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1. Introduction H.K.Farahat in 1962 [Farahat:1962]. This type
In 1935, W .Specht introduced tableau of representation is called the natural
correspondence polynomials ,known Specht representation. Seven years later, M.H.Peel
polynomials, that proved how a given introduced in [Peel:1969] and [Peel:1971] the
polynomial can be written as a linear second representation of the symmetric groups
combination of other and renamed Farahat natural representation by
polynomials.(see[Kerber:2004]).This was the the first natural representation .In Peel's
results of Specht study on representation theory representation, the partition was then u = (n —
of symmetric groups, after he faced the problem 2,2)  for a positive integer n. He also
when the symmetric group acts, in natural way, represented the r'"-Hook representation where
as a tableaux. However, the result of the partition y = (n — r,1"),forany r = 1.
permutation a standard tableau can be a For the author's knowledge, no one has studied
nonstandard tableau and this nonstandard the 3"-natural representation so far . Therefore,
tableau can be written as a linear combination of this work represent of the symmetric groups
Specht polynomials. On the other hand, the over a field F and xy, x5, ..., x,, defined to be
representation with partition u = (n — 1,1) for linearly independent commuting variables over
a positive integer n, was first studied by F.
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2. Preminaries

Definition 1: Let X = {x;,x,,....,x,} be a
finite set, then the symmetric group on X is the
group whose elements "permutations” can be
viewed as a bijective function from
Flx;, x5, oo, X0 onto Flx;, x5, ..., x,].The
symmetric group on X is denoted by Sy or S,,.
Then FS, is called the group algebra of the
symmetric group S, with respect to addition of
functions, composition of functions and product
of functions by scalars [Joyce:2008].

Definition 2: Let n be a natural number then the

sequence = (Uq, Uy, .., 4y) is  called a
partition of n if W =pp == >0
and uy +pp +--+u,=n , the set D, =

{GPli=12,..,51<j<u}is called u-—
diagram and any bijective function t: D, —
{x1, x5, ...,x,} is called a p-tableau. A u—
tableau may be thought as an array consisting of
I rows and p,; columns of distinct variables
t((i,j)) where the variables appear in the first
u; positions of the i row and each variable
t((i,j)) appears in the i" row and the j" column
((i, j)-position ) of the array.t((i,j)) will be
denoted by t(i, j) for each (i, j) € D,. The set of
all u-tableaux will be denoted by T,. ie
T, = {t|t is a u — tableau}. Then the function
h:T, - F[xq,%,, ..., x,] which is defined b
h(t) = [T, 1L, (G ) VEET, is
called the row position monomial function of T,
and for each u—tableau t, h(t) is called the row
position monomial of t.So M(w) is the cyclic
FS, —module generated by h(t) over
FS,.[Ellers:2007]

3.The Third Natural Representation of §,,
In the beginning, we determine some
denotations which we need them in this paper.

n

1. Let oy(n)= Z X;.

i=1

2. Let o,(n) = z XiX;.
1<i{j<n

3. Let g3(n) = z XXX
I<i<j<k<n

n

C(n) = x; (o2(n) — z x %)l =

j=1
J=l

4, Let

1,2,..,n . Then ZCi- (n) =03(n) and
i

dimF(FU1 (n)) =dimg(Fo,(n))=
dimp(Foz;(n)) = 1. Fo,(n),Fa,(n) and
Fos;(n) are all FS,-modules, since to,(n) =
o,(n) Vk =123

5. Let ui]-(n) = Ci(n) - C](n), l,] =
1,2,..,n.
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We denote 7 to be the FS,-modules generated
by C,(n) over FS, and V, to be the FS,-
submodule of ¥/ generated by u,,(n) over S,, .

Definition3.1: The FS,-module M(n—r,r)
defined by

M —r,1)=FS;x,%X5 ... X ;
nzr
is called r"- natural representation module of S,
over F.
Lemma3.2:The set B(n —3,3) = {x;xjx;: 1 <
i <j<l<nl}is a F-basis of M(n—3,3) and
dim;M(n —33) = (3);n=3.
Proof: Clear
Theorem3.3: The set
By(n—3,3) = {xixjx, —X1xx3: 1 <i<j <
1<n(i,j,1) # (1,23)} is a F-basis of My(n —
3,3)and dim;My(n—33)=(3)—1;n=3.
Proof: Since My(n —3,3) ={ z Kk, *ixx:

1<i<j<l<n

> k, = and k;;; € F}, we get that By(n —
1<i<j<l<n

3,3) € My(n —3,3).To prove
generates My(n — 3,3) over F .
Let xe M\;(n—3,3).= x =

