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Abstract

The porpose of this paper is to introduce a new concepts of (G.n)-
tupled fixed point and (G.n)- tupled coincidence point. And, to study the existence
of tupled fixed (coincidence) point for any type of mappings. We will also
establish some convergence theorems to a unique (G.n) -
tupled fixed (coincidence ) pointin the
complete fuzzy metric spaces.
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1. Introduction

In [1] ,Kamosil and Mchalek introduced
the concept of fuzzy metric spaces(F. M.S).
the existence of fixed points for mappings
in fuzzy metric spaces studied by Gregri and
Sapea
[2], Mihet [3].The Fixed point theory for
contractive mappings in fuzzy metric spaces
is associated the fixed pointtheory for the
same type of mappings
in probabilistic metric space of menger type
see, Qlu and Hong[4], Hong and Peng[5],
Mohudine and Alotibietal [6], Wang [7],
Hong [8], Sadtietal [9] ,[10] and many others.
Zhand and Xiao[11] and Hu[12] introduced a
coupled fixed point theorem for. In this paper,
we introduce the concepts of (G.n) -
tupled fixed (coincidence) point and we
establish the (G.n)- tupled fixed
(coincidence) point theorems in
fuzzy metric spac
es

Now, we recall the following:

Definition (1.1) [3]

A binary operation X : [0,1]2—[0,1]
is called a continuous t— norm if the following
conditions are satisfy:

i N is a associative and commutative.
ii. akl=a Vac€][0,1].
iii. alb < cXd whenever a < c &b < d,

Yab,cde][01].

iv. N is continuous.

And denoted by (c.t.n)

Definition (1.2)[4]

A triple (F,G,X) is called
fuzzy metric space (F.M.S) if X #@, X is
continuous t - norm and G:F XF X
(0,0) -

[0,1] is a fuzzy set the satisfying the following
conditions.

i. g(x,y,t)>0

. Gy~ iff x=y

i Gayn=Goan

iV. Gy, (0,00) = [0,1] is continuous.

V. g(x,z,t+s)zg(x,y,t)Ng(y,z,s) Vts> 0."
Now, we will add the condition
gl_glo Gyt =1 Vx,y€F.

Lemma (1.3) [3]
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In any fuzzy metric space (F,G,X),
where X is (c.t.n)If there exits A€ °C such that

g(x‘y‘@(t)) < g(x,y,t) , Vt>0thenx =y.

Definition(1.4) [9]

For any v € [0,1], the sequence < X"v >, _;

be defined by:

Ry =v and X"v = (R"* v)Xv. Then a t —

norm N is said to be (c.t.n)of

H — Type if

the sequence < X™v >%,_, is equicontinuous

atv =1.

Definition (1.5) [ 13 ]
LeF (F,G,R) be a( F.M.S) then

i A sequence in (v,,) in X is said to be

convergent to a point
im0 G, v,y = 1 forall ¢ > 0.

veXif

ii. A sequence in (v,) inX is called a
Cauchy sequence if for each 0 < ¢ <
1 and t > O,there exists a positive
integer n, such thatG, , »>1-

e foreach n,m = n,."

Now we will give the concept of (G.n)_

tupled fixed(coincidence) point.

Definition (1.6)
Let Zy,Zy o, Zy:F* > F

are

mappings. Any element (x;, x5, ... ... , Xp) €
F™ is called a (G.n)_ tupled fixed point of

this mappings if

Xn.
Definition (1.7)
Let Zy,Zy, oo, Zp: F* > Fand E, Es, ... ...
E,:F - F are mappings. Any
(X1, Xy eun on ,Xp) EF™ is called (G.n)

tupled coincidence point of this mapping if

21 (Z; (e (Ziayiigyoieny) =--))

F, (Tz( ...... (Tn(xn,xl,....xn_l)) e )) -

16
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In this paper ,we consider °C is the set of all
functions A: [0, ) — [0, o) such that:
A is increasing function.
A is upper semi — continuous .
Yo At (n< oo ; Vt>0 where A" )=
A(A™), n€N.

