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Abstract:

In this research we have introduced the concept of fuzzy AB-ideal of AB-algebra and also we
proved some relevant characteristics and theories. We also studied the fuzzy relations on AB-algebras
and fuzzy derivations AB-ideals. We presented the characteristics and theories that illustrat
the two concepts that is promted us to study Cartesian Product of fuzzy derivations AB-ideals.

Keywords:
Fuzzy derivation AB-ideal of AB-algebras, Cartesian Product of Fuzzy Derivations AB-ideals .

Mathematics Subject Classification: 06F35, 03G25, 03B52.

Introduction:
The notion of BCC-algebras was proposed by

W.A. Dudek in ([9],[10],[11]). S.S. Ahn and AB-algebras [4]. In this paper, we introduce

H.S. Kim have introduced the notion of QS- the notion of fuzzy derivation on AB-
algebras. A.T. Hameed and et al ([7],[8])

Igeb d obtai f related
introduced the notions of QS-ideal and fuzzy algebras and - obtain some ot refare

QS-ideal of QS-algebra. A.T. Hameed, and et properties and we f:ha.racterize_d Cartesian
al have introduced the notion of fuzzy QS- Product of Fuzzy Derivations AB-ideals .
ideal of QS-algebra in [1]. A.T. Hameed

introduce new of abstract algebras: is called 1.Preliminaries:

KUS-algebras and define its ideals as KUS-

algebras in ([5]). In 2017, A.T. Hameed and We review some definitions and properties
B.N. Abbas. introduced the notion of AB- that will be useful in our results.

ideals in AB-algebras, described connections
between such ideal and congruences and some
properties of AB-algebra in ([2],[3]). A.T.
Hameed and B.N. Abbas, considered the
fuzzification of AB-ideals in
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Definition 1.1.([2],[3]) Let X be a set with a
binary operation ”+” and a constant 0.Then
(X, *, 0) is called an AB-algebra if the
following axioms satisfied: for all x, vy, z
ex:

(1) ((x*y) @z *y) *(x *x2) =0,
(1) 0=xx =0,
(i) x =0 = x,

Note that: Define a binary relation ( <) on X
byx » y = 0ifandonlyif, x < y.
Then(X, <) is a partially ordered set.

Proposition 1.2.([2],[3]) In any AB-algebra
X, forall x, y, z € X, the following
properties hold:

) (x*y) *x =0
(2) x <y implies xxz
(B) x < y implies zxy

Y * Z.

<
< Z*X.

<
<

Remark 1.3.([2],[3]) An AB-algebra is
satisfies for all x, y, zeX

W& *y)xz=(x*x2)*y

@ * @ =y))sy =0

Definition 1.4.([2],[3]) Let X be an AB-
algebraand | < X. I is called an AB-ideal
of X if it satisfies the following conditions:

(1) o€l
(i) (x *y)*z €land y €l imply
x x z €l.

Definition 1.5.([2],[3]) Foran AB-algebra X,
we denote x Ay = y* (y *xx), forall x,y
€X,

XAy < x,y.

Definition 1.6.([2],[3]) An AB-algebra is
said to be commutative if and only if,
satisfies forall x,y € X, x = (x * y) =
y* (y*x)iex ANy =y Ax

Definition 1.7.([2],[3]) Let X be an
AB-algebra. A mapping d: X — Xisa
left-right derivation (briefly,(l,r)-derivation)
of X,
if it satisfies the identity
d(x *y) = (dx) * y) A (x * d(y)), for
allx,y € X,
if d satisfies the identity d(x * y) =

(x * d®) A (d(x) = y), forallx,y €
X.
Then dis a right-left derivation (briefly,
(r, )-derivation) of X.
Moreover, if d is both a (I,r) and
(r,)-derivation, then d is a derivation of X.

Example 1.8. Let X = {0,1,2,3} be an
AB-algebra in which the operation (*) is
defined as follows:

*

W[N] O
WIN[FP|O|O
WINO|O| -
ROl [O|N
OO O|O|w

Define amap d: G — Gby
0 ifx=0,13,
d(x) = {2 if x = 2.

And defineamapd” : G — G
. 0 ifx=0,1,
byd” (x) {2 if x = 2,3.

Then it is easily checked that d is both a (1,r)

and (r,l)-derivation of G and d* is a(r,l)-
derivation but not a (l,r)-derivation of G.

Definition1.9.([2],[3]) A derivation of an
AB-algebra is said to be regular if d(0) = 0.

