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Abstract 

     The purpose of the present investigation is to introduce and study a certain subclass 

   (       ) of  -valent holomorphic functions with negative coefficients of the operators on 

Hilbert space in  . Moreover, we get a number of geometric properties. 
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1      Introduction 
      

Let    be the class of functions   of the form: 

 ( )
   

 ∑      
   

 

   

   (    

 *     + )                          (   ) 

which are holomorphic and p-valent in the 

open unit disk   *    | |   +. 
 

Let    denote the subclass of    consisting of 

functions of the form: 

 

 ( )     ∑      
   

 

   

   (           

  

 *     + )               (   ) 

 

 

 

 

Definition 1.1: A function      is said to be 

in the class    (     ) if it satisfies 

 

|
  ( )       

 (  ( )   )     
|     

where                   and 

   . 

 

Let   be a Hilbert space on the complex field. 

Let   be a linear operator on  . For a complex 

holomorphic function   on the unit disk  , we 

denoted  ( ), the operator on   defined by the 

usual Riesz-Dunford integral [2] 

 

 ( )  
 

   
∫  ( )(    )  

 

     

where   is the identity operator on  ,   is a 

positively oriented simple closed rectifiable 

contour lying in   and containing the spectrum 

 ( ) of   in its interior domain [3]. Also  ( ) 

can be defined by the series 

 

 

 

 

 

 

 

 

 

 

 

 

 

 ( )  ∑
 ( )( )

  

 

   

     

which converges in the norm topology [4]. 

 

 

Definition 1.2: Let H be a Hilbert space and T 

be an operator on H such that such that  

    and ‖ ‖    . Let     be real numbers 

such that                   . 

An holomorphic function   on the unit disk is 

said to belong to the class    (       ) if it 

satisfy the inequality 

 

‖  ( )       ‖
  ‖ (  ( )   )   
  ‖  

 

where                                 . 
 

The operator on Hilbert space were consider 

recently be Xiaopei [8], Joshi [6], Chrakim et 

al. [1], Ghanim and Darus [5] and Selvaraj et 

al. [7]. 

 

 

2 Main Results 
 

Theorem 2.1: Let      be defined by (1.2). 

Then      (       ) for all      if and 

only if 

∑(   )

 

   

(    )    

  (   )( 
  )                           (   ) 

where                  . 

The result is sharp for the function   given by 

 ( )     
 (   )(   )

(   )(    )
          

                             (   ) 
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Proof: Suppose that the inequality (2.1) holds. 

Then, we have 

 

 

 

 

‖  ( )       ‖
  ‖ (  ( )   )   
  ‖

 ‖ ∑( 

 

   

  )      
     ‖

  ‖      

 ∑  (   )

 

   

     
     

    (   )‖

 ∑(   )

 

   

(    )    

  (   )(   )     
Hence,      (       ). 

To show the converse, let      (       ). 

Then 

 

‖  ( )       ‖
  ‖ (  ( )   )   
  ‖  

gives 

‖ ∑(   )

 

   

     
     ‖

  ‖      

 ∑  (   )

 

   

     
     

    (   )‖ 

 

 

 

Setting      (     ) in the above 

inequality, we get 

 

∑ (   ) 
        

     

       ∑  (   ) 
        

         (   )

             (   ) 

 

 

 

Upon clearing denominator in (2.3) and letting 

   , we obtain 

∑(   )

 

   

      (   )(   )

 ∑   (   )

 

   

      

 

Thus 

∑(   )

 

   

(    )    

  (   )(   )  
which completes the proof. 

