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Abstract: In previous works of the author, the concept of a binary reflexive 

adjacency relations was introduced on the set of all binary relations of the set X , and 

an algebraic system consisting of all binary relations of the set X  and of all unordered 

pairs of adjacent binary relations was defined. If X  is a finite set, then this algebraic 

system is a graph (graph of binary relations G ). The current paper introduces the 

notion of a support set for acyclic and transitive digraphs. This is the collections ( )S 

and ' ( )S   consisting of the vertices of the digraph G   that have zero indegree and 

zero outdegree, respectively. It is proved that if G  is a connected component of the 

graph G  containing the acyclic or transitive digraph G  , then 

'{ ( ) : } { ( ) : }S G S G       . A formula for the number of acyclic and  transitive 

digraphs having a fixed support set is obtained.  

 

Keywords: Enumeration of graphs, acyclic digraph, transitive digraph. 

Mathematics subject classification  :05C30 

 

Math Page 15 - 25 

 
Khalid .S 

Recived : 18\10\2017                      Revised  : 30\11\2017                            Accepted : 6\12\2017 

 
Available online :    20/1/2018 

 

DOI: 10.29304/jqcm.2018.10.1.336 



 

16 

 

 

Journal of AL-Qadisiyah for computer science and mathematics     Vol.10   No.1   Year  2018 

ISSN (Print): 2074 – 0204       ISSN (Online): 2521 –  3504 

 

 

 

1.Definitions and auxiliary propositions: 

Definition 1.1 Any “binary relation 
2X  ( X  – 

arabitrary set) , generates a  

charcteristic function”
' 2: {0,1}X  ,(if 

( , )x y  , then 
'( , ) 1x y  , otherwise 

'( , ) 0)x y  , and this mpping is bijectve.  

Remarks 1.2 1) From the definition(1.1) we called 

the subset
2X  as the relationsships and 

functions (someetimes digraphs).  

2) If X finite set then the characeteristic function 

can be interepreted as a binaary matrix (the matrix 

consisiting of 0 and 1). Definition 1.3 The relations 

2, X   called adjaceent if there exists  a disjoint 

of union of two subsets X Y Z  , such that: 

i) ( , ) 0x y   for all ( , )x y Y Z  ; 

ii) ( , ) 0x y    for all  ( , )x y Z Y  ; 

iii) ( , ) ( , ) 1x y y x    for all 

( , ) ;x y Y Z   

iv) ( , ) ( , ).x y x y     for all 

2 2( , )x y Y Z  .  

Remark 1.4 From the definiition (1.3),  that if 

the relation   adjaceent with a relation  , 

then   adjaceent with a relation  , and this 

fact we write in the form of a diagaram 

 

 

 

 

 

 

 

 

 

 

 

  

 
Y Z   . 
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Y Z      

 0  

( , )x y   
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   Y                    Z 

 

 1 ( , )x y  

0  
 

 

 
 

Example 1.5: For {1,2,3,4}X  we have the 

following adjaceent relations:  

  

1 0 0 0 1 1 0 0

0 1 0 00 1 0 0 {1} {2,3,4}
    

0 1 1 11 1 1 1

0 1 0 11 1 0 1

 
 

  
 
 
  

 
 
 
 
 
 

 

1 0 0 0

0 1 0 0{2,4} {1,3,} {2,3} {1,4}
    

0 0 1 0

1 1 0 1

 
 

   
 
 
  

 

                                  

1 0 0 0

1 1 0 0
 

1 0 1 1

1 0 0 1

 
 
 
 
 
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Example1.6:

{1,...,6},  Y={1,2}, Z={3,4,5,6}, X   

then the adjaceent relation is: 

1 0

0 1
 0  

Y Z      0 0

1 0

0 0

1 1

 

1 0 1 0

1 1 1 0

0 0 1 0

0 0 0 1

 

 

1 0

0 1
 

1 0 1 0

1 1 1 0
 

0  

1 0 1 0

1 1 1 0

0 0 1 0

0 0 0 1

 

 

“Thus, the set X  generatees a pair 
2

2 , ( )X E X  , 

where 
2

2X
 is the set of vertices, consist of the set of 

all binary relations of the set X , and ( )E X   is a 

set of edeges, consist of all unordered distinct pairs of 

adjaceent of binary relations of the set X . The pair 

2

( ) 2 , ( )XG X E X    will be called “undirected 

graph of binary relations of the set X ”. 

The following theorem proved that in our work [3].  

Theorem 1.7: If  1,card X   then 

( ( )) 2diam G X  . 

Remark 1.8: we denoted the “connected component 

of the graph” ( )G X  by ( )G X , which 

contaiins the given relation 
2

2X  . 

