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Abstract; In this paper, we find the degree of best approximation between a pair of a nearly
intertwining polynomials, and a pair of a nearly intertwining splines to a non-negative function f €
Ly,(D N A°(F,),in " L,, .0<p<l' we find the order of best a nearly intertwining approximation in

the above terms.
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1.Introduction:The weighted quasi normed
space Ly, (1),0 < p < 1 have form([6]) :
ff

w(X)

"vap(l)={f,f:lcﬂ{»92:[.|. dXJp<oo, 0O<p<L"

And the (quasi) norm(”f”L (|)<oo),
v.p

where as always,

f (x)
(||f||Lw(|> - ~!~ v (X)

Lets > 0,s0that—b =j, 41 <js < <} <
jo=»b forj, €, .

And we supposeA(j,),are all set of non-
negative functions f on 1=[-b,b], and we

P \p
dx| ), xel

will write a function f which belongs to the

64

same classA®(j,),is said to be copositive.
Ration estimates of the approximation of the
restriction are given in terms of

(An(X)COf(f’,An(X))p), in
inequality in this paper
A (X)=n"V1-x* +n7? and
€18, (x) < by < A, (x) , ([6]). For x € §
[X;+1,X;] and C;,C, are constants andh;

some
where

|t | "Nearly intertwining approximation", in
which intertwining points are allowed to shift
by an amount no larger thanA,(j;), (using
Js ,instead of (j,), improves to the order of

(n_lwf( f', n_l)% p) for .
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2. Notations and Definitions:
Let (6 = minljjy, — ;1,0 <i<s) where
jo=—bandj,, =b, ([6]).

And let 1 =[i"i%"] , and J;=
[ﬂ ii+ii(x_1)]

x-1" x-1 |

Such that f<f<o<i® v=
1,..,% = 2.

(afy < (G = (K = DIl < ey,
whereg;, i = 1,2 positive number.

- {jf”),v = 1,0, (= 1): X1 = £, <
< ji(x_l) = XI(')' 0<i< S,j
=1, ...,n}

A°(§2),setall functions (f),3 (=1 'f(x) =
0.We denote

. .(v)
. | kit L
G\ Ji = [Ii"";{_tl

. J(F-1)
U I+ 1 j'(76—1) )
-1 " )

Now we will write some important definitions
in our work

((atmaye) = {r: (07 @) 2 0.2

€N\ ﬁi})-

Let
AY(f,x, Dy = A ((f %)y
Kh | |
(s
T R
0 , 0.W.

The "Ditzian-Totik modulus of smoothness"

of (F)([6]):

we(f, 8, Dy

= sup A . (F,. H .

it w0 Ty

The degree of "almost intertwining

polynomial” of () ([6]):

Enlf, almj)y, = inf {lIp = fll.,,,,
+f =all.,,:p.q
€ Iln (-1 ()
—f@)
> 0,(— 1) ((fx) — q(x)
> 0)}.
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The degree of "nearly intertwining polynomial
approximation"of(f), with respect toj([6]):

EF:(f: nearlyjjs)l/},p
= inf {(IP = Qll.,,,,):P,Q

€ [In, P(x) — f(x)
€ A2, f ()

— QN G)}

From the definitions above we get for f €
Ly, (D N A°(,)([6]):

E,(f, almj.)yp <

En(f,nearlyl)yp < En(fiidyp: (1

3. Auxiliary Result:
In the following theorems we show that
a"nearly  intertwining  approximation"by

{pl, pZ}CHr, a nearly intertwining
polynomials has an order,C|klw% (, 6], 1)y p

and the generalization to f€Ly,N
A°(,), which has an
order Cn*wi(f,n" 1)y, also a nearly

intertwining approximation by {51,52}, from
the order (r),on the knot sequence{Xj}jn:O,a

"nearly intertwining  splines" has an
order Clisclwi (f, 5scl, Jxc)y,p » WhereC , both
of the above dependent on (p, k).

Theorem
Letf € Ly, (L) N A°(j), andj; c 1, be

sub intervals of | .Then there exist i; € j; ,
and two polynomial p,, p,of degree k
3{p1, pz}a nearly intertwining pair for f
3 P,(X) < F(X) < p(X)ong;, with respect

to
{j;}, that satisfies:

(1):

two

En(f,nearlyjy)y, <

ClIi|wg(?(f;|Ii|Ii)1p,p,- .2
Where C , dependent on (p, k).