By(n—3,3)

2.k,

1<i<j<l<n

xixjxl ; ka -0
1<i<j<l<n

=x= > Ky xixjx — 0.x125%5
1<i<j<l=n

=x= 2 kijl XiXjX, — ( Z kijl )x1x2x3
1<i<j<l<n I<i<j<l<n

=x= > K,xxx— 2 K, xixx
1<i<j<l<n 1<i<j<l<n

=x= z kijI (xixjx; — x1x,x3)  Wwith the
1<i<j<l<n

term 123 excluded from the summation since
kiji(x1x,%3 — x1x,x3) = 0.Hence B,(n — 3,3)

generates M,(n—3,3) over F .Moreover
By (n — 3,3) is linearly independent since if
Z kijl (xixjxl — X1 Xx2%3) = 0 =
I<i<j<l<n
ka XXX, — ka X1 Xp%3 =0
I<i<j<l<n I<i<j<l<n
- Z kljl xix]-xl =0 ,Where k123 =
1<i<j<l<n
Z k.;. with Z kijI =0 and (i,j, D #
1<i<j<l<n 1<i<j<l<n

(1,2,3). By lemma (3.2) we have B(n — 3,3) is
linearly independent. Thus we get k;; =
0Vijl;1<i<j<l<n.Hence By(n-—
33) is a F-basis of My(n—3,3)and
dimgMy(n—33)=(3)-1;n>3.m
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Theorem3.4:The set B = {C;(n)|i = 1,2,...,n}
is a F-basis for V(n) = FS,,C,(n).
Proof: Let 7; = (xyx;) €Sp;1<i<n. Then
n(C) = ()i =12, ..,n

Thus C;(n) €V(n);i=12,..,n .Hence B
cVn).
Now if

wevVm).=w=yr"

where Tij € Sn !kij € F and
7;j(x1) = xj,which implies that 7;;(C;(n)) =
C(n);j=12.,n

— 1
=w= 25211)' i1 kijTiiCi(n)

=2 I k)G M=, diCi(n)

where  d; =Y""k;  Hence B
generates V(n) = FS,,C;(n) over F.

If Y, kiC(n)=0=kC(n)+k,Co(n)+
-+ k,C,(n) =0.

=k +k,++k,=0 since C;(n) =
Yisicj<sn XiXjx.Thus B is a linearly
independent. Therefore B is a basis of 7(n) and
dimzV(n) =n.

|

Theorem3.5:V(n) = FS,,C,(n)
1,1) are isomorphic over FS,,.
Proof: Let ¢ : M(n — 1,1) » V(n) be defined
as follows:

o) =Cin); i=12,..,n. Then for each
T = (x;%;) € S, such that 7(x;) = x; we get that

i1 kT C(n)

and M(n-

o(tx;) = o(x;) = C;(n) =1C;(n) =
To(x;) Hence ) is a FS,-
homomorphism Alsoy =
Zn: k;C;(n) forany y € V.Thus  for  all

i=1

yev, EIW=ZH: kix; e M(n —

i=1

1,1) such that e(w) = ¢( Zn: kix;)

= plax) = Y ko) =

Z“: k;C;(n) = y.Hence ¢ isan epimorphism.

i=1

Thus dimgp kerg = dimgM(n —1,1) —
dimgV=n—-n=0.= kero =0 .Then ¢ is
a monomorphism .

Thus ¢ is a FS, — isomorphism. Hence
M(n — 1,1) andV are isomorphic over FS,,.
Theorem3.6: If p does not divides n ,
thenV (n) = Vy(n)® Fo3(n) .
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Proof : From Theorem (3.5) we have a FS,—
isomorphism

@ :Mn—1,1) >V (n) such that
c(n);i=12..,n.

And since My(n—1,1) =FS,(x; —x,) C

M(n—11), then Y = @ly,(n-1,1) IS aFS, —

p(x;) =

isomorphism .Thus V,(n) and My(n — 1,1) are
isomorphic over FS, which is irreducible
submodule over FS, when p does not divides
n and o5(n) & Vo(n) when p does not divide n
since the sum of the coefficients of the C;(n) in
o3(n) is n. Vo(m)NFo3(n) =0
Fo;(m)c V(n) and Vy(n) cV(n) .But
dimpVy(n) + dimpFo;(n) =n—1+1=n-=
dimzV (n).

Hence V,(n)® Fos(n) = V(n) when p does

Hence

not divides n .

