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Abstract 

   The two questions that: how many edges at least have to be added to the network to ensure the 

message   within the effective bounds, and how large message delay will be increased when faults 

occur, can re-write this problem as: What the minimum diameter of a connected graph obtained from a 

graph of diameter   after adding   extra edges, this problem called “Edge Addition Problem”. In this 

paper we find some exact values to above problem by using some special graphs (Line Graph, Bipartite 

graph, and complete Bipartite graph). 
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Introduction 

Graph Theory is a basic and powerful 

mathematical tool for a wide rang of 

application. Many emerging problems in 

various fields, such as chemistry, industrial and 

electrical engineering, management of 

transport planning, marketing and education 

can pose graph theory problems [1, 2]. In 

network communication, the topology of the 

delivery network can be modeled by a graph. 

Conversely, any graph can also be considered 

as a topological structure for some 

interconnection networks [3, 4]. Historically,  

 

 

 

 

the first paper on the graph theory was written 

by Euler in 1736 [2]. W, Rose [5] in 1892, 

submitted the first representation of the 

problem as a graph in order to solved. More 

historical information about the graph theory 

can be found in F R. K. Chung and M. R. 

Garey (1984), where they introduction the 

“ Edge Addition Problem” and “Edge Deletion 

Problem”[6]. There are many authors tried to 

prove the two problems by find the exact 

values or bound to these problems, for example 

A. A. Schoone et.el. (1987) [7], Z. G. Deng 

and J.-M. Xu (2004) [8], H. –X. Ye and C.  
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Yang (2009) [9], A. A. Najim (2005) [10], Y.-

Z. Wu (2006) [11], S. A. AL-Bachary (2009) 

[12]. S. A. AL-Maliky (2013) [13]. In this 

paper we will find exact values to        for 

some   and   by using new teachings. All the 

authors use the path of graph (with some 

diameter) to prove the edge addition problem, 

i.e. the problem became “find a minimum 

diameter of a connected graph obtained from a 

graph of diameter   after adding   extra 

edges”.  

Theorem (1):-                

Proof:- Let    ,     and                        

  ) be simple path of length  . The vertices 

             partion   in to five segments 

                         

                          

             

 Let   be altereded graph obtain from path plus 

four extra edges. 

                                     

            

 

Define seven cycles as follows: 

                             

     
                   

     

        
            

        

        
           

It is easy to see that, 

              for        , and  

              for       

Thus we have 

                                for             

                                for     

                                for     

     

It is easy to see that any two vertices   and   

of  , are connected in some cycle    as define 

above.    {           }  ⌊
 

 
⌋   . We 

get,              . Now from [8] 

(⌈
 

   
⌉         ⌈

 

   
⌉  

 ) ……………............... (1) we have        

⌈
 

 
⌉. Thus,         . From [12] (        

                   ),  

we get:                                                                               

Theorem (2):-          

Proof:- Let                be an        -

path and   an altereded graph obtained from   

pluse   extra edges and having diameter 

           . Assum to the contrary 

      . If       , then the number of the 

extra edges is equal to           

  , this is contradiction. 

    Now assume       . Let    be a smallest 

numbered vertex that   has no edge (     ) 

with      . Thus, for each           

 , there exists an          such that 

(      )       is extra edge, and so such 

edges are at least  . 

   Since       , we must be able to reach 

every other vertex in two steps from   . Hence 

we need edges (     ) for all         for 

some       . Then we have two case: 

a) suppose           is no extra edge but 

(      ) is an extra for some       . Then 

(      ) and (      ) are extra edges thus 

    (       )       

this is contradiction. 

 

b) suppose           and       
   are extra 

edges for some       . Then some vertices 

                 need at least one new extra 

edges to reached any other vertex of the path 

by at most   steps. Thus we have  
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where the appearance of      is because that 

there is an extra edge (       ) in the first     

extra edge when       .  

But this is contradiction. Thus          

from inequality (1)        ⌈
 

 
⌉       

Thus            

                                                                        ∎ 

Theorem (3):-                   

     

Proof:-Let       be an equally complete 

bipartite graph with bipartion {   }   
{          }   {          }, | |  

  | |   ,  

 (    )      (    )      (    )    

 

     

 

     

Let                        . Then   is a 

longest path in     . 