Proof: It is known:
"Any inferable functions(n)on (—o0,0),

{r:M(h(z) > cf<ce? T|h( 1| >0,
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where M (h()) =sup]J|” j h(x)|. is the
J
"Hardy — Little wood maximal operator"

[4])).
Let
) e
F(x) = 4%—(96) ; x€L
Ik()((“) o>

And ¢ = ¢~ GIf | £]-

By using the above operator toF', we
get:|{x: M(F(x)) > t}] < ct™* [ |F(x)|

=Ct™f, |F(x)| —t . |( >(x)

i
2 ||

; 0<p<1.

Thus there exists that
M(F(y) <t.

Nowwhen X >1,v=1,.

(-1 _(»)
L) =fG) +t——F7F—

ii € J; , such
LI — 2, thatis:
G~ i) —11)
VS
(I iv)
L = — 7 7
200) =f(G) — ¢ 1 ,
XK>1,v=1,...,. K -2

They will form an "intertwining pairs™ of f

on I; with respect tofj;} . We have from L, (X)

s i<x<i® ™ it is easy from modified

Chebyshev partition ([6]),and since

M (F(jl)) < t, hence

(ii(yc—1)_,gv)) (-1

GV
K-1
M((F)(y)
G i)

-1 ’

M(F) (i) <t
G - "))
K —

,and
K-1

fG) +

< fG)+t¢
Hence

R )
fG) + 1%— M((F)()) < Ly (),
For an error estimate of L, and L,we first
note fromf; , L, (X) < f(x) < L (x)

(I(iK 1) (V))
IL1C0) = L ()] = |f () +t—=——
- f(h) +t K — 1
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I (RS i)
K1
x-1) _ 1;) 20
2 [U )(—m s, |(5) @

SCHMHKE) (x)| , Where C

dependents on p, X.
By (Theorem (1.2.1),[6]):

[ 110~ L < el (D) cof
And since|l;| < Ch; and h; = A, (x), then
we get from the above that :
Ly = L2l ,q <
a7, .
Let P’ be a "best polynomial approximation”
to (") on;, of degree r —1,
P = [ P(t)de Since [ P(t)dt > 0 this
implies thatP € A°(j:),to prove (2) apply
(3)to f — P € A°(j2), then {Ll, LZ},a nearly
intertwining pair for f —P
=L, (x)+P,i =12, obviously
p,—f,p,— f €4°G;), and
i =i < A, Gip) ,and {pl, pz}, a "nearly
intertwining pair" of polynomials of degree I
for T onl,and

llps —

NE

Define p;

L1 = LallL,, o
<cr,|f - 2|
by using (Theorem 2.3.2[6]) we get
lp1 = 2l a0 <
CAp () wie (f, L], 1)y » hence

llps — Pz||L¢_p(ri) <
Cltilwe (f 161, 6y p, (4

Now ,by using the definition of best nearly
intertwining  approximation by a pair
{p., P, f we get

E,(f,nearlyji)y,, <<

Clilwg (F 6L Dy, -5
The result (5) can be generalized by using
(Theorem 2.1.2[6]) when:

f € Lyp,(D 0 2°Gy), | =[-0, 0], specifically
when the function is derived by a pair
{p,, P, }. this implies that
E.(f, nearlyj.)y, <
Cn—lw;{é(]é' n_l)lp_p_ ...(6

D2 ”L,I,p(ll)

L1p,p (Ii),

)
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Also there exist a nearly intertwining pair of
polynomial {pl, p2} c IT,,, satisfy

1900 = (0] =|LO) - L(x)| <

Cllll ||f||L1p,p(Ii)’
and there for

[P.(¥) = P, (X)] < CANX WL, An ().
Corollary:Suppose f €Ly, NA°@,),
0< p <Lk >1 there is a pair of " a nearly
intertwining polynomials " {pl, pz},of degree
I to T with respect tofj, }, satisfies:

i)Ezgf, nearlyj.)y, < Cn‘lwx(f,n‘l)wyp_
iE,(f, almy}js)w,p < Cn_le((f» n_l)lp,p.
Where C , dependents on p, K.
Proof:
i) By using (Theorem 1.6.3 [6]),and the result
(5) then the prove is complete.
ii)By the relationship (1) and the result (i) of
this corollary we get the result.
Theorem(2):Supposef € Ly, ,(I) N A°(j,),
ﬁ5={ii!i= 1,...,5: _nb =jo <11 < <
i. <i.eq = b} .Let{Xi}izo ,is a single knot
sequence, there is a pair of "a nearly
intertwining ~ spline” {S,,S,}, of degree
r,r>2on {Xi}inzo,for f with respect to
J , satisfy :
11 = Salley 00 < Clilwie (f el 5.
Where C , dependents on p , K.
Proof: Let there exist a polynomials

