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Abstract

Second -order two-point boundary value problems (BVPs) were solved based on a of non-
polynomial spline general functions with finite difference method.In this paper we discusses a
method depended on using special finite-difference approximations for derivatives and formatting a
formula that can be deal with endpoints that exceed the usual finite-difference formula for
derivatives. Convergence analysis of the method is discussed. The numerical description of the
method is shown by four examples. So the results obtained by our method are very encouraging
over other existing methods.
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1. Introduction Y'O)+r(X)y +s(x)y=9g(x) ,xe [a, b] (1)

In this paper our concern is approximating the solution

of the second order linear BVP by using non- subject to the boundary conditions (B.Cs)

polynomial spline function[5-9,11-13],we discussed (A) y(@= o Y b)= 131

the numerical solution for two cases of the problem , _ , R

using non-polynomial spline function. (B ) y (a) =, ,Y (b) - /Bz

consider the linear second order BVP of the form Where F(X),S(X) and Q(X)are continuous
[7,10]

function on [a,b],al,ﬂl,az and f,are  real

constant .The main objective of our research is to
introduce a new spline method to approximate the
second order BVP as in (1).
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This paper is organized as follows. In section2, derive
of the method with (B.Cs)-(A). Analysis of the method
in section 3.In section4, derive of the method with
(B.Cs)-(B). In section 5, non-polynomial spline
solution.Section 6 convergence analysis .Section 7
some numerical examples to show the performance of
the proposed method and for comparison purposes with
another numerically methods. Finally, the conclusion is
given in section 8.

The main objective of our research is to introduce a
new non-polynomial spline method to approximate the
second order boundary value problem as in (1).

2 . Derive of the method with B.Cs -(A)
We introduced a finite set of grid point X; by

dividing the interval [a,b]into n equal parts

where Xi =a+ib ,i=0,1,2,...n, X0 =a
b-a

X, =band h =2
n+1

Let Y (X ) be the exact solution of problem (1) and
Y, be the approximation value to Y (Xi ) value

obtained by the spline function ¢, (X ) passing

through the point (Xi Y ) and (Xi+1’ ym).
Each non-polynomial spline segment has the form [4]

@ (X)=a +b (x—x)+csinh(k(x —x))
+d. cosh(k(x —x,))
1=0,12,..,n-1

(2)

Where & ’bi C; ’di are constants and k is free

parameter to be determined later. Our non-polynomial
spline is now defined by the relations

(1)

yi(X)=@(X) xe[x,%,] i=12..,n
(i)

@, (X) ECOO[Xi ’Xi+1]‘

3)

First, we developd expressions for the four coefficients
a,b;,c;,d;  of @ in
Yir Yii ¥ Wi, where

Do (x)=y; (e (Xi)=Yi,
D' x)=w; (D)@ (X;)=wi4
4)

terms  of
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From Eq. (2) and (4), we obtained via a straight

forward calculation the following expression:
h? 1 h
a =Y, _?[//i b, :H(Yiu - yi)"‘?(‘/’i “Via)
2 2

di:?% and Ci:m(‘//m—‘//i coshd)

i =012,...n-1 and @&=Kkh.
6)

Now using the continuity of the first derivatives at the

point (Xi ,yi).that is(Di'_l(Xi)I(Di'(Xi)

yield the following relations:

where

Yia—2Yi +Yia :hz(ézl//i—1+277‘//i +&v, )

N (6)
¥i :_r(xi)y,_s(xi)yi +gi(xi)’
h h -2 2coshé
==-({——— and =(—+ —
=G asime ™ =G Gsinhe’
The truncation errors,ti ,i =12,..,n

associated with the scheme (6) can be obtained as
follows: first we re-write the scheme (6) in the form

2 n 14 n
Yica —2¥i + Vi =N L8y g + 2nyi + Syl +
fori=12,3,...,n

(7
The terms Y; 4,Y;,Y;,1- in Eq.(6)are expanded

around the point X; using the Taylor series and the

expansion for ti i=1,2,3,....n, can be obtained.

4
(- (@2 + 2nhy + 1 (A-128) 3 +

. %a—sogmﬁyi“’w(h%

i=123..,n.

