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The two questions that: how many edges at least have to be added to the network to ensure the
message d within the effective bounds, and how large message delay will be increased when faults
occur, can re-write this problem as: What the minimum diameter of a connected graph obtained from a
graph of diameter d after adding t extra edges, this problem called “Edge Addition Problem”. In this
paper we find some exact values to above problem by using some special graphs (Line Graph, Bipartite

graph, and complete Bipartite graph).
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Introduction

Graph Theory is a basic and powerful
mathematical tool for a wide rang of
application. Many emerging problems in
various fields, such as chemistry, industrial and
electrical ~ engineering, management  of
transport planning, marketing and education
can pose graph theory problems [1, 2]. In
network communication, the topology of the
delivery network can be modeled by a graph.
Conversely, any graph can also be considered
as a topological structure for some
interconnection networks [3, 4]. Historically,
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the first paper on the graph theory was written
by Euler in 1736 [2]. W, Rose [5] in 1892,
submitted the first representation of the
problem as a graph in order to solved. More
historical information about the graph theory
can be found in F R. K. Chung and M. R.
Garey (1984), where they introduction the
“ Edge Addition Problem” and “Edge Deletion
Problem”[6]. There are many authors tried to
prove the two problems by find the exact
values or bound to these problems, for example
A. A. Schoone et.el. (1987) [7], Z. G. Deng
and J.-M. Xu (2004) [8], H. —X. Ye and C.
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Yang (2009) [9], A. A. Najim (2005) [10], Y .-
Z. Wu (2006) [11], S. A. AL-Bachary (2009)
[12]. S. A. AL-Maliky (2013) [13]. In this
paper we will find exact values to P(t,d) for
some t and d by using new teachings. All the
authors use the path of graph (with some
diameter) to prove the edge addition problem,
i.e. the problem became “find a minimum
diameter of a connected graph obtained from a
graph of diameter d after adding t extra
edges”.

Theorem (1):- P(t,7) = 2,t = 4,5

Proof:- Let t =4, d =7 and P = (xg, X4, -
x;) be simple path of length 7. The vertices
X1, X2, X4, Xg partion P in to five segments

Py = P(xy,x1), P, = P(xy,x3),
P3 = P(XZ,X4), P4— = P(x4l xﬁ)r
Ps = P(x6,%7)

Let G be altereded graph obtain from path plus
four extra edges.

e; = (xg,Xx4), 62 = (X4, %7), €3 = (X2, X¢),
ey = (xq1, %)

Define seven cycles as follows:

C'=P,UP,UP;+e;,C?=P,UP,+e, +
e;,C3=P,UPs+e,+e,+e, Ct=P, +
e;+e,C5=P;UP, +e;5,C®=P;UP; +
es+e,,C"=P,UP;+e,

It is easy to see that,
e(P)=1 fori=1,25,and
e(P)=2 fori=3,4

Thus we have

g(CH =5 fori =1,2,3,56
e(CH =4 fori=7
e(CH =3 fori =4
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It is easy to see that any two vertices x and y
of G, are connected in some cycle C! as define
above. Max{d(C):1<i<7}<[|=2 we
get, P(4,7) <d(G) <2. Now from [8]
d d

(] =Py <[5+

1) .ooiiiiiiiiiiiieeeeeen. (1) we have P(4,7) =
2| Thus, P(47) = 2. From [12] (P(t,d) >
P(t',d) if t<t),

we get: P(5,7) =2
Theorem (2):- P(5,8) = 3

Proof:- Let P = (xg, xq, ..., Xg) be an (xgy, xg)-
path and G an altereded graph obtained from P
pluse 5 extra edges and having diameter
d(G) = P(58). Assum to the contrary
d(G) < 2.1fd(G) = 1, then the number of the
extra edges is equal to t>7+6+ -+ 1=
28, this is contradiction.

Now assume d(G) = 2. Let x; be a smallest
numbered vertex that G has no edge (x;,x;)
with j > i+ 1. Thus, for each j =0,1,...,i —
1, there exists an j'(=j+2) such that
(xj1,x;) € E(G) is extra edge, and so such
edges are at least i.

Since d(G) = 2, we must be able to reach
every other vertex in two steps from x;. Hence
we need edges (x;,x;) forall i + 3 < j < 8 for
some j' < j — 2. Then we have two case:

a) suppose (x;_1,x;) is no extra edge but
(x;,x;1) is an extra for some j' < i+ 1. Then
(xux7)and (xj,x;)are extra edges thus
t=>i+(9-((+3)=t+1,

this is contradiction.

-

¥ - -
Xo  Xi-1 X Xi+1 Xg

b) suppose (x;-1,%;) and (x;x;) are extra
edges for some j' =i — 1. Then some vertices
(Xi42, Xi43, -, Xg) Need at least one new extra
edges to reached any other vertex of the path
by at most 2 steps. Thus we have

t>i+(9-(+3)-D+1=t+1
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Xo Xg

where the appearance of (—1) is because that
there is an extra edge (x;_,,x;) in the first (;)
extra edge whenj' =i —1.

But this is contradiction. Thus P(5,8) = 3
from inequality (1) P(5,8) < [z] +1=3.
Thus P(5,8) = 3.

