg in D with dg——> 00 such that dgx
—>y. Then by hypothesis there is a
neighborhood U of y and compact
neighborhood V of 0, such that d,x¢ U for each
deV. Since dyx——>y, then there is g,eD
such that dxeU for each g, > g, therefore
d,eV, which is compact, then (dy)ec has a
convergent subnet, which contradictions that d,
—>o0. Hence yg A (X) )

2.6 Theorem: Let X be D — space and xeX.

Then xg J (X) if and only if there is a
neighborhood U of x and there is a
neighborhood V of 0, where 0 is the right
identity element of D, such that dUNU = ¢ for
eachdeV.
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Proof: =We suppose that the above statement
is not true, i.e., for each neighborhood U of x
and for each compact neighborhood V of 0
there is dg¢V such that dUNU # ¢. We can
choose {U,},cz+ to be sequence of an open
neighborhood of x such that U,,c U, c ...

and [ U, ={x}. Since D is locally

nez™*

compact , then there is a compact
neighborhood of 0, such that D, < V. Thus for
each n there is d, ¢V such that d,U,NU, # ¢
ie., there is y,eU, and dyx,€U, Since

M U, ={x3}. then we have y,—>x,
nez™*
dyxn—> X and by hypothesis the sequence
(dy) nen has a convergent sub sequence , say
itself, thus there is a point de D such that d,

—> d, and since the action is continuous.

Then we get d,y,—> dx = x and hence de

D,c V, therefore d,eV for n > n, , which is a

contradiction. Thus the statement is true.
Conversely: <= Let the statement be true,

we suppose that xe J (X) . Then there is a

net (dg)ge g in G with d;——> oo and there is a
net (Yg)gec in X with x, —> X such that dgy,

—> x. Then by hypothesis, there exists U be
a neighborhood of x and V be an compact
neighborhood of 0 such that dUNU = ¢ for
each dgV. Since()g)eec and (dgYy ) geg are
convergent to x , thus there is g,e G such that
Xe€U and dgy,€U for each g > g, and hence d,
€ ((U,U)), therefore d, €V, which is compact ,
this it must have a convergent sub net which is

a contradiction xg J  (X) .

3 —Cartan D - space

3.1 Definition: Let X be a D — space .A subset

A of X is said to be thin relative to a subset B

of X if the set ((A, B)) = {de D / dANB=¢}

has a neighborhood whose closure is compact

in D. If A is thin relative to itself, then it is

called thin.

3.2 Remark: The thin sets have the following

properties:

(1) If A and B are relative thin and K; < A and
K, < B, then K, and K, are relatively thin.

(ii)) Let X be a D — space and K;, K, be
compact subset of X. Then ((K;, K3)) is
closed in D.

(iii) If K; and K, are compact subset of D —

space X such that K; and K, are relatively thin,

then ((K;, K5)) is a compact subset of D.
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Proof: The prove of (i) and (iii) are obvious.
(i) Let de ((K,, K,)) . Then there is a net

(dg)gec in ((Ky, K3)) such that d,——>d. Then

1
we have net (k; )eec in K, such that dgkg
eK,, since K, is compact, then there exists a
1

subnet (d kém ) of (dq kg ) such that

dg k; —)koz, where kf e K,. But
1

(kgm ) in K; and K is compact , thus there is a

point ki € K, and a subnet of k;m say itself

1 1
such that kgm — ko . Then

d, ky ——dk, = kZ, which mean that

de ((Ky, Ky)), therefore (K, K5)) is closed in
D

3.3 Theorem: Let X be D — space and xeX.

Then xe J (X) if and only if x has no thin
neighborhood.