      (    )         

   an altereded graph with diameter      

       optained from the path   pluse   extra 

edges such that        then        and 

   (    )               

                     

 

 

Now we wanted to prove that      

            by two ways 

1)  (    )                      

Either                  or  

                             

If                  this is 

contradiction (since the graph not complete). 

Then                 . 

2) If     then from [8] (for    ,        

⌊
   

 
⌋),            

If     then from [13] (for       and 

       ,         ),           

If     then                

⌈
    

        
⌉    ⌈

    

       
⌉    

Since     

              

                             

                               

Then from [12] (for 
      

 
   

          

 
     and      

     ,  

                         )) 

                . 

Either                  or  

                             

If                  this is 

contradiction, (since the graph not complete). 

Then                  

                                                                        ∎ 

Theorem (4):-                  
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Proof:- 

 Let         be a complete bipartite graph with 

bipartion  {   }   {          }   
{            },  | |    | |     ,  

 (      )         

 (      )          (      )   . 

 

       

 

     

Let                           ). Then   

is alongest path in        

       (      )       

   an altereded graph with diameter      

       optained from the path   pluse   extra 

edges such that          then        and  

    (      )                  

                              

Now we wanted to prove that   

               by two ways 

1)  (    )                    

Either                or           

               

If                this is contradiction, 

(since the graph not complete). 

Then                 

If     then from [7] (for    ,        

⌈
   

 
⌉)        ⌈

 

 
⌉     

 

 

If     then              ⌈
    

        
⌉  

  ⌈
    

      
⌉    

Since     

              

                            

                              

Then from equation (1)               . 

Either                or  

                           

If                this is contradiction, 

(since the graph not complete). 

Then                

                                                                        ∎ 

Remark:-  

  The symbol “   ”  is mean, the number   

is too big of number  . 

Lemma:- 

1)                , if            

2)  (             , if           

 Proof:- 

1) Let        be minimum diameter of an 

altereded graph   obtained from a path 

               of diameter   with   extra 

edges and let          be minimum diameter 

of an altereded graph    obtained from path 

                 of diameter    with    

extra edges. 

Now wanted to prove                , if 

          since           this 

mean  

     be too small compare with           , 

So,      and    is greater than  , then 

               , from [12]. 

In the same way we prove 2. 

                                                                         ∎ 
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Theorem (5):- 

For     and          , let   and     

be two graphs such that            , 

        ,               .  

Then                .    

Proof:- 

Let             for             

 ,          from [13] (           , for 

   ,     and           ), 

 

since    ,     and        , then 

        ,          

Let    is line graph of   where           

and 

      
 

 
∑ (          )

 

           

           

          is minimum diameter of an altereded 

graph    

                        , 

and                         

                   

          

Then, (                   

             

So,            

from lemma                                       

∎ 

 

 

 

 

 

Conclusions 

   A minimum diameter of a connected graph 

obtained from a graph of diameter   after 

adding   extra edges, this problem called 

“Edge Addition Problem”. We find exact 

values to problem for some   and   by using 

some special graph that is: 

1.                

2.          

2.                      

4.                        

5. For     and          , let   and  

   be two graphs such that            , 

        ,               .  

Then                .    
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 حول هسألت أضافت الحافاث هع بعض البياناث

 

 زينب عبد الأهير حوسة الحسن          علاء عاهر نجن 

 قسن الرياضياث

 جاهعت البصرة كليت العلوم

 

 الوستخلص :

انحواف انتي يجب اٌ تضاف انى انشبكت نضًاٌ تأخيز انزسانت ضًٍ حذود فعانت، وكيف سيتى  انسؤانيٍ اقم عذد يٍ   

سيادة تأخيز رسانت عُذيا تحذث أخطاء يًكٍ إعادة كتابت ْذِ انًشكهت عهى انُحو انتاني: يا انحذ الأدَى نهقطز يٍ رسى 

يت، ْذِ انًشكهت تسًى "يسانت إضافت بياَي يتصم تى انحصول عهيّ يٍ رسى بياَي نهقطز بعذ إضافت حواف إضاف

انحافاث". في ْذا انبحج وجذَا بعض انقيى انذقيقت نهًسأنت أعلاِ باستخذاو بعض انبياَاث انخاصت )انبياٌ انخطي، بياٌ 

 انتجشئت، بياٌ انتجشئت انكايم(.
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