3
The scheme (6) gives rise to family of method of
different order as follows:
1-second order methods
As

1 1
k >0 ,£== and n=—= .Then
s=g ad n=g The
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local truncation error is

1 :
t =——h'y.®+0(h" i=12..n
= e o)
©)
2-Forth order methods
For = i and n= E .Then the
12 12
truncation errors in Eq.(6) is
.:—h—Ghﬁy@ +0(h?) i =12,.n
240 7' -

(10)

3 .Analysis of the method with B.Cs.(A)

To illustrate the application of the spline method
developed in the previous section we considered the
linear boundary value problem that is given in Eq. (1)at

point (XY
we choose an integer N > O and divide the interval

grid

[a,b]in n equal subintervals .Where the step size
b-a

h=
n+1
Eqg.(1) by using non-polynomial spline by substituting

,also approximate forth derivative in

QO = yi" in Eqg.(1) we get the following Eqgs.
Wi =T ) Via—S(X4)Yia +9(%,) A1)
4 :_r(xi)yi'_s(xi)yi + g(Xi) (12)

Wia =T Vi — SO0 Vi +9(%,,) (13)
The first derivative approximate by using finite
difference as follow[4]:

' y|+l Yia ro_ _3yi—1 + 4y| —Yiu
yi 2h 1 yifl 2h
Yia—4Yi +3Yiu
i+ 14
yl+1 2h ( )

So Eqgs.(11)-(13) and using (14) are become in the
form:
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—r(Xi_)(3Yjg +4Yj ~ Vi)
2h

Vi = = s(Xj_1)Vjq + 9(%p):

()i — Yicg)
vi = %‘1 =s(X)yj + 9(x)-

=r(Xj;1)(Yi_g — 4Yj +3Yj1)
Wigg = ———— s 0,0 Yigg + 9040

2h (15)

Now the substituting of the Eq. (15) in (5) we get the
following n linear algebraic Egs. with n unknown

{4+%g«wy_rmﬂ>
2h 2

- hZS(Xi_l)) +nhr (X )j| Yia

+[2 =2&h(r(Xj_q) = r(xjq) - 2nhzs(xi ):| ¥

|:—l+ gh(r(xi_l) B 3r(Xjq)

)~ h2s(xp)) - nhr(xi)} Vi
h 2

2h217r(xi) fori=1,2,..,n
(16)

2
= —h"&(r(xi_q) + r(Xj1)) -

4. Derive the method with B.Cs-(B)
Proceeding like in section(2),but we needed to derive
special formula whenl = 1, N using the boundary

conditions , finite difference (14) and the step size
— b-a as following:
n+1
2 2 —4r(x2) 4s5(Xn) 2 2r(xq)
[—wh ( Oy + 290" (4 s(x) | vy

2 4r(x2)

s(xg) r(x)
0% 4 §(x,)) + 47h” 1}2
3 3

r(x)
{ +en? (—— r(x) + _ g’ 1}3
3
2

+h é(r(xo) + r(xz)) + 2h r;r(xl) fori =1
17)

2hs(x0))
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G =(9(xy),9(X;),- 9 (X)),

2 2 —4r(x,_1) s(x ) r(xn)
L 2 0 () - 200 3” }yn_l Y =(yY,en ¥, )
4 4 2 i ]
{ 240 _1) Ona) 2 200) +S(Xn»} P -
3 3h & 2n &
2h _
{ - en’( o n_l) —(Xny1) — 5(:n+1))_nh2 ") 0‘4D B 3 21 &
+h2¢j(r(x n—1) + r(Xp4q)) + 2h nr(xn) fori =n. é: 277
(18) R - -
and Q =(0,,9,,-.,0,)
) ) ) where
5. Non-polynomial spline solutions 4, = -h2Er(x,) - (14 h§(3r(xo) r(xo)) hs(x,)) + hr (X )Y

The scheme (16) gives rise to a linear system of order
(n X n) and may be written in the matrix form as

Ay +h’DG =Q

(19)

Where A =C + hBr —h?Bs,

5 1 -

-1 2 -1

C = -1 2 -1 |,

and Br = Zij , Bs =Uij are define as
=25(r(xg) —r(xp)) i=1j=1,
5(3r();i_1) B r(xi+1)) Chgrx) i,