Theorem (3):-P((n — 1)?,2n—1) = 2,
n=2

Proof:-Let K,, be an equally complete
bipartite graph with bipartion {X,Y}, X =
{x11x21 ---;xn}; Y = {}’1,}’2. ---:y‘n}v |X| =
n Y| =n,

E(Knn) =12V (Kpn) = 2n,d(Knp) = 2

Let P = (x4, V1, %2, Y2, -, Xn, Yn). Then P is a
longest path in K, ,,.

d(P) =V(Kpn)—1=2n-1

G an altereded graph with diameter d(G) =
P(t,d) optained from the path P pluse t extra
edges such that G = K,,,, then d(G) = 2 and

t=E(Kyn)—d(P)=n®>—-2n+1

= (n—1)?
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Now we wanted to prove that P((n—
1)2,2n — 1) = 2 by two ways

1) d(Kpn)=2-> P(n—-1%2n—-1) <2
Either P((n — 1)%3,2n—1) = 1 or
P(n—12%2n—-1) =2

If P((n—1%2n-1)=1 this is
contradiction (since the graph not complete).

Then P((n —1)?,2n — 1) = 2.

2) If n = 2 then from [8] (for d = 2, P(1,d) =
), P13) =2

If n=3 then from [13] (fort =4,5 and
4<d<t+1,P(td) =2),P45) =2

If n=>4 P(n—1)?%2n—-1) <

ﬁ] t1= [nzz—nz_n3+2] +1

then

Sincen = 4
n>>4n->n*>>4n-3
-n?-2n>2n-3

-n?=2n+2>2n-3

Then from [12] (for

mStsw,r24 and r+1<

d ZS t+ 3, i

P(t,d) =2 e e e e e (1)

P(n—1)2%2n-1)<2.

Either P((n—1)%2,2n—1) =1o0r
P(n—1)?%2n—-1)=2

If P(n—13%2n-1)=1 this is

contradiction, (since the graph not complete).

ThenP((n—1)%2n—-1) =2

Theorem (4):- P(n(n — 1),2n) = 2,

forn =2
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Proof:-

Let K, ,+1 be a complete bipartite graph with
bipartion {X,Y}, X = {x;, %, .., x,}, Y =
vy ok IXI=n, [V =n+1,

V(Kpns1) =2n+1,

E(Kn,n+1) =n(n—1), d(Kn,n+1) = 2.

Let P = (¥4, X1, Y2 X2, «ves YnXny Yn+1). Then P
is alongest path in K, 11

d(P) =V(Knns1) —1=2n

G an altereded graph with diameter d(G) =
P(t,d) optained from the path P pluse t extra
edges such that G = K,, 4, then d(G) = 2 and

t = E(Kyns1) —d(P) =n? +n—2n
=nn-1)

Now we wanted to prove that

P(n(n — 1),2n) = 2 by two ways

1) d(Kpn) =2 - P(n(n—1),2n) <2

Either P(n(n — 1),2n) =1 or

P(n(n—1),2n) =2

If P(n(n—1),2n) =1 this is contradiction,
(since the graph not complete).

Then P(n(n — 1),2n) =2
If n =2 then from [7] (for d = 3, P(2,d) =
) ra = [f] -2

3
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If n >3 then P(n(n —1),2n) < [n(ir_i)zﬂl
2n—-2

1= [nz—n+1] +1

Sincen >3

n?>3n-n?>3n-2
>nt-n>2n-2
>nf—-n+1>2n-2
Then from equation (1) P(n(n — 1),2n) < 2.
Either P(n(n —1),2n) = 1or
P(n(n—1),2n) =2

If P(n(n—1),2n) =1 this is contradiction,
(since the graph not complete).

Then P(n(n — 1),2n) =2

Remark:-

The symbol “a > b” is mean, the number a
is too big of number b.

Lemma:-

1) P(t',d) < P(t,d),ift' —t>d —d
2)P(t',d") > P(t,d),ifd —d>»t' —t
Proof:-

1) Let P(t,d) be minimum diameter of an
altereded graph G obtained from a path
P = (xq, x4, ..., xg) of diameter d with t extra
edges and let P(t’,d") be minimum diameter
of an altereded graph G' obtained from path
P’ = (xg,xq,...,xy) Of diameter d’ with t'
extra edges.

Now wanted to prove P(t',d") < P(t,d), if
t'—t>»d —d since t'—t>»d —d this
mean

d' — d be too small compare with  t' —t,

So, d'=d and t’' is greater than t, then
P(t',d") < P(t,d), from[12].

In the same way we prove 2.
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Theorem (5):-

Fort>2andd=(t+1)+5,let G and G’
be two graphs such that d(G) = P(t,d),
G'=L(G),d(G") =P(t,G").

Then P(t',d") < P(t,d).
Proof:-

Letm=>=0,r=123fort=>2,d=(0t+1)+
5, P(t,d) = 3 from [13] (P(t,d) = k + 2, for
t>2k>1andd = k(t+1)+5),

sincet > 0,m = 0andr = 1,2,3, then
t=2m+r+1,d=2m+r+7
Let G' is line graph of G where V(G') =t +d

and

1 2
EG) =5 Y (deao®)
xeV(P(t,d))

~ E(P(t,0))

P(t',d") is minimum diameter of an altereded
graph G’

d=VG)-1=t+d—1=4m+2r+7,
andt’' = E(G") —d =m? + 6m+mr + 4r
t'—t=m?+4m+mr+3r—1
d—-—d=2m+r

Then, t'—-t)—([d —-d)=m?>+2m+
mr+2r—1>0.

So, t'—t>»d —d

from lemma P(t',d") < P(t,d)
|
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Conclusions

A minimum diameter of a connected graph
obtained from a graph of diameter d after
adding t extra edges, this problem called
“Edge Addition Problem”. We find exact
values to problem for some t and d by using
some special graph that is:

1.P(t,7)=2t=45

2.P(58) =3
2.P(n—1%2n—-1)=2,n=>=2
4. P(n(n—1),2n) =2,forn = 2

5. Fort=2and d=(t+1)+5, let G and
G' be two graphs such that d(G) = P(t,d),
G'=L(G),d(G") =P(t,G").

Then P(t',d") < P(t,d).
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