{p,, p,}. of degree I', and interpolate f at
1
K points at jjcz[b—,u|||,b],0<,u<5,
(Theorem(2.3.4):[6]). By using differentiated
in (theorem(2.1.2)[6]) in case
1
b—u||| <b—5ﬂ|||, and by the result
(4) then there exist "a nearly intertwining pair
of a polynomials "{p,, p,}cII, for f
ate 3" P,() < f(X) < p,(0)", Vx e

jc, hence
Ips = p2lluy, i < Cliclog(f, liel i)y,

Now, we define [, and p_zon fc. by
Po=Pand P =P, if (-7 > 0,0

1,..,s, and El:pzandaz:plif

(—1)*" < 0.Hence
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(D (R () - (X)) 20,
(p,(x) - f(x)) <0" and
1 = P2l 00 < Cliclwge (f Bel, 5 yp.---
(3.7

Near thepoint (—b + ,U‘ | ‘) we  will
construct  different  local  polynomial.
Specifically ,we will approximate (T '), atj,

(—1)*7(

:[_b‘*‘ﬂm,b—ﬂm]. From the above

also there exist a pair of polynomial {P, Q}

of degree< I —1, such that

Q(X) < f'(x) <P(x), VX €j4 then
IP=QllL,, 4.0 < Clialwg(Folal 5y,

Let "P"=Pand
Q =Q"if(-)">0), and"P =Q
andQ = P"if

((=1)*7* < 0).Now to check that

P (x) = .XfP*(t)dtJr f(=b+ 1), and

—b+,u‘|‘
Q)= [QM)dt+f(-b+ ],
—b+,u‘|‘
satisfy the inequalities (1)
(P"(x) = f(x))sgn(x — (b + 1)) >0,
(=1

(Q () — f(x))sgn(x—(-b+ 1)) <0,
hence

1P = Q"1 000

(P*(t)

—b+ull|

—Q (t)dt

Lyp(a)

(P(®) —Q())dt

—b+ull|

Lyp,p(en)
= ||fﬁA(P(t)
-Q®)
Q) || LypGa)
< CljalllP - Q”Ld,,p(ﬁﬂ).

=< C|ﬁcﬂ|_2qué(f, [5al, 5oa)y,p that is
[ Q*”L‘L/),p(j!:) S Clﬂcﬂlzw](g(f’ [Fal, 5odwp.
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After the interlocking polynomials have been
configured "intertwining”,with  the function

f | which has a right approximation order,

now we will merge these polynomials together
in the form of "smooth  spline

approximants"(S; ,S,) , on {Xl-}jnzo. If both jg
1
:[b—,u|||,b—§,u|l|] , and j., are non-

contaminated, then P, and P, , overlap onjg,

which contains (M) interior knots from

{Xi}inzo .By "Beatsons Lemma "[4]), 3 a
splines S., has order I at j.,on {Xj}jnzo ,which

are associated with a polynomials P, , P, in

technique at points” D — ,U‘ | ‘ b— % ,U‘ | ‘ ",

countinuously.
Furthermore, the draw of splines S;, it is

located between the polynomials” P, P,
", accordingly:

"sgn (P;(x) — f(x)) = sgn (P,(x) —

f(x) = sgn (S(x) = f(x)) " ,x € je.

By the same method, taking in to account the
overlapping polynomials " P, , P, "
"sgn (Po(x) = f(x)) = sgn (P (x) = f(x))

=sgn (S;(x) = f(x) ",
x €Jr = [-b+ulll,b— §M|1|].Then we get
by ([1])that:
[ 5 =517 <20 (J, 1Py = PP
+ [, 1P = PIP)

by the inequality (7) on an interval j+ , then:
1Si = Silley ,am) < Clirlog(f, il i)y p.---
(8

In the same way, we can overlapping a
polynomial pieces which fall within the
periods contaminated intervals. The Spline
pieces S;,S;, check the same guess above with

a slightly larger interval of j;, on the right-
hand side.

Now, we define the final spline S, over j. as
follows:
If there is only one polynomial P, over

Jjc then we setSlto P,. If there are two
polynomials overlapping on j. ,must be a
combination spline $;, set S;to ;. We get
from the above S; — f € A°(j,), on an interval
| =[-b,b].By the same method we set
S, — f € A°(j,).Since the intervals
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L 30-1) ) _
" (ﬁi’[(h;?—1 ) ,d] '[b'h;:l—l)] Y".in the
. .gx—1)
partition o (1;), where"a =I‘J;?_1 + il "
("
and" b = ‘]C—_‘l — ulfil ", (see Lemma

(2.3.1)[6]),can be compared to size. And each
interval j,=[-b+ ,u| I |, b].denote contain

more than (M), such interval ((the value of

(M) depends on the length of the original
interval)). Therefore we can get the result from
(7)and (8), that is
151 = S2lliy, 60 < Chiclwf (F, il 3.
Where C, dependents on p , K.
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