 

Corollary 2.1: If      (       ), then 

 

     
 (   )(   )

(   )(    )
          

Theorem 2.2: If      (       ) and 

‖ ‖       , then 

‖ ‖  
 (   )(   )

(   )(    )
‖ ‖    ‖ ( )‖

 ‖ ‖ 

 
 (   )(   )

(   )(    )
‖ ‖    

and 

 ‖ ‖    
 (   )(   )

    
‖ ‖  ‖  ( )‖

  ‖ ‖   

 
 (   )(   )

    
‖ ‖   

The result is sharp for the function   given by 

 

 ( )     
 (   )(   )

(   )(    )
       

 

Proof: According to the Theorem 2.1, we get 

 

∑     

 

   

 
 (   )(   )

(   )(    )
   

Hence 

‖ ( )‖  ‖ ‖  ∑     

 

   

‖ ‖   

 ‖ ‖  ‖ ‖   ∑     

 

   

 ‖ ‖ 

 
 (   )(   )

(   )(    )
‖ ‖     

 

 

 

Abbas .K/Sema .K 



 

4 

 

Journal of AL-Qadisiyah for computer science and mathematics     Vol.10   No.2   Year  2018 

ISSN (Print): 2074 – 0204       ISSN (Online): 2521 –  3504 

 

 

Also, 

‖ ( )‖  ‖ ‖  ∑     

 

   

‖ ‖   

 ‖ ‖ 

 
 (   )(   )

(   )(    )
‖ ‖     

In view of Theorem 2.1, we have 

 

∑(   )    

 

   

 
 (   )(   )

    
  

Thus 

‖  ( )‖   ‖ ‖   

 ∑(   )    

 

   

‖ ‖     

  ‖ ‖   

 ‖ ‖ ∑(   )    

 

   

  ‖ ‖   

 
 (   )(   )

    
‖ ‖  

and 

‖  ( )‖   ‖ ‖    ‖ ‖ ∑(   )    

 

   

  ‖ ‖   

 
 (   )(   )

    
‖ ‖   

Therefore the proof is complete. 

 

Theorem 2.3: Let   ( )     and 

 

  ( )     
 (   )(   )

(   )(    )
              

Then      (       ) if and only if it can 

be expressed in the form 

 ( )

 ∑      ( )  

 

   

                                             (   ) 

where       and ∑      
   . 

 

Proof: Assume that   can be expressed by 

(2.4). Then, we have 

 ( )  ∑      ( )

 

   

    ∑
 (   )(   )

(   )(    )
   

     

 

   

 

 

 

 

 

 

 

 

Thus 

∑
(   )(    )

 (   )(   )
 
 (   )(   )

(   )(    )
  

 

   

 ∑   

 

   

          

and so      (       ). 

 

 

 

Conversely, suppose that   given by (1.2) is in 

the class    (       ). Then by Corollary 

2.1, we have 

     
 (   )(   )

(   )(    )
   

Setting 

   
(   )(    )

 (   )(   )
              

and      ∑   
 
    . Then 

 ( )  ∑      ( )

 

   

   

This completes the proof of the theorem. 

 

Theorem 2.4: The class    (       ) is a 

convex set . 

 

Proof: Let    and    be the arbitrary elements 

of    (       ). Then for every   (    

 ), we show that (   )       
   (       ). Thus, we have 

 

(   )         

 ∑ ((   )    

 

   

       )        

Hence 

∑(   )

 

   

(    ) ((   )           )

 (   ) ∑(   )

 

   

( 

   )    

  ∑(   )

 

   

( 

   )     

 (   ) (   )(   )
   (   )(   )  

 

This completes the proof. 
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 خواص هنذسيت لعائلت هن الذوال هتعذدة التكافؤ راث هعاهلاث سالبت لوؤثر

 على فضاء هلبرث 

                     

 سوت كاظن جبر                           عباس كرين وناس                              

 كليت الزراعت                كليت علوم الحاسوب وتكنلوجيا الوعلوهاث            
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 : الوستخلص

 

من انذوال متعذدة انتكافؤ راث   𝒜𝑘𝑝(𝛼 𝛽 𝛿 𝑇)انغرض من انعمم انحاني هى تقذيم ودراست صنف جزئي مؤكذ  

 . علاوة عهى رنك حصهنا عهى عذد من انخىاص انهنذسيت. 𝑈معاملاث سانبت نمؤثراث عهى فضاء ههبرث في  في 

Abbas .K/Sema .K 

mailto:semh.Alisawi@qu.edu.iq
mailto:abbas.kareem.w@qu.edu.iq