Definition 1.10.([4]) A fuzzy subset p of
AB-algebra X is called a fuzzy AB-
subalgebra of X

if Wx«y)=min{p(x),n(y)} forallx,y e

X.
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Definition 1.11.([4]) A fuzzy subset p of
AB-algebra X is called a fuzzy AB-ideal of X
if it satisfies :

FAB,) M0) = p(x);

FAB,) WX xz)Zmin{ pn(x «(y %2)), u(y)},
forall x,y,z e X.

Definition 1.12. [6]. A fuzzy u is called a
fuzzy relation on any set S, if u is a fuzzy
subset

w: Xx X— [0,1].

Definition 1.13. [6].If u is a fuzzy relation on a
set S and is a fuzzy subset of X, then (L is a
fuzzy relation on B if u{x,y} < min

(B, B(). Vxy EX.

Definition 1.14 [6].Let u and B be a fuzzy
subset of a set X, the Cartesian product of u
and B is defined by (u X 8 )(x,y) =

min{ u(x), B ()}, VX yeX

Lemma 1.15 [6]. Let p and P be a fuzzy subset
of a set X, then
(i) p x B afuzzy relation on X,

(1) (u x B¢ =pe % Br, V tE[0,1].

2.(Fuzzy) Derivations AB-ldeals on
AB-Algebras:

We review the definition of fuzzy
derivations AB-algebra and study some
properties of it.

Definition 2.1. Let (X ,*,0) be an AB-algebra.
and d : X — X be a self map. A non-empty
subset A of an AB-algebra X is called left
derivations AB-ideal of X, If it satisfies the
following conditions:

1) 0 €A,

2) d(x)*(y*z) €A,andd(y) €A

implies d(x * z) €A.

Definition2.2. Let (X ,*,0) be an AB-algebra.
and d : X — X be a self map. A non-empty
subset A of an AB- algebra X is called right
derivations AB-ideal of X, If it satisfies the
following conditions:

1) 0 €A,

2) x*d(y*z) €A /and d(y) €A implies
d(x * z) €A.

Definition 2.3. Let(X ;*,0)be an AB-algebra.
and d : X — X be a self map. A non-empty
subset A of an AB- algebra X is called

derivations AB-ideal of If it satisfies the
following conditions:
1) 0€A,

2) d((x+xy)*z) €A, and d(y) €A
implies d(x * z) €A.

Definition 2.4. Let (X ,*,0) be an AB-algebra.
and d : X — X be a self map. A non-empty
subset A of an AB-algebra X is called a fuzzy
derivations AB-ideal of X If it satisfies the
following conditions:

1) w0)=p);
2) m(d(x*z))> min{ p (d(x *(y *2)), p
(d(y)}' , forallx,y,z e X

Example 2.5. Let X={0,1,2,3} be an AB-
algebra in which the operation (*) is defined as
follows:

WIN|(FP|O| *
WIN|(L,|O|O
WINO|O| -
ROl |OIN
o|jo|lo|Oo|w

Define a map d : X—X by
_ (0 ifx=013,
d(x) = {2 if x = 2.
Define a fuzzy setp: X — [0,1] by p(d
(0))=to, u(d (1))= t1, u(d (2) = p(d 3)) =t,
Where t,, t,t, €[0,1], with
to > t; > t, . Routine calculations
give that pis not fuzzy left (right)-

derivations AB-ideal of AB-algebra.
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Example 2.6.Consider the set X = {0, 1, 2, 3, 4, 5} (2) Letx=*y <d(y), Then by Theorem

with the operation defined by the following table: (2.7(1)) we get, u(d (x *¥)) = p(d (x))

gl B W M R O

gl D w|l N R o ©
gl | N N o of &
gl | R O Ol O N
g | O o o] o w
U o ,r| k| o o &
o | | | | O

define d(x): X — X byd(x) = {5 0 if Xif: 2{'25'3'4

() Let(xx*y)*(z+y) <d(x*z),by
(Theorem (2.7(1)) we get,
u(d ((x *y) * (z*y))) =2 u(d (z*x))
(4) Letpu(d (x *y)) = u(d (0)), then
wd (x)) = w(d (x*0)) =min{u(d (x *
y)*0),u(d (y))} = minfu(d (x *
y))u(d ()}

= min{u(0), n(d ¥))} = n(d (y))-

Proposition 2.8. The intersection of any set of
fuzzy derivations AB-ideals of

define a fuzzy set p: X — [0,1] by pu(d (0))= to, u(d (13B-bdgebra X is also fuzzy left derivations

H(d (1)) = p(d (2)) = tz, u(d )= p(d (4) = ts.
Where t,, tq,t,, t3 €[0,1],with t5 > t; > t, > ts5. RoutiE

AB-ideal.
goof:
et { u;} be a family of fuzzy derivations

calculations give that 1 is a fuzzy derivations AB-ideal ofAB-ideals of AB-algebra X, then

AB-algebra.

