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Abstract

The purpose of the present investigation is to introduce and study a certain subclass
Akp(a, B,8, T) of p-valent holomorphic functions with negative coefficients of the operators on
Hilbert space in U. Moreover, we get a number of geometric properties.
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1 Introduction

Let A, be the class of functions f of the form:

f(2)
_Zp
+Zan+pz tv (peN
={12,.)), (1.1)

which are holomorphic and p-valent in the
open unitdisk U = {z € C: |z] < 1}.

Let k,, denote the subclass of A,, consisting of
functions of the form:

M8

f(z) =2zP - an+pZ (an+p =0, p

n=1

= {1,2, w}) (1.2)

Definition 1.1: A function f € k, is said to be
in the class Ak, (a, B, §) if it satisfies

f'(z) = pz? !
('@ -B)+p—F

where 0<a<1 0<B8<p0<d<1and
z€eU.

<6,

Let H be a Hilbert space on the complex field.
Let T be a linear operator on H. For a complex
holomorphic function f on the unit disk U, we
denoted f(T), the operator on H defined by the
usual Riesz-Dunford integral [2]

1
) =5 | F@G =T dz,

c
where I is the identity operator on H, c is a
positively oriented simple closed rectifiable
contour lying in U and containing the spectrum
o(T) of T in its interior domain [3]. Also f(T)
can be defined by the series
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2 F
=Y,

n=0
which converges in the norm topology [4].

Definition 1.2: Let H be a Hilbert space and T
be an operator on H such that such that
T+ @and||T|| <1.Leta,p be real numbers
suchthat 0<a <1, 0<B<p0<sd<1.
An holomorphic function f on the unit disk is
said to belong to the class Ak, (a,B,6,T) if it
satisfy the inequality

If"(T) — pTP |
< 5”06(}”(T) -B)+p
_ﬁ ,

where @ denote the zero operator on H .

The operator on Hilbert space were consider
recently be Xiaopei [8], Joshi [6], Chrakim et
al. [1], Ghanim and Darus [5] and Selvaraj et
al. [7].

2 Main Results

Theorem 2.1: Let f € k,, be defined by (1.2).
Then f € Ak,(a,p,6,T) for all T # @ if and
only if

(oo

Z(n +1) (1 + 6a)aps,
<3G - B
+ a). 2.1)

where0<a <1, 0<B8<p0<d<1
The result is sharp for the function f given by
) 1+
PRSI Gl JICL L
(n +p)(1 + a)
> 1. (2.2)
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Proof: Suppose that the inequality (2.1) holds.
Then, we have

£ () — TP
- lella(f’(T) —B)+p

_Z(n

n=1

+p) an+an+p_1

— 6 ||apTP?

[ee]

- Z a(n +p) @y, THP71

n=1

+p—-B(1+a)

< Z(n +p)(1+ 6a)an+p

n=1
-Sp-pA+a)<0.
Hence, f € Ak,(a,B,6,T).
To show the converse, let f € Ak, (a,B,6,T).
Then

£ (T) — TP
< 5||l06(f’(T) B +p
_ﬂ )

gives

‘ - Z(n +p) an+an+p_1
n=1

< 6 ||apTP?

[oe]

- Z a(n +p) @y, THP71

n=1

+p-B(1+a)

Setting T=rI(0<r<1) in the above
inequality, we get

a1 +p) apypr™ P!
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Upon clearing denominator in (2.3) and letting
r — 1, we obtain

D AP any < 6@ - HA+a)

n=1 o
- Z Sa(n +p) apyp.
n=1
Thusoo
D o+ p) (1 +6@)ay,
n=1

<é(p-pA+a)
which completes the proof.

Corollary 2.1: If f € Ak, (a,,6,T), then

§(p—B)1+a)

An+p < (n-l-p)(—1+6a) , n=>1.
Theorem 2.2: If f € Ak,(a,p,6,T) and
ITI| < 1,T # @, then
i 0@ =R+ @

p+1A+6a)
<|IT|IP
S(p—p)1+a)
P+1DA+d6a)

§p-p)A +a)
1+ 6a
N §|(|T||7’;)( )
p— l1+a
———|IT|I".
+ 1+ 6a I
The result is sharp for the function f given by

ITIP* < 1IF (D)

(IT|P+?
and

plTIP™" — TP < 1IF (D

Sp-pl+a) .,

f& =2 = Da + sa)

Proof: According to the Theorem 2.1, we get

C 8- B +a)
a <—.
Z P (p+ 1)1 + Sa)

n=1
Hence
IFN = ITIP =) aney ITIMP
n=1 o
> ITIP = ITIP* ) aney
n=1
> |7l

S(p—p)1+a)

T (p+ DA+ 6a) 7.

apr?~t = Y a(n+p) an P 4+ p - f(1 + @)
<8 (23)
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Also,

IF I < ITIP + Z i ITI™P

< IITIIp
N Sp-pA+a)

P+ +6a)
In view of Theorem 2.1, we have

S 8tp— B+ a)
D 0+ Pany S =

TP+

Thus )
If'(MIl = pllT|P~* .

= D (4 Py T

n=1
> IDIITII”‘1
S Z(n +P)an sy
2 pIITII”
8 1+
_Se—pUta o,
1+ da
and
If' (I < plTIP~* +ITIIP Z(n +D)ansp
N pl(lT”p_l)( )
Sp—-pF)1+a
- - @z 14
+ 1+ 6a 71"
Therefore the proof is complete.
Theorem 2.3: Let f,(z) = zP and
1) 1+
@ = -0 DUy g

m+pA+om)” "7
Then f € Aky,(a,B,6,T) if and only if it can
be expressed in the form

f@)
Z In @, e
Where Ap=0and Yp o4, = 1.

Proof: Assume that f can be expressed by
(2.4). Then, we have

HOEDWNAG

SO -PUtD) .

= L+ +5a)

Thus
o (n+p)A +6a) S — B+ a)
L5 - A +a) (+p)A+6a) "

=Z/1n=1—/1051,

n=0
and so f € Ak,(a,p,6,T).

Conversely, suppose that f given by (1.2) is in
the class Ak, (a,B,6,T). Then by Corollary
2.1, we have

Sp-pA+a)

Apip S T

n+p)A+6a)

Setting
_(n+p)(1+ba)

"5 -pHAta) ™
and A, =1-Xy_,1,.Then

F2) =) n ful@.

n=0
This completes the proof of the theorem.

n=>1,

Theorem 2.4: The class Ak,(a,B,6,T) is a
convex set .

Proof: Let f; and f, be the arbitrary elements
of Ak, (a,B,6,T). Then forevery t (0 <t <
1), we show that ((1-t)f;+tf,€
Aky,(a,B,6,T). Thus, we have

A-0fi +tf, = 2"

- Z ((1 - t)an+p

n=1
+ thyip ) Z™P
Hence
(o]

D @+ p) (1480 (1= Dansy + thysy )

~(1-9) @m+nQ
+ 6a)an+:=

+t2(n+p)(1

+<$0()bn+z,J
<A-05(p-p1A+a)
+t6(p— B + a).

This completes the proof.
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