2.Main Results

Now, we establish the convergence theorems
to a unique (G.n) - tupled fixed point as
follows :

Theorem (2.1): Let Z,,Z,, ..., Zp: F™ >
F and let (F, G, X) be a complete (F.M.S) such
that X (c.t.n)of H — Type Suppose that
A€ °C satisfying:

Gz, ((ZZ( ...... ) .....))),

2 (20 (@) .))) A =
g[xlﬁ Y t]Ng[Xz, Va2, t]x """ Ng[xn' Yno t]

(2.1)
where t>0 and x;,y,€F , Vi=
1,2,.... ,n
If F containing Z, ((Zz( ...... (Znxmy) - )))
Then there exists a unique (G.n)
- tupled fixed point of compose these
mappings.

Proof:

Suppose that x,%, %42, ......,x," € F,
since F containing
Z ((Zz( ...... (Znixm) ))) that  there
exists x; %, x,2, ... ... ,x;™ € F such that

X1

X1

_a(@é( ...... X— ”»)
Also, x,! =

7z ((ZZ( ...... (Zageyt ez, )))
x52

Il
N
iy
/N
~—
N
N
~
~—
N
S
—~
R
.o =
‘N
=
A
w
&
o
S
R
I
[
N—
—
—
~—
N——
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In general, we can construct the sequences,
<xl>,<x,2>,.., and < x," > as

Xt

_z, <<Zz ( (Zn(xk—11'xk—12""'xk—1n)) ))),

X2

=27 ((Z2 ( (Zn(xk_12_xk_13,...,x1”.xk_11)) )))

X"

=7, ((Z2 ( (Zn(xk_ln,xk_l1,...,xk_1”‘1)) )))

We want to show that the above sequences are
Cauchy sequences in (F,G,R). Since X is
(c.t.n) of H —Type thenwe have,V £ >
0 3 u > 0 such that:

Q- RA-WR ..X(L-w=1—-4VneN.
On other hand, for all x,y € F, G(x,y,.) is
continuous and lim,_,.,(x,y,t) = 1 then there
exists t. > 0 such that:

g[xol,xll, tol =1 —p, g[xozyxlzx tol 21—
[T ,Gx™ x M t] = 1-p (2.2)

By using (2.1), we get:

o Gt Aey] =

7 ((zz (- (Zageotgteom)) - ))) :

> Glxoh %1%, tolRG %02, %12, to IR .. ... RG[xo™, x,™, to]
Also,

Gl 2% Aey] =

|[Zl ((22 (- (Zagrozmtsmomnet)) )))
g |lZ1 ((22 (- (Zazmnsmae)) )))

A(to)

e e

> Glxo2, %1%, 618G [x03, 2,3, £ 1K .. ..
* g[xon; xlnl tO]

we continue this process in the same way
o Glatx" A(to)] =

fa«@(4%m%ﬁmm@m»>1
9
V(@444m%hﬁmggni

]

> Glxo™, ™ toIRG[x01, 2,1, £ IN . .. RG[xo™" L, x,™7L, 8]
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As the sameway
and by using above inequalities

o Glxptxs A% =

gl[ Z ((zz(...(zn(xlllxlz‘ ) ) ]l
EA (Zz(...(Zn(x21‘x22’ o) - )) Ay |

> Gxy txt, A IRG 21 %, %22 'A(fo)]x RG[x1 ™, 0™, Aty

= g[xol,x11, to]nNQ[XO ,x1 7Y L g RG[xo™ 21", to]™

And,
o Glxa?xs%0%y)] =

o (it )