Mij =1 -26(r(xi_1) = r(x4q)) 1=1,
é(l’(xiz_l) B r(Xi+1)) 3 hT]r(Xi) i<
—28(r(Xy_p) —r(xy)) i=j=n-1,
2ns (X, ), I=]=,2..,n-1
‘fS(Xi—l)’ I >j1
&S (X 1), i <]
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qi:0 ’i:2,3,...,n_2.

r(X,_o) 3r(x,)
Qg = ~h2er(x,) - (-1 + he(— =20 -
hs(Xn_2)) + hnr(Xn_1)) ¥y
we assume that
7 T
Yo=Y (X)), Yy (%) Y (X4))

Be the exact solution of the given boundary value
problem (1) at nodal point

X, For i=12,..,
AY +h’DG =T(h) +Q,
A(Y =Y)=AE =T (h)
(21)

N .then we have

(20)

6. Convergence analysis

In this section we discuss the convergence property of
(6),we now turn back to the error eqg. in (18) and
rewrite it in the form:

E-A Y- [C + hBr — hZBs]’lT =l + Cfl(hBr - hzas)]’lc’lT
[el.. < L, Il

(22)
In order to derive the bound on HE Hw ,the following

[+ C_l(hBr - ths)” "c_
00

two lemmas are needed.
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F Eq. (6 have:
Lemma(1) :The matrix (C +hBr —h’Bs yis rom Eg. ( )We ave:

nonsingular if |: F = o (4) |-
o B gy g [l TR
(a- b) (85 + 277) (a- b) HC—1H HTH
where0< ¢ <1. IE] e =0(h?) (25)
e e - nssy
Proof:
Since, ) a ) Also from eq (9) we have:
A=C+hBr-h"Bs=[l +C~(hBr —h°Bs)]C
and the matrix N is nonsingular ,so to prove A ”T H —F, F,=max__, ©) (x; )‘
nonsingular it's sufficient to show 240 -
[I +C *(hBr —h?Bs)]nonsingular. hen
6 2nBr —hes)| <l [ner —hss| < LI
o her —h?Bs)|, <[, [nBr —h’Bs|, < - o(h*)

1—|IC7! |((hBr —h?Bs
lc | qner], +n?Bs] ) A 5l

(23) (26)
Moreover, Theorem (1) [3]:
(a _b)Z Let y(x) is the exact solution of the continuous
HC 71H < — [4,10] boundary value problem (1) with the B.Cs-(A) and (B)
* 8h and lety (Xi ),i =1,2,...,n —1 satisfies the
HhBrH < h(8§+277) Hr” , and Hh BsH < |q|§ tgt# boundary value problem (18) in further ,if
(X ) Yy then
Where = O (h ) for second order convergent
HrHoo = MaX,, <« ‘I’(Xi )" and HSHOO - maxa<xnfét
2- |E EO h for forth order convergent
aubsiuting [hBr |, [C|.. and [hBs] ” ILO () :
] o o o method.
in Eq. (23) we get, . .
) Whose ”E)HOO given by(25)and(26),respectively
HC (hBI’ h BS)H (8 + 277)” H e #S‘HE due to round off.
) 7. Numerical examples
since : . .
We now consider four numerical examples to illustrate
H H 8he d H H 8(1-¢) the comparative performance of non-polynomial spline
b—a)° (8¢ + 21) an Slloo < (b- a)2 finite difference method in scheme (6) .All calculation
o+ are implemented by maple 18. In example (1)
(24) andexample (2),we the scheme (6) is being applied to
4 5 solve this problem for n=16 and compared with exact
Eq. (23) lead toHC (hBr —h BS)H <1. solution in tables (1) and( 2 )respectively ,moreover for

n=8,16,32,64 and 128.We are compute solutions at grid

from lemma (1), show that the matrix A is nonsingular. point, the observed maximum absolute errors

: -1 2 :
Since HC (hBr —h BS)HOO <1.s0 using L. :‘yi -y (X; )‘where Y, is the numerical
lemma (1) and Eq. (22) we obtine solution and Y (X, ) is exact solution all are tabulated
HC _1H HT H in tables (3) , (4) respectively, In table (5) our results
HE H ® with the results given in [1]are compared .

1-”(: -1HOO H(hBr - ths)H
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We deduce that our result are more accurate, The
figures (1),(2) and(3) illustrate the comparison of the
real solution with numerical solution.