Proof: = Let xe J (X) and suppose that x
has thin neighborhood ,hen there is a
neighborhood U of x such that the set ((U,U))
has compact closure .By hypothesis xe

J (X) , then there is a net (dg)eec in D with
d;—> 0 and a net (¥g)geg in X with g ——>
x such that dy, —> x, since U is a

neighborhood of x , thus there is g,eG such
that y,eU and dgy, €U for each g> g, . Thus
d.e ((U,U)) .,V g> g, , which is compact ,
and hence the net (dy);eg must have a
convergent subset , which is a contradiction,
therefore x has no thin neighborhood.
Conversely: < Let x has no thin
neighborhood . We suppose that x¢ J (X) ,
then by Theorem (2.5) there is an
neighborhood U of x and a compact
neighborhood V of e such that dUNU = ¢ for
each d¢V . In the other words, if dUNU #¢ ,
then deV , thus ((U,U)) < V which is
compact, therefore U is an thin neighborhood
of x, which is a contradiction, and hence xe

J ().

3.4 Theorem: Let X be a D — space and x, y be
two points of X such that x is periodic and Dx
# Dy. Then yg J (X) if and only if there is
a neighborhood U of x, a neighborhood W of y
and a compact neighborhood V of 0, where 0 is
the identity element of D , such that dUNW =
¢ for each de V.
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Proof: = Let yg¢J (X) such that x is
periodic and y(x) # y(y). We suppose that the
statement is not true, 1i.., for each
neighborhood U of x, for each neighborhood
W of y and each compact neighborhood V of
0, there is dg¢V and dUNW=¢ . We can
choose {U,},en @ sequence of an open
neighborhood of x such that U,;,;c U, ... and

nu n ={X} and {W,},.z+ be a sequence

neN

of an open neighborhood of y such that W,
and (W, ={y} , also we
neN

choose V as a compact neighborhood of 0.
Thus for each neN there is d,¢V and d,U,N
W, # ¢ i.e., there is y,€U, and d,y,e W, , since

W, c ..

NU, ={x} then we have y,—— x and
neN
dya—> y, by hypothesis y& J (X) , then
the sequence (d,) ,en has a convergent sub
sequence ,(say itself), i.e., there is a point deD
such that d,——d thus dy,—— dx =y,
which means that Dx = Dy, which is a
contradiction . Thus the statement is true.
Conversely:<= Let the statement be true,

suppose that ye J (X) . Then there is a net

(dg)geg in G with d; ——> o0 and a net (Yg)eeq

in X with g, —> x such that dgy, —> y .
By hypothesis, there exist neighborhood U of
x , W is a neighborhood of y and V is a
compact neighborhood of 0 such that dUNW
= ¢ for each dgV. Thus for g,eG we have
Ye€U and dgy,e W for each g > g, , then d,eV,
which is compact, therefore the net (dy),cc has
convergent subnet , which is contradiction.
Thus ye J (X).

3.5 Proposition: Let X be a periodic D —

space . Then J (X) =¢ for each xe X if and

only if every pair of point x ,y € X such that
Dx # Dy has relatively thin neighborhood.

Proof: = Let J (X) =¢ for each xeX and y

be any point in X. Thus (ye J (X) ). Then by
Theorem (3.4) there is a neighborhood U of x
and a neighborhood W of y, and a compact
neighborhood V of 0 such that dUNW = ¢ for
each d¢V, in the other words, dU MW #¢ then

deV ie., (U, W)) has compact closure,
therefore U and W are relatively thin
neighborhood.
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Conversely:<= Let x, yeX. Then by
hypothesis,  there are  relative  thin
neighborhood U of x and W of y. Thus ((U,

W)) has compact closure. If V,=((U,W))

and V, be a compact neighborhood of D, then
V = VU V, is a compact neighborhood of 0
and each deV, then dUNW=¢ this means that

ye¢ J (X) . Butxandy are arbitrary, thus we

have J (X) # ¢ for each xeX.