2 g[xl 2, sz, A(to)]Ng[xl 3, x23, A(to)]N N
g[x1 " xzn'A(to)]
> Glxe™, 2™, 6" RG[x", 11, o] R
Glxo™h L o]
Continue this process, we get

o Gl xs" A%)] =

. Z ((zz (- (Zagemegtgn)) )))
|2 ((zz (- (Zaeymoegtegmy) - ))),AZ

> Gloxa™, x5™, Dy |RG [0 25", Ay R . R
Gl x5, A(to)]

= g[xolﬁxllﬁtO]nxg[XO » X1 'tO]n
g[xon,x1n, tO]

Similarly
° g[xk L xk+11'Ak(t0)] =

l[zl ((ZZ ( (Zn(xk_11,xk_12....,xk_1n)) ))) )

9[21 ((Zz (- (Znerm) - ))>

= g[xk—l 1' xklﬁ Ak_l(to)]xg[xk—l 2' xkz' Ak_l
h Ng[xk_l n,xkn,Ak_l(tO)]

(to)]

_lxg[xoz: x12, to]nk_lx

k-1

k
2 Glxo" 2y, to]™
R Glxo™ ™ to]™

. g[xk VX1 A (to)]

g[Zl<(Z2( ( n(xg-12 213" X1t

18
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= Glxo™ x ™t
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Z ((zz ( (zn(xkz‘xkgmxkn,xkl)) ))) Ak ]

> Glxe—1 %05 A )]
* Gloeos 3203, 0 ]

*

* Glxeor toxt, A )]

_INQ[xOS, x13, to]nk_lx

k-1

k
2 g[xoz, x12; tol™

N g[xol, x11; tol™
Continue this process, as the same way we get

g[xk n, xk+1n! Ak(to)]
1
X Glxo', x; ‘to]n

1

, by using above inequalities and for each

A? (ﬂﬂF n < m, we have

g[xk » Xm JZ A (to)]
k=ng

m-1
n n k+1
= Gl x, E A o)
k=ng
>
k k+1
g[xknxxk+1n1A (ro)] [xk+1 [ PPN

¥ g[xm 17Xy, AT (to)]

(to)] *

1
Glxo™ x,™, to]"k_lxg[xol,xll,to]"}HN ...... X
g[xon_1 X" to]nk_1
(tO)J Glxo™ x4 xto]n Ng[xo » X1 ;to]n ------ h
Glxg™™ x1" Lt dn R LR
Glxo™ %™ to]™ ™ RG XL, 2, L, o] K e X
m-—2

Glxo™ b M o™
Let I = max{n*~1,n*, n™2}
= g[xO ) X1 JtO] Ng[xo » X1 JtO]N
S g[xOn 11x1n 1,t0] S
> Glx™ %™ to]™RG[x0L, 2, L to ™R L LR
g[xon—1, xln—l’ to]ml
(1-pX... ... N

2(1-p R (1-p) =(1-

nd hence, G[(x; ™, x,™ t)] > (1-£)
0, < x; ™ > is Cauchy sequence. As the same

A¥ (to) Vay, We get

<xl><x?>and<x "1 > are
Cauchy sequences .Since F is complete then
there  exists Ay, Ay, e e ,a, €EX such
that limk_m Xk 1=

limy .o Z; <(22 (- (st amy) - ))) -
a;

li =

pim,

)}’r}zl( (Zagros?mss) ))) e
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alm x " = Corollary(2.3)
lim Z (Z |z n -1\ ) ... )_> a Let (F,G,X) be a (F.M.S)Under the same
ko™ 2( ( Plea " e )) ) " assumptions of theorem(2.1) but
g ZI <ZZ (--. (Zn(xk_l1,xk_12,_..,xk—1n)) e )) M Zl ((Zz( ...... (Zn(xleZ:---:xn)) e ))) )
Zi (2. (Z ) ), A
1 (12( ( n(al,az,...;ln)) )) ® n Zl ((ZZ( ...... (Zn(.'VL}’z.---J’n)) e ))) ,A(t)
> Glag_q b ag, tIRGxe_1 %, ay, IR L. RG[x 1 ™, ay, t] a
As n—-oo and by continuity of G, we = Glxy, yp, t]R .
get g[XZ'yZ'tTJaZN ------ N g[xn'Yn:t] n
where Lia;<1,t>0 and x;, y; €