In example (3) and example (4) ,We applied the

scheme (6)with Eq.(17)and Eq. (18) to solve this
problem for different values n and compared with exact
solution in tables (6) and (7) ,moreover n=8,16,32,64
and 128,the observed maximumabsolute errors are
tabulated in tables (8) and (9) ,the figures (3) and (4)
illustrate the comparison of the real solution with
numerical solution.

Example 1 [1]:Consider the boundary value problem

y' -(x +)y'-2y =(1-x’™*  0<x<1
y(0)=-1,y(®=0.

With exact solution

y(x)=(x-1e™

Example 2 [1]:Consider the boundary value problem
y'—y'=—-*'-1 0<x<1
y(0)=0,y(@®)=0.

With exact solution Y (X ) =X (1—e* ™).

Example 3 [11]:Consider the boundary value
problem

y'+y =-1 0<x <1
1-cos(1)
'0)=——T"==-y'(D.
y'(0) sin) y'()
With exact solution
y (X) =cosx Hﬂsinx 1.

Example 4 [9]:Consider the boundary value problem

—y"=(2-4x%)y 0<x<1
] ’ —2
Y(0)=0,Y(1)=?-

2
With exact solution y(x) =e ",
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Table 1: Comparison numerical solution of non-
polynomial spline finite difference method for (n=16)

with exact solution of example (1).

0.0625 -0.880669135 -0.880668474 | -0.880699746
0.1250 -0.772131021 -0.772128861 | -0.77218479
0.1875 -0.673515692 -0.673511558 | -0.673586159
0.2500 -0.584018988 -0.584012695 | -0.584100587
0.3125 -0.50289777 -0.502889373 | -0.502985745
0.3750 -0.429465486 -0.429455222 | -0.429555799
0.4375 -0.363088043 -0.363076287 | -0.363177296
0.5000 -0.303179969 -0.303167199 | -0.30326533
0.5625 -0.249200851 -0.249187614 | -0.249279986
0.6250 -0.200652029 -0.200638912 | -0.200723036
0.6875 -0.157073513 -0.157061126 | -0.157134868
0.7500 -0.118041136 -0.118030087 | -0.118091638
0.8125 -0.083163896 -0.083154783 | -0.083202621
0.8750 -0.052081495 -0.052074892 | -0.052107752
0.9375 -0.024462057 -0.024458503 | -0.024475352

Table 2: Comparison numerical solution of non-
polynomial spline finite difference method for (n=16)
with exact solution of example (2).

0.0625 | 0.038043273 | 0.038039019 | 0.038024648
0.1250 | 0.072928609 | 0.072920342 | 0.072892248
0.1875 | 0.104350364 | 0.104338372 | 0.104297379
02500 | 0.131976602 | 0.131961227 | 0.131908362
03125 | 0.155449676 | 0.155428619 | 0.155365132
0.3750 | 0.174370442 | 0.174349572 | 0.174276964
04375 | 0.188322801 | 0.188299959 | 0.188220014
05000 | 0.196844046 | 0.196819852 | 0.19673467
05625 | 0.199435511 | 0.199410674 | 0.199322704
0.6250 | 19555679100 | 0.195532119 | 0.195444201
0.6875 | 0.184622441 | 0.184598846 | 0.184514255
07500 | 0.165998192 | 0.165976919 | 0.165899413
08125 | 0.138998192 | 0.13897997 | 0.138913842
0.8750 | 0.102878735 | 0.102865077 | 0.10281521
0.9375 | 0.056835959 | 0.056828319 | 0.056800254
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Table

polynomial
example (1).

3:The maximum absolute errors ofnon-
spline finite

difference  method for

8 3.63E-04 4.04E-04
16 9.03129E-05 1.01E-04
32 2.25E-05 2.53E-05
64 5.57478E-06 6.26843E-06
128 9.87E-07 1.2426E-06

Table 4:The maximum absolute errors of non-
polynomial spline finite difference method for example

@).

Table 6:Comparison

Bushra .A/ Abdulhassan .J

numerical solution of non-

polynomial spline finite difference method for (n=16)
with exact solution of example (3).