 

 

 

 

 

 

 

2. Arithmetic properties of some subgraphs of the 

graph of binary relations. “We denoted that the 

collection of  all partial orders defined on the set X  

by 0( )V X . And the collection of  all reflexivie –

transitive relations defined on the set X by ( )V X  

and where X finiite sets the collection of all acyclic 

relations by ( ).A X ”         

         In [1],[2] and [3] we proved that if 

2

, 2X   are adjaceent then:   

1. 0( )V X  if and only if 0( )V X  ; 

2. ( )V X  if and only if ( )V X  ; 

3. ( )A X  if and only if ( )A X  . 

      Therefore, in the garaph 
2

2 , ( )X E X  define 

the following subgrphs: 

0( ), ( ) ,     ( ), ( ) ,      ( ), ( ) ....V X E X V X E X A X E X       

…………………….(1) 

  Continue to suggeset that  card X   (i.e 

{1,..., }X n ) . Then we get the following 

remakes: 

Remakes 2.1: 1) If replacing the unit elements 

( , ),x x  zeros, then we get a one-to-one 

corresepondence between the set 0( )V X  and the set 

of all labeled transitive digraphs denoted by 

0

0 ( )V X .  

2) There exist a one-to-one corresepondence 

between the set 0( )V X  and the seet of all labeeled 

0T  topoology denoted by 0( )X . 
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3) Let 

0

0 0 0 0( )  ( )  ( )  ( ).T n card X card V X card V X     

Additional suggest that 0(0) 1.T   

 In [1] we proved that the number of “connected 

component of the graph “ 0( ), ( )V X E X   equal 

to 0( 1)T n  . We note that for any nataural number 

n  the following equaliities are hold:  

1

0 1

... p 1

!
( ) ( ,...,p ),

! ... p !
k

k

p n k

n
T n V p

p  


 


               …………………………….(2)                                      

1

0 1

... p 1

!
( ) ( 1) ( ,...,p ),

! ... p !
k

n k

k

p n k

n
T n w p

p



  

 
 


 

 where the summation is over all ordered sets 

1( ,..., )kp p  of positivee integers such that 

1 2...p p n   . The first formula see [4],[5] 

and [6] and second in [7]. The number of 

1( ,..., )kV p p and 1( ,..., )kW p p  denote the 

number of  partial orders of a special form, which 

depends on a set of 1( ,..., )kp p  see below (4). 

4) If  {1,..., }X n . Then: 

 
0

1

( ) ( , ) ( )
n

m

cardV X S n m T m


  see [4],[8] 

and [9] where ( , )S n m   This Stiriling numbers 

of the 2nd kind in our work [2] we proveed that the 

number of coonnected component of the graph  

 

 

 

 

 

 

 

 

 

( ), ( )V X E X   equal to 

0

1

( , ) ( 1).
n

m

S n m T m


   

Remark 2.2 From above there exists a one to one 

correseponded between the set of all transitive- 

reflexive relations ( )V X  and  the set of all 

labeled topologies ( )T X  defined on the set X . 

If  ( )A A Xn  and {1,..., }X n  a cording to 

[10] the following equality holds:            

2 2 2
1

1

( ... )/2

... 1

!
( ) ( 1) 2 ,

!... !
k

k

n p pn k

p p n k

n
cardA X

p p

  

  

  …

…………………….(3) 

In our work [3] we proveed that the number of 

connected component of the graph 

( ), ( )A X E X   equal to 

2 2 2
1

1

( ... )/2

... 1 2

( 1)!
( 1) 2 .....

( 1)! !... !
k

k

n p pn k

p p n k

n

p p p

  

  







     …………………….(4) 

In both cases, the summation is over all ordered sets 

1( ,..., )kp p  of natural numbers such that  

...
1 2

p p p n
k

    . 

Remark 2.3 We note that the formulass (2) and (3) 

have the same struccture, and in the second case if the 

formula has a finisihed appearance, then in the first 

formula remains a problem of calculation of numbers 

1( ,..., ).kW p p  
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   In the work [10] the following (more general) 

assertions are proved. We denote by 

( ) rA x A xn nrr
 a polynomial whose coefficient 

Anr  is equal to the number of labeled acyclic 

digraphs of order n  having exactly r  arcs. It is clear 

that (1).A An n  We use the agreement 

( ) 1
0 0

A x A  . The polynomial ( )A xn  for n  

is given by the formula: 

2 2 2
1

1

( ... )/2

... 1

!
( ) ( 1) (1 )

!... !
k

k

n p pn k

n

p p n k

n
A x x

p p

  

  

    

 

(compare with the formula (3) . For any 0n  , we 

have the following : 

( )

0

0

( 1) ( )(1 ) ( ) .
n

m n m n m

m m n

m

x A x 



    

Now from the formulass above we give the following 

example: 

3. Examples of subgraphs of the graph of binary 

relations.  