9[“1'21 ((Zz(---(Zn(al,az.--.,an)) ---))>'A(t)] = F Vi=12....,nThen there exists a
1 unique (G.n) — tupled fixed point of compose
Also, the mappings  Z;,Z,, ... ... A

[ 2 3 1 ]
er (Zz('"(Z"(x"‘l k=1 etk )) )) j Corollary(2.4)
Let (F,G,X) be a (F.M.S).Under the same
21 ((ZZ( (Zn@@saz,.am) ))> A assumptions of theorem(2.1) but

12, ay, tIRG[xp—1 3, a3, tIR . RG[x -1 L ay,
2 Glrics?, a2 NGl 0 N 4] [ 7 (2, oty ) )

g
622, (2:( - Gatapagan) ) Ao Z, ((zz( ...... (Zntysysy) - ))) kt
. . =1 = g[xlxylxt]alxg[XZJyZIt]azx ------ xQ[xn'yn! t]an
Continuity . ) - where Y*.a; <1,k€ (0,1), and x;,y; €
; (k1™ Xpm1 s s Xpe1 ™), l F,Vi=12,....,n.Then there exists a unique
7 ( 7.( (7 ) ),A (G.n) —tupled fixed of compose the
! ( 2+ (Zncanasan) )) ® mappings  Zy, Zp, eee eve) Zn.

> Glxp_1™ an, tING X1 L aq, IR LR

g[xk—l n—1’ an-1, t]
As n — oo,we get

Theorem (2.5)
Let (F, G, X) be a fuzzy metric space
g[an,Z1 (((ZZ(...(Zn(an,al‘___‘an_l)) ...)))),A(t)] and A,B are two families of mappings such

3 that A={Z,,Zy ...Z:X" > X}, B=
= 1. And hens, {E\,E,, ... ... ,E,;F—F} . Suppose that Ae °C
a, =7, ((ZZ( (Znayag,.ap)) ))) satisfying

a, = 7, ((Zz( (Zn(az.ag....,al)) )))’ e g1z, (Zz( ...... (Zn(xl,xz,...,xn)) ))

A VA Zniymyn) ) ) D]
an =Zl (Zz( (Zn(an:----an—ﬂ) )) 1( 2( ( n1y2 y")) )) ®

Therefore. _ | B (Bl ) ),
(as,az, ... ...,a,) is (G.n) — tupled fixed point “NeAE(.. . E D))t
of compose thenmappings of 7,7y, ., Zy. 1( (o (Brory) ))
Ey (B (e (Bngey) ~--)).» N
Corollary(2.2) Ey (Es(oe e (Bugyp) ) ot|
Let (X,G,*) be a( F.M.S) .Under the
same assumptions of theorem(2.1) but ¢ Ey (Ez( ------ (Encen) - ))
2 (2 Cnrn ) ). By (Ea(e o (Bung) w-2) )t
(2.3)

Z ((ZZ( """ (Zn(ym/z.---.Yn)) ))>kt wheret >0and x;,y; EF Vi=1.2,.... N
2 g[x1:}’1:t] *g[XZ'yZ't] * o *g[xn'yn' t] If El (Ez( ...... (En(X)) )) is Complete
where k € (0,1), £ >0 and x;,y; €F,Vi= subspace of F containing
1,2, .. .. ,n.Then there exists a unique (G.n) — 7 (Z ( @) )) Then there exists  a
tupled fixed point  of  compose  the A B

unique (G.n) -
tupled coincidence fixed point of compose
the mappings of Aand B.