0.0625 | 0.031299775 | 0.030943688 | 0.032169192
0.1250 |  0.05940484 | 0.059048874 | 0.060307784
0.1875 | 0.083374298 | 0.083018496 | 0.084305898
0.2500 | 0.103114577 | 0.102758954 | 0.104069821
0.3125 | 0.118548619 | 0.118193162 | 0.119522374
0.3750 | 0.129616173 | 0.129260849 | 0.130603217
0.4375 | 0.136274035 | 0.159187958 | 0.137269078
0.5000 | 0.138496213 | 0.138141004 | 0.139493927
0.5625 | 0.136274035 | 0.135918796 | 0.137269078
0.6250 | 0.129616173 | 0.129260849 | 0.130603217
0.6875 | 0.118548619 | 0.118193162 | 0.119522374
0.7500 | 0.103114577 | 0.102758954 | 0.104069821
0.8125 | 0.083372975 | 0.083018496 | 0.084305898
0.8750 |  0.05940484 | 0.059048874 | 0.060307785
0.9375 | 0.031299775 | 0.030943688 | 0.032169192
Table 7:Comparison numerical solution of non-

polynomial spline finite difference method for (n=16)

8 0.00045128 0.000352401 with exact solution of example (4).
16 1.12E-04 8.79708E-05
32 2.83E-05 2.20701E-05
64 7.06974E-06 5.51684E-06
128 1.76738E-06 1.38E-06 0.0625 |  0.994624959 0.993898323 | 0.99610137
0.1250 | 0.983104909 0.982364394 | 0.984496437
. i 0.1875 |  0.964172404 0.963409595 | 0.965454552
Table 5:Comparison the maximum absolute errors 0.2500 | 0.938262193 0.937469997 | 0.939413063
ofnon-polynomial spline finite difference method for 03125 | 0.905959649 0.905132689 | 0.906960618
example (1) and example (2) for (n:32) with  the 0.3750 0.867978854 0.867113733 0.868815056
. . 0.4375 | 0.825136448 0.824231864 | 0.82579704
maximum absolute errors of B-spline method[1].
0.5000 | 0.778322587 0.777379302 | 0.778800783
0.5625 |  0.728470452 0.72749111 0.72876333
0.6250 | 0.676525748 0.675514562 | 0.676633846
0.6875 | 0.623417583 0.622379908 | 0.623344309
0.7500 |  0.570031932 0.568973763 | 0.569782825
0.8125 | 0.517188709 0.51611612 | 0.516770583
0.8750 | 0.465623173 0.464541742 | 0.465043188
exarlnple 2 95E-05 | 2.53E-05 5 70E-04 0.9375 |  0.415972143 0.414886376 | 0.415236829
exa?p'e 2.83E-05 | 2.27E-05 | 6.88E-04
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Table 8:The maximum absolute errors of non-
polynomial spline finite difference method for example

@3).

8 3.45E-03 4.87E-03
16 9.97E-04 1.35E-03
32 2.66E-04 3.55E-04
64 6.82946E-05 9.08673E-05

128 1.86E-05 2.27E-05

Table 9:The maximum absolute errors of non-
polynomial spline finite difference method for example

(4).
n
8 7.15E-03 7.15E-03
16 1.48E-03 2.20E-03
32 4.20E-04 6.03E-04
64 1.11E-04 3.93E-05
128 2.68E-05 3.93377E-05
0 =
el
P
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0.2 .
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N
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0.6 .
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/
o8]
/ Exact = =——
. Numerical * ¢+
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Figure(1):Comparison the exact and
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0.16

0.144

0.124 /
v (x) 0.104 /

0.08 /

0.06+ l

0.184 . < . \

0.024 . Numerical * * ¢

l- Exact e -

0 02 0.4 0.6
X

Figure(2):Gomparison the exact and numerical

solution (h=1/32) for example( 2).
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Figure(3):Comparison the exact and numerical

solution (h=1/32) for example (3).

numerical solution (h=1/32) for

1.0 m
\0
&,
0.94 -
™
0.8 \.
N\
v "’ N
0.6 \
0.54
EXaCt = e
- Numerical ¢ ¢ ¢ \
i

0 02 04 0.6

Figure(4):Comparison the exact and numerical

solution (h=1/32) for example (4) .
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8. Conclusion

In this paper, the non-polynomial spline finite
difference method was used to solve the general
linear of the second boundary value problem, and
show that this method is better in terms of accuracy
and application, these have been verified by
maximum absolute errors.
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