Theorem 2.7. Let p be a fuzzy derivations
AB-ideal of AB-algebra X.

(1) Ifx < d(y), then u(d (x)) = u(d (»)),
(2) Ifxxy <d(y), then

wid (x *y)) = u(d ),

() f(x*y)*(z*xy) <d(x*z),then p(d
((xxy) * (z*y))) =2 n(d (z *x)),

(4) If u(d (x *y)) = n(d (0)), then

n(d (x)) = w(d ()

Proof :
(1) Letx < d(y), and since d(y) <y, hence

x <y, ie.x*xy=0,then
u(d (x)) = u(d (x * 0))
= min{u(d (x * y) * 0), u(d (y))}
(from Definition (2.4(2)))
=min{u(d (x * y)), u(d (¥))}
=min{u(d (0), u(d (¥))} = u(d (y))

VX, Y, Z €X(Nu;)(0) = inf (Ny;(0))
2 inf (i; (d (%)) = (Nu(d (x)) and
(Nu)(d (x *2)) = inf (u(d(x * 2))

2 inf (minfp; (d (x *y)
*2)), i (d (¥))}

=min{inf (u; (d (x *y) * 2)), 4; (d (¥))}

= min{(Nu)(d(x * y) *
2), (Nu)(d(¥))}-

Theorem 2.9. Let p be a fuzzy set in X, then p
is a fuzzy derivations AB-ideal of X if and
only if it satisfies : V a€[0, 1]), U(n , o) # @
implies U(u ,a) is AB-ideal of X, where
U,wn)={xeX/uldkx)) = a}.

Proof: Assume that | is a fuzzy derivations
AB-ideal of X, let a€ 0,1 be such that
U (Y, a) #¢ and X, y €X, such that

x €U ( u,a) then p(d(x)) = «, and so by
(fl2) n(d(0)) = n(d(0+y))=
min{ u(d(0 * x) * y), n(d(x)) =
min{ p(d(0) * y), u(d(x))

=min{ u(0 * y), u(d(x)) = min{n(0),
u(d(x)) = a, hence 0OeU(p, o).

Let d(x * (y * z)) €U(u,a)and d(y) €

Up , o, by (FL) pdxx*z)=
min{ p(d(x *y) * z),(d(y))} = a, so that
x*ze U(u,a).
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Hence U(u, a) is AB-ideal of X.

Conversely, Let U(u, o) is AB-ideal of X, let
X, Y, Z €X be such that

H(d(x*2))>min{ p(d(x*y)*z), u(d(y))}.
taking, = %{u(d(x * 7)) + min{p(d(x *
y) *z), w(d(y))}}, we have B, €[0,1],
n(d(x * z))

< Bo < min {u(d(x * y) * z), n(d(y))}} it
follows that d(x * y) * z € U(u, B, ) and

y € U(u, By ), this this is a contradiction and
therefore W is a fuzzy derivations AB-ideal of
X.

3. Cartesian Product of Fuzzy Derivations
AB-ideals:

The following definitions introduce the
notion of Cartesian Product of Fuzzy
Derivations AB-ideals and some Properties
of it.

Definition 3.1. Let pand 8 be a fuzzy
derivations subset of a set X,the Cartesian
product of p and  is defined by
(uxp)d(x,y)

= min{u (d (x)),B (d (y)} Vx,y € X.

Definition 3.2. If B is a fuzzy derivations
subset of a set X, the strongest fuzzy relation
on X, that is a fuzzy derivations relation on
is ug given by

g (d (x,y)) = min{B (d(x)),B (d ()}
Vxye€EX

Proposition 3.3. For a given fuzzy derivations
subset B of AB-algebra X, let uz be the
strongest fuzzy derivations relation on X. If ug
is a fuzzy derivations AB-ideal of X xX then
B (d(x)) < B(d(0)) = B (0),vxeX.