Let {1,2,3}X  .Then we get 3  “connected 

components of the graph” 0( ), ( )V X E X  , 

contains 19 partial orders: 

        

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                     ……..(5) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

And the graph ( ), ( )V X E X  , contains 29 

reflexive- transitive relations. It has 7 conneected 

componeents: 3 components of the graph (4) above 

and 4 components as: 
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And the graph ( ), ( )A X E X   contaiins 25 

acyclice relations . It has 5 connected components : 3 

components of the grapha (4) above (in them should 

be replaced the elementes of the set 0( )V X  by the 

elements of the set 
0

0 ( )V X )  2 componenets as 

follows: 

 “Where {1,2,3,4}X  in subgraphs of the form 

(1) there is a 219, 355 and 543 vertices respectively 

and the number of connected components of these 

subgrags in (1) equal to 19, 45, and 79 respectively.” 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

4. Definition of numbers 1
( ,..., )

k
W p p  and 

1
( ,..., ) :

k
V p p We fix 1( ,... ) ,k

kp p   and 

let 1 ... ,  {1,..., }.kn p p X n    The set 

1( ,..., )kp p  Will be called a partition of the 

number n  . The partition 1( ,..., )kp p  corresponds 

to representation of a relation 0( )V X    in block 

form 

 

 
                                               

 

11 12 1

21 22 2

1 2

k

k

k k kk

  

  

  

         ………..(7) 

In which at the intersection of the 
thi  horizontal and 

thj  vertical bands cost a block 
ij with ip  rows 

and jp columns recording the relation 

0( )V X   in the form (7) will be called a block 

representation of type 1( ,..., ).kp p  Through 

1( ,..., )kw p p we denote the set of all relations 

0( )V X  for which in the block representation 

(7) of type 1( ,..., ) :kp p    

1- All blocks ,  1 ,ij j i k     consist of 

zeros;All diagonal blocks ,  1,..., ,ii i k    

identity matrices. And let 

1 1( ,..., ) ( ,..., ).k kW p p cardw p p  

Through 1( ,..., )kv p p we denote the set of all 

relations 1( ,..., )kp p  such that in block 

representation (7) of type 1( ,..., )kp p  in super-

diagonal blocks 
1, , 2,...,i i i k   in each column 

there is at least number one we call such blocks 

(nondegenerate). We note that, by virtue of 

transitivity   all blocks 

, 1,... 1,  1,...,sr s k r s k    
nondegenerate. We use the notation 

1 1( ,..., ) ( ,..., ).k kV p p cardv p p  

 

 

 

………..(6) 

0   0   1 

0   0   0 

0   1   0 
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5. Comparison of the formulas (2) and (3): 

Inclusion 
0

0 ( ) ( )v X A X it is well known that 

formulas (2) and (3) for calculating numbers 

0

0 ( )cardv X  and ( )cardA X have the same 

structure. However, if in the second case the formula 

has a completed form, then in the first the problem 

persists calculation of numbers 1( ,..., ).kW p p In 

the framework of studies of this problem in the works 

[7,11] obtained family of equations of connection 

between the individual numbers 1( ,..., ) :kW p p               

(1) ( ) 1( ,..., ) ( ,..., ),    ,k k kW p p W p p D   

Where kD   is the dihedral group, generated by 

substitutions:  

1 2 ... 1 1 2 ... 1
,  ,

2 3 ... 1 1 ... 2 1

k k k k

k k k

    
   

   

1

1

1

... 1

1

... 1

!
( 1) ( 1, ,..., )

!... !

!
( 1) ( 1) ( 1, ,..., )

!... !

r

r

m r

r

q q m r

m r

r

q q m r

m
W p q q

q q

m
r W p q q

q q



  



  

  

  





         

0

0

( ,1, ,1) ( )(2 1) ( , ,1)

( )(2 1) ( , ,1).

q
q q r p

r

r

p
p p r q

r

r

W p q W p r

W r q









 

 




 

Formulas ( ) 1,  ( , ) 2pqW n W p q   are 

obvious. В [11], the following explicit formulas are 

proved: 
 

0

( ,1, ) ( )(2 2 ) ,
q

q r q p

r

r

W p q


   

 

 

 

1 31 1 2

1 4... 1 4

!
( ,2, ) (2 2 2 2 ) ,

!... !

q qq q q q p

q q q

q
W p q

q q



  

   

1 1 2

1 2 3 1 2 3

( ,1,1, ) ( ,2, )

!
(2 2 2 ) .