3.6 Definition: A D — space X is said to be a
Cartan D — space if every point in X has a thin
neighborhood.

3.7 Proposition: If X is Cartan D — space, then
each stabilizer D, of D is compact.

Proof: Let xeX, then there exists a thin
neighborhood V of x. Clearly Dy is closed in D
and since D, < ((V,V)). Hence Dy is compact.
3.8 Proposition: If X is an Cartan D-space, H is
a closed d — sub algebra of D and Y is an H-
invariant subspace of X, then Y is a Cartan H-
space.

Proof: Since D is locally compact and H is a
closed d —sub algebra of D, then H is locally
compact. Now to show that Y is an H-space.
Define n : HxY—Y such that 7 (h,y) = hy
for each heH and yeY .

i) w is continuous.

in(e,y)=ey=y.

iii) 7 (hy ,@ (hy,y)) =7 (hy ,hy y) =h hyy
= (h; hy y).

Hence Y is an H-space. At the present
time we are going to prove that Y is
Cartan. Let ye Y. Then ye X. Since X is
a Cartan D — space then y has U as a thin
neighborhood in X. Since Un Y is a
neighborhood of y in Y. So UN Y is a thin
neighborhood of y in Y. Hence Y is an
Cartan H-space.

3.9 Proposition: Let X and Y be D —
spaces. Then X x Y is a Cartan D — space
if at least one of X or Y is Cartan.

Proof: At first we shall show that X x Y is
a D — space. Since X is a D — space, then
D acts on X by © | :DxX—X such that ©
(d,x) = dx for each de D and xe X . Since
Y is a D — space, then D acts on Y by &
2:DxY— Y such that © , (d,y) = dy for
each deD and ye Y .Define © : DxXxY
— XxY such that n(d,(x,y)) = d(x,y) =
(dx, dy) foreachde D,xeX andye Y .
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1) T is continuous .
i) 7 (e,(x,y)) = e (x,y) = (ex, ey) = (X,y)

i) © (d 7w (2 ,(xy) = 7 (d &2 (X))
=didy(x,y)=(didy X, did, yFr o (didy
,(x,y)).-Hence X x Y is a D — space. Now to
prove that X x Y is Cartan. Let (x,y)e X x Y.
Since xe X and X is Cartan, then there exists U
a thin neighborhood of x. Then we get U x Y as
a neighborhood of (x,y) in X x Y. Because we
have  ((U,U)) ((UxY,UxY)).  So,
((UxY,UxY)) is relatively compact , which
means that X x Y is a Cartan D — space.

3.8 Theorem: Let X be a D — space. Then X is
Cartan D — space if and only if X &

J (x) for each xeX.
Proof: =If X is a Cartan D — space. Let x €
J (x) , then there is a net (dg)ycg in D with d,

—> o0 and there is a net (Yg)eeg in X with

—> x such that dgy, —> x. Since xeX
and X is a Cartan D — space, then x has an
open neighborhood U such that (U, U)) is
relative thin. Then ((U, U)) is relative compact.
Thus there is geG, y, and dgx, are in U. So
that d, is in ((U, U)).Then (d,)scq contains a
convergent subnet, this is contradiction.

< Suppose that X is not an Cartan D —
space. Then there is a point x in X such that x
has no neighborhood relative thin. Since X is
completely regular, then by the point x has a
sequence {U,},.z+ of an open neighborhood

such  that Uyc U, < .. and
N U, ={x}.Then ((U,, U,)) is not
nez™*

relative thin. We can choose an open

neighborhood U of 0 in D such that D, < U
and it is relative compact. Then there is a
sequence (d,) nen in (U, U,)) — U. Since d, in
D then there is a sequence (),)nen in U, such
that d,y, is in U,. Since [ ) U, ={x}.

nez™*

then x,—— x and d,y,——> Xx. Since x¢
J (x) , then (d,) ,ov has a convergent

subsequence, say (dnk ) with dnk — d
Thus dnk o, — X% Xp — x and
dnk —> d, imply that x = xd. Hence d is in

D, and hence d n is in U for large ny and this

is contradiction.
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