Proposition 3.7 : If p does not divides n ,then?
has the following two composition series
0cVy(n) cV(n) and 0 c Faz(n) c V(n).
Proof : Since p does not divides n, then by
Theorem (3.6) we have

V =Vy(n)® Fos, and V,(n) is irreducible

submodule  when p does not divide
V. _ hm@Fos(n) _
n .ﬁence r) — Foum Vo(n).Thus

is irreducible module when p does not
Fo3(n)

divide n. Since dimgFo3(n) =1. Then Fos(n) is
irreducible submodule over FS, . But % =
0
Vo(n)®Fa3(n) 4 is
. ‘70(7_1) o(n)
irreducible module over FS,, . Thus we get the
following two composition series

0cVo(m)cV and 0cFoz(n)c

=~ Fas(n) . Therefore

Vv .
Theorem 3.8:The following sequence
i f
0 - My(n—33) >Mn—33)5>F
-0 . (D)

over a field F is split iff p does not divide

n(n-1)(n-2)

—

Proof: If p does not divide n=D®=2) Eor any
keF we hae f( > k,xxx)=

I<i<j<l<n

> K, = k Hence fis on to. Moreover

I<i<j<l<n
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kerf ={ ka XX ¢

1<i<j<l<n

f( ka xx5%;) = 0} =

I<i<j<l<n
{ Z kijl XXXy Z kijl =0 }
1<i<j<l<n

I<i<j<l<n
M,(n —3,3)= Imi .Hence the sequence (1) is
an exact sequence.
So we can defined a function h:F - M(n —

3,3) by h(k) = 6"‘1’7)((") which is a FS, —
homomorphism since
6kaz(n) _
Yees, TTh(K) = Tres, 7T Gy i) =
Z 6rktoz(n) _ Z 6rkoz(n)
T€Sn n(n—1)(n-2) T€Sn n(n—1)(n-2)

:Zresn rh(k) = h(ZTESn rk) =
h(Xzes, rt(k)) .And since

fh(k) =f (6’"’—3(")) =

nn-1)(n-2)

———— f(oz:(n)) =
Z kul Xi x]xl>

I<i<j<l<n

6k n(n-1)(n-2) _ _
DD - A =k .Hence fh=1Ion

F. Thus the sequence(1) is split.

Now assume the sequence (1) is split.

Then there exist a FS, —homomorphism
fi:F > Mn—-33)st ffi=1onF.

Let fl(l) = Z kijl xix]'xl. Then Tfl(l) =

I<i<j<l<n

fl(T(l)) = fl(l) ,Where T= (xrxs) € Sn :1 <
r<s<nThus f;(1) —tf;(1) = 0.

n(n— 1)(n 2)

n(n-— 1)(n 2)

=0= Z km XXX, — z km T(x;x5%;)
I<i<j<l<n I<i<j<l<n
= Z ki,-. (eixjxy — T(xx5%;))
I<i<j<l<n

Z k“, (xrx]-xl - xsxjxl) +

r+l<j<l<n
jil#s

Z Z Kin Ge, = xi5x,) +

i=1 l=r+1
I#s

2Ky (e — xixxs) =

I<i<j<r

n-1
jzzrll(krjl —Ky %2, +

J<l<n

i Zn:(kir, —Ku) xix,x, +

i=1 I=r+1
I#s

Z (kIJr klsl)xxx‘r'

I<i<j<r
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So by equaling the coefficient ,we get

ijlszjl VT<]<lSn,

kin=kig V1<i<randr<lI<n,l#s

kij‘r'zkijs V1S1<]<T

Hence for each r,ssuchthat 1<r<s<

n we get

kul=k,1Sl<]<lSn .Then fl(l)z

Z kijl XXX = zk XiXjX; = koz(n).

1<i<j<l<n I<i<j<l<n

ffl =1

“1=ff1) = f(kos(n)) = kf (03(n)) =

kFC Y, xixx) = kM Hence p
I<i<j<k<n

does not divide

Corollary3.9:M(n-3,3) is a direct sums of
My(n —3,3) and Foy(n) when p does not
divide 22022

nn-1)(n— 2)
6

Proof: Since p does not divide rn-Dn-2) ,then

the sequence (1) is split .Thus M(n-3,3)
decomposable into kerf = My(n —
3,3) and Imf = Fas(n) since for each

koy(n) € Foy(n) we have f (202202 -
kn(n-1)(n-2) 603(n) _
6 (n(n—l)(n—z)) = kas(n).

Hence M(n — 3,3) = My(n — 3,3) @ Fo3(n).
Theorem 3. 10 The followmg sequence
0 - kerd, —>M0(n -3,3) —> My(n—2,2) =
o . )
is split iff p does not divide neither (n-2) nor (n-
3).