!. . !

q q q q p

q q q q

W p q W p q

q

q q q



  

 

  
 

The above relations allow us to calculate the numbers 

0( )T n for all 7n   (without the use  

of a computer, by solving a system of linear equations 

with respect to quantities 1( ,..., )).kW p p  In [11] 

it was noted that to calculate the number 0(8)T  of 

these relations is not sufficient (only three equations 

are  

missing with respect to the quantities 

1( ,..., )kW p p  generating the required rank of the 

matrix of the system). We assume that the existence 

of some general patterns, generating new relations 

equation. Note also that due to the development of 

effective algorithms 

Computer calculations [12] currently known value 

0( )T n  for all 18.n   

 

6. The number of transitive and acyclic digraphs 

having a fixed support set.  

Let
2

1 2 1 2( , ) ,  ,  ,p p N p p m p    

{1,..., },  { 1,..., }.X p m M p p m    

 through ( ; )w p m we denote the set of all relations 

0( ),v X  for which in the block representation 

(7) of type 1 2( , )p p . 
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1. The diagonal block 
11  is the identity 

matrix, 

2. In the block 
12 consists of zeros, 

3. The diagonal block 
22  is a partial order 

(belongs to 0( )v M , 

And let ( ; ) ( ; ).W p m cardw p m In addition, 

we assume: 

          

0(0; ) ( ),  0,1,...,    ( ;0) 1,  0,1,...W m T m m W p p   
                                  ……………….(8) 

through ( , )v p m we denote the set of all relations 

( , )w p m   Such that in the block 

representation (7) of type 1 2( , ) ( ( , ))p p p m  

the block 
12  nondegenerate. We use the notation 

( ; ) ( ; )V p m cardv p m and we assume, by 

definition,  

0(0; ) ,  0,1,...,     ( ;0) 1  0,1,....mV m m V p p   
                                           ………………(9) 

For a relation 0( )v X  (in which, in contrast to 

the relations of 
0

0 ( ),v X for all x X justly 

( , ) 1x x  ) support sets are the collections:  

( ) { : ( , )    },xyS y X x y for all x X     

'( ) { : ( , )    }.xyS x X x y for all y X     

It is clear that the set ( , )v p m  coincides with the 

set of all those relations 0( ),v X  in 

which ( ) {1,..., }.S p   

 

 

 

 

 

 

Theorem 6.1 For integer 0p  and 0m  the 

following equalities are hold: 

0

( ; ) ( ) ( ; ),
m

m

r

r

W p m V p r m r


   …….    

                                                                                   

………………….(10) 

0

( ; ) ( 1) ( ) ( ; ).
m

r m

r

r

V p m W p r m r


   
….………………(11) 

Proof: Let 1,  1p m  . It is easy to see that if 

( ; )w p m  then the set {1,..., }P p  is 

contained in the support set ( ).S  For any 

M  , ( ; )w p m  we denoted the set of all 

those relations ( ; )w p m  , which 

( )S P  , thus breaking up the set of 

( ; )w p m  to pairwise disjoint classes 

( ; )w p m  .Therefore,  

( ; ) ( ; ) ( ; ).
M

W p m cardw p m cardw p m


  

 Obviously, when    the equalities 

( ; ) ( ; )w p m v p m  ,and 

( ; ) ( ; ).w p m V p m   It is also easy to 

understand that if non-empty , M   such that 

| | | |,  then:  

( ; ) ( ; ) ( ; ),cardw p m cardw p m cardw p m   

where 

{ 1,..., } ,  | | | | [1, ].p p r M r m        
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Since for all ( ; )w p m   we have the equality 

( ) {1,..., },S p r    then : 

( ; ) ( ; ),w p m v p r m r    therefore:  

( ; ) ( ; ),cardw p m V p r m r     

which proves (10). With the introduction of 

agreements (8) and (9) it is easy to verify that the 

equation (10) holds also for 0p   and 0m  . 

Let  we denoted the right-hand side 

of the formula  (11) then by the formula (10) we have 

the equality:  

0 0

( 1) ( ) ( ) ( ; ).
m m r

r m m r

r s

r s

V p r s m r s




 

       
Replacing the index s  by t r s  and changing 

the order of summation, we obtain the following 

chain of equalities: 

0 0

0

0

[ ( 1) ( )]( ) ( ; )     

( ) ( ; ) ( ; ).

m t
r t m

r t

t r

m
m

t t

t

V p t m t

V p t m t V p m

 



     

   

 



Theorem 6.2 For integer 1p  and 0m  the 

following equality are hold: 

1

1

1

1

... 1 2
         

!
( ; ) ( 1) ( ,..., ).