mappings  Zy,Z,, ... ... A

19
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Proof:
Suppose that, x,%, %2, ......,x;,™ € F, since

E, (Ez( ...... (Eno) )) containing
Z (ZZ( ...... (Znixm) )) that there exists
2 .....,x;™ € F such that

By (Es (oo (Eu) ))

=7 (22 (o (Znegrgtsgn1) ) - ))
Z (Zz (o (Zagertagmm)) o ))

=7 (22 (o (Zangemnt g1y ) o ))

E, (Ez( ...... (Engemy) - )) > as follows

Ey (Ez (o (Enceemy) ))
=7, (Zz ( (Zn(xk_ln,xk_l1.....xk—1n_1)) ))

Now, we want toshow that the above
sequences are Cauchy sequences in (F, M, X),
since ¥ is t —norm of H - type, this implies

vV £> 03 p > 0such that
A-pwRA—-pWR..XA—p) =1-4

vn € N. on other hand. For all x,y€X,
M (x,y,.) is continuous and lim,_ (x,y,t) =
1 then there exists t. > 0 such that.

20

(2-4):

Ey (E2(r o (Bnrymy) ).

(Zz (- (Zngerrag2mym)) )) , A(J

|
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|y (B (B ...)),J =i

( (Zn(xl2,x13,...,x1",x01)) )) , N(tg)“
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we continue this process in the same way [ 7 (Z 7 )
1 2\ 2‘ 3’”.’ n’ 1 )
E1 (EZ( ...... (En(xl n)) )), 3 g ( ( n(x1 X1 X1 X1 )) ) 2
E; (EZ( ...... (En(xzn)) )) , A(to) _Zl <Zz ( (Zn(xz2,X23.-...xZn.X11)) )) A (to)

glZl(Zz(...(Zn(xon,xolm,(on_l)) ))] zg— El(Ez( ...... (Enger)) )) }x
7 (zz (- (Zagmert,gne)) - )) o '

By (B Brie) ). | g:&@( ...... @Wﬂ)»,%mx
Ey (Eo (oo (Bngeymy) ). to| & (E2 (o (Engeyy) )) Ay

. El(Ez( ...... (Engeony) )) _ ] EElE(EZ( ..... E (Engey ™) ...)2, \
By (B (o (Eagean) ) 1 (Bo (o (Eny) -)) Bt

g

[ n

As the same way and by using above Ey (EZ( ------ (En(xol)) ))

inequalities, g t I
0

g

’ ‘ E: (Ez ( ...... (En(xln_l)) ))

Continue this process, we get

_ g'a@( ...... @%mq)‘:

6 E, (Ez (v (Engy ) - )) ) By (Eo (oo (Bngemy) ) 2%

= :El (EZ ( ______ (En(le)) )) 'A(to): gl Zy (ZZ ( (Zn(xzn,le,...,xzn—l)) )) , “
Z <Zz (o (Zagegmoetmgm)) - )) X2

Ey (Ez (e (Bngaym) )

N

_El (Ez ( ...... (En(xzz)) "'))’A(to)_ >gG
[ Ey (Ex( o (Engeym) ) ‘ |
E;

) ‘

21
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Similarly

. IE él (EZ (v (Enegy) - ))A
p Zl(Z( ( L CT 1")) ))

Zy(Z,(... (Z) ), Ak (to)

Tl(xk 1 1)

[ EI(EZ( ...... (

(o (Bntoenty) ). k“o)‘_

n(xk 12)
E, (EZ( ...... ( n(XRZ)) )) A= (J

[ El(EZ( ...... (Eneey™) - )) \

Ey (Ez (e (Bngmy) ) ) A5 2

22

g El(Ez( ...... (En(xoz)) )) ' "

= 51(152( ...... (En(xlz)) ))’t" .

. El(Ez( ...... (Engeom) )) n R ... X
E, (Ez( ...... (En(x13)) ))’t"_ .