Proof:

Since pgis a fuzzy derivation AB-ideal of X
xX it follows from (F;) that

tg(x.x) = min{ B (d(x)), B (d(x))}< B
(d(0,0))

=min{ 8 (d(0), B (d(0)} where (0,0)eX xX
then B (d(x)) < B (d(0)) = B (0).

Remark 3.4. Let X and Y be AB-algebras, we
define * on X xY by
Co,y)*,v)xxu,y*v),V(xy), (u,v)
€ XXY then clearly ( X xY,*,(0,0)) is an
AB-algebra.

Theorem 3.5. Let p and B be a fuzzy
derivations AB-ideals of AB-algebra X, then p
x B is a fuzzy derivations AB-ideal of X xX.
Proof:

(1) (ux B)(d(0,0)) = min{ u(0), B(0)

2 min{ u(d(x)), B(d(x))}= H x B(d(xy))

VX, y €EX xX.

(2) Let (xq.,x3),(y1 ¥2 ).(21 122 ) EXXX, then

KX By * 21,%5 * z5) = min{p(d(xy, z1) *
B (d(xz, 2))

= min{ u(d(x; * (y1 * 1)), (d(y1)),
B(d(xy * (y2 * 22)),8(d(y2))}

= min{min{ pu(d(x; * (y1 * 21)),

B(d(xy * (v *

z2))}min{ u(d(y1)).B(d(y2))}

=min{p x B((d(x1 * (1 * z1)),

(d(xz * (2 * 22))). 1 % B(d(y1)), (d(v2)))}
Hence 1 x B is a fuzzy derivations AB-ideal of
XxX .

Theorem 3.6. Let B be a fuzzy derivations
subset of AB-algebra X and let p; be the
strongest fuzzy derivations relation on then fBis
a fuzzy derivations AB-ideal of X if and only
if ugis a fuzzy derivations AB-ideal of X xX.
Proof:

Let B be a fuzzy derivations AB-ideal of X .
(1) From (F;), we get pg(0,0)

=min{ 8(d(0)), B(d(0))}= min{ 3(0), B(0)}
2 min{ B(d(x)), B(d(Y)}=ns(d(X)).d(Y)),
VX, y EX xX.

(2) V(x1 x2),(y1,¥2 ).(21 122 ) EXXX, we
have from (F.,)

Uﬁ(x1 * 71, X3 * Z3) = min{ B(d(x; *

1), B (d(xz * 23))}

= min{B(d(x; * (y1 * 21)),B(d (1)),

B(d(xz * (¥2 * 25)).8(d(y2))}

= min{min{B (d(x; * (y1 * z1)),

B(d(xz * (v *

zz))}min{ B(d(y1)).8(d(y2))}}

= min{pg ((d(x; * (¥ * 21)),

(d(xz * (2 * 22))) g (d(y1)), (d(¥2)))}
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Hence p; is a fuzzy derivations AB-ideal of
XxX .

Conversely, let g be a fuzzy derivations
AB-ideal of X xX,

(1) V(X y)eXxX, we have,

min{ 3(0), B(0)}= ug (x, ¥)= min{ B(x), B(Y)}.
It follows that 8(0) = B(X) VX€EX,

(2) Let (x1,%2),(y1 ¥2 ):(21 122 ) EXXX, then
min{ B(d(x; * z;), B (d(x; * 2;))}

=Hp (d(xq * 21),d(x; * 25))

=

min{ug (d(x1,X2)*((y1 ,y2 )*(21 122 ))),1p (d(
y1), d(¥2))}

= min{ug (d(x; * (71 * 21)),d(x, * (¥, *
73)):p(d(y1), d(y2))}

= min{min{B(d(x; * (y1 * z1)), B(d(x; *

(¥2 * z2)) 1 min{ B(d(¥1)).B(d(y2))}}
=min{B(d(x, * (y1 * 21)).B(d(y1)), B(d(x2 *
(2 * 22)),8(d(y2))}

In particular, if we takex,,y, ,z, = 0, then
B(d(xy * z1) Zmin{B(d(x, * (yy *
71)).8(d(y1))}-

Hence B be a fuzzy derivations AB-ideal of X.

Conclusions and discussion

1) we presented some properties related to
fuzzy AB-ideal of AB- algebra, among these
properties, derivations AB-ideals, Cartesian

Product of Fuzzy Derivations AB-ideals.

2) We recommend finding other properties
for this type of algebra.
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