( )! !... !
k

m k

k

p p p m k
p p

m
V p m W p p

p p p p

 

   


 




 

Proof: Suppose that 1.m  By formula (11) the 

following equality holds:  

1

0

( ; ) ( 1) ( 1) ( ) ( ; ).
m

m q m

q

q

V p m W p q m q




     
 

 

 

 

 

 

 

In accordance with Lemma (3) in [7] for all 

0,1,..., 1q m   we have the equality:  

1

1

... 1
         

( )!
( ; ) ( 1) ( , ,..., ),

!... !
r

m q r

r

q q m q r

m q
W p q m q W p q q q

q q

 

   


    

therefore

1

1

0 1

( )!
( ; ) ( 1) ( 1) ( ) ( 1) ( , ,..., )

!... !

m
m q m m q r

q r

q r

m q
V p m W p q q q

q q


 




       

1

1

... 1
    0
         

!
( 1) ( , ,..., ).

! !... !
r

m r

r

q q q m r
q m

m
W p q q q

q q q



   
 

  

Passed to the summation of all the variables 

simultaneously. Let 0 ,q p q  then: 

0 1

0

0 1

... 0 1
       

!
( ; ) ( 1) ( 1) ( , ,..., ).

( )! !... !
r

m m r

r

q q q p m r
p q p m

m
V p m W q q q

q p q q



    
  

   




The proof completes the change of variables 

11,  ,  1,..., .i ik r p q i k     The case 

0m   is valid by virtue of the formula (9). 

Remark 6.3:  For any n N  and 1,...,p n  

through 
( )p

nA (through 
( )

0 ( )pT n ) denote the 

number of all labeled acyclic digraphs ( )A X 

(respectively labeled transitive digraphs 

0

0 ( )v X  ) defined on the sets {1,..., }X n

and such that ( ) {1,..., }.S p   It is clear that 

( )

0 ( ) ( ; ).pT n V p n p   

Thus, by virtue of Lemma (2), we can proof that the 

following theorem: 
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Theorem 6.4 : For any n N  and 1,...,p n  

we have the following equality: 

1

1

( ) 1

0 1

... 1 2
     

( )!
( ) ( 1) ( ,..., ),

( )! !... !
k

p n p k

k

p p n k
p p

n p
T n W p p

p p p p

  

  



 




2 2 2
1

1

1

( ... )/2( ) 1

... 1 2 1
     

( )!
( ) ( 1) 2 .

( )! !... !
k

k

n p pp n p k

n

p p n k
p p

n p
A n

p p p p

   

  



 




The second formula is proved in Lemma 4 of  

(compare also with the expression (4). 
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 حول اعداد البيانات المباشرة المتعدية والدائرية بوجود المجموعة الداعمة 

 

 خالد شياع خيرالله الجبري
 جامعة القادسية
 كلية التربية 

 قسم الرياضيات
Khalid.aljabrimath@qu.edu.iq 

 

 :مستخلص ال

فً الأعمال السابقة للمؤلف قدم مفهوم العلاقات الانعكاسٌة الثنائٌة الملاصقة من العلاقات الثنائٌة            

وقدم جمٌع الأزواج غٌر مرتبة  وللنظام الجبري الذي ٌحوي كل العلاقات الثنائٌة للمجموعة  للمجموعة 

مجموعة منتهٌة بالتالً ٌمكن اعتبار هذا النظام الجبري هو من العلاقات الثنائٌة الملاصقة . اذا كانت الــ 

 ( .بٌان )بٌان من العلاقات الثنائٌة للبٌان 

 وعة الداعمة للبٌانات المباشرة الدائرٌة والمتعدٌة حٌث المجموعات فً البحث الحالً قدم مفهوم المجم

 zero indegree andوالتً تمتلك ) التً تحتوي على كل الرؤوس من البٌان المباشر  و 

zero outdegree والذي ٌحوي  مركبات متصلة للبٌان  ( على التوالً وبرهنا بانه اذا كانت

وكذلك أوجدنا وبرهنا الصٌغة  البٌانات الدائرٌة والمتعدٌة المباشرة فأن 

 التً تحسب كل هذه البٌانات الدائرٌة والمتعدٌة المباشرة بوجود مفهوم المجموعة الداعمة . 

 

 ، البٌانات المباشرة الدائرٌة، البٌانات المتعدٌة المباشرة.الرسم البٌانً  تعداد:  الكلمات المفتاحية
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