[ By (Eo( o (Bniaym) ). r_
Ey (B2 (oo (Bngeym) ) o

g IE (82 (- (Errs) ). ‘
E, (Ez (v (Engeyne)) - )) o

Now, by using above inequalities and for
each ny < n < m, we have

Ey (B2 (Buemy) )
91E, (B2 (o v (Enganm) "'))’Zk=n0Ak“")
[ Ey (Es (oo (Bngem) )

B2 (Bl (Baey) ). Z:;Am“‘”

[ B (E( o (Buym) ), ‘x

E, (G A ) .
l Ey (E2(r o (Bnram) ) ‘N
Ey (Ez( ------ (En(xk+z")) )) ’ NkH(fo)
Ey (Ex (oo By ™) ). ]

B, (B (En(x'mn)) ) 8" )

k-1

[ E, (Es(.. . (En(xon))...)),]n N
E, (Ez( ...... (Eneymy) - )) to
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n(xon 1)) ) ‘
)
)

E, (Ez( ...... (En(xon)) ).

g_E1 (Eo( o (Bngaym) ), J )

G e ( "(x"l)) )) \ ...... X
E; (Ez ...... n(xll) ) to

wmwyoyrmx
(Eneam) ) to

- (Enceom) )) ‘ <

(Enegm) ). ]l .
(Eneymy) ) o
(o)) ‘
(Bugean) ) o
(Enirgm) ). ]l .
(Enceym) ) to

23

(“%““Dwmx

5 (B (oo @mwﬂgyr
gl ) )) fo

= (1—wWRA— R

And hence,
Ey (B (e (Bngemy) ) -6
Ey(Ey(e o (Engeyymy) - )i t)
So, < E, (EZ( ...... (Engeem) )) > is Cauchy
sequence.

As the same way, we get

are

Cauchy sequences
Now, to prove that the mappingsin A and B
have (G.n) — tuplet coincidence fixed point.

Since E; (EZ( ...... (Enco)) )) is complete
of X then there exists

,xn E E1 (Ez( ...... (ETl(X)) ...)) and
, 4, € X such that

= 111_1;1;10 Z (Zz ( (Zn(xk—11-----xk—1n)) ))
(Encan) )) =X

subspace
xl, xz, T

Ay, Az, e e
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lim Ey (E; (oo (Engem) )

= lim 7, (zz (- (Zngesmoean1)) )) > E (Ey(...

g |:Zl (Zz ( (Zn(xk—11'xk—12,_..,xk_1n)) )) ,‘
Zy (Zz(... (Zn(al,az,....,an)) )) , A(t)

E, (Ez( ...... (Engeen ) ))‘ !
[ (e (o) ‘

E; (EZ( ----- (En(xk 1")) )

Ey (Ez (e (Bna) )

As n— oo and by continuity of M, we

- Ey (Ex( o (Buap) ) ‘:
2 (2:( (Zngaragnaw) ) Aoy
ilso,

) [Zl (22 (- (Zageszsoma ) )) ‘
2, (2, Znayagan) ) ) Ao
. [E1 <E2 (v (Enger)) ))‘ N
Ey (E;(o . (En(az)) ) 't
E; (EZ ( ...... ( (e 13) ‘ N
Ey (Ez( ------ (En(a3)) )
)-))/

g[ Ey (E2(r e (Bucap) )
2, (Zo( (Zntagagman) ) Do)

Continuity

; [51 (Ez (O - ))

QF@* ...... @WMM) }

As n - oo, we get.
Ey(Ea(y o (Bnan) ), |
gt |-
= Ey (Ey(  (Bngap) )
=7 (Za( Zatayagoan) ) =
Ey (B (e e (Bna) )

Ey (Ez(  (Bncan) ))

= 7y (Za( Catanan-p) ) = *n
Therefore, (a4, a,, ... ... ,a,) 1S (G.n) — tupled
coincidence point of compose the mappings of
A and B.
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