Proof: Since d, (%(xlxixk — XXX F XX X) —

— 1
xlxzxk)) = E(xlxi + Xy X + XX — X1Xp —

X1Xi — XX + XoX; + XX + XiX) — X1 X3 —
X1X — XpXp) = %(Z(Xixk - x1x2)) = XiXk —
xX1%, .Which is the generated of M,(n —

3,3) .Hence d, is on to map. Moreover Imi =
kerd, .Thus the sequence (2) is exact.

If p does not divide neither (n-2)nor(n-3).

Let ¢: My(n — 2,2) » My(n — 3,3) be defined

as follows:
1
P(xix; — x%;) = (n-2)(n-3) 2<;J'S"

X1X2X; + XX Xj — X1X2X;)
Then for any €85, ,s.t.t(x;) = x;,7(x,) =
Xg .

(x1xixj -

¢ (r(xix; — x1x,)) = ¢(r(x')r(x,-) -
T(x)T(x3)) = (xyx; x;, —

1 2)) (n—-2)(n-3) 2)(n 3) 2;;;" 17
X1X2X;, + XpXi, Xj, — X1 X%, )Where  7(x;) =
x;, and 7(x;) = x;,.Then
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[0) (T(xix]- — xlxz)) =

Tt
— T (XXX — X1 X2X; + XXX —
(n-2)(n-3) 265en

1

X1XpX;) =————T XX Xi — X1 XoX; +

142 ]) (n—2)(n-3) 2<;jsn ( 1445 14240
XpXiX; — X1XpXj) = T(]ﬁ(xl-Xj - xlxz) .Hence ¢
is a F'S,, —homomorphism .Moreover
d2¢(xl-xj — xlxz) =

7 1
dy (——— X1X;X; — X1 X2 X; +

2 ((n—z)(n—S) 2<;j£n ( 14i4j 14241

XoXiX; — xlxzxj) )=

: Z d; (xlxl-xj — X1 XX; +

(n-2)(n-3) 2l TTen
- e —
T (n-2)(n-3) Z 2(xlx]

2¢i(j<n

1 (n-2)(n-3)
(n—2)(n-3) 2 (Z(Xixf -

xlxz)) = XiXj — X1X;p

Sod,¢ =1onMy(n —2,2). Hence the
sequence (2) is split if p does not divide neither
(n-2) nor (n-3).Thus My(n —3,3) =
kerd, @L, , where Ly = ¢(Mo(n — 2,2)).
Now assume if the sequence (2) is split.

Let ¢:My(n—22)->My(n—33) be a
FS,, —homomorphism such that d,¢ = I.Thus
we can define ¢ as follows q,')(xl-lle - x1x2) =

XZXin - XIXZXJ-)

xlxz) =

Z ki (exix; — X% + X%, % —
2(i( j<n

x1%2%)).2 dapp(x;, %), — x1%7) =

d,( 2(2_ kl-j (xlxl-xj — X1 XX + XXX —
i(j<n

> dy(kyj (xyxix) — xx0%; +

2(i(j<n
> ki (20 — x1%,)

x1x2xj) =

xlex} - X1XZXj) =

2(i(j=n
=2( Z ki]- (xixj — xlxz)) =X, Xj, — X X5 .
2(i( j=n
=2 > ky=
2(i( j<n

{ 0 if (4, )) # (iy,)1)

1 if (i,)) = (ivj1)

Moreover if 7= (x) €S,;2<r<s<n
such thatr(xille) = x;,xj,.Then ¢ (T(xille -
xlxz)) = ¢(xi1x]'1 - xlxz) = T¢(xi1xj1 -
xx;) = ¢(xi,x5, —xx;) — 1ep(x3, %5, —

xlxz) =0 = (kij (xlxixj — X1 XX; +

2(i{j<n

XX Xj — xlxzxj)) —1( Z (kij (xlxixj —

2¢i(j<n

X1 XX + XXX — xlxzxj)) = 0.
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~ Yk, -k

j=r+1
1#s

S (K, —K.) x, ,

j=r+1
j#s

>k, — ko) xxx,

j=r+l

+ 3K, -k xrx + Y (K, — k) Bt

2<i<r 2<i<r

Z(ki, - kis) XXXy - Z(ki, - k,s) X1 XXy = 0

2<i<r 2<i<r

= By equaling the above equitation we get

X1Xr X; -

kij=ksj; r<j<n&j#s and k=

kis 5 2<i<r.

= ij = ksj = kir = kiS = k.Thus

since2 > k;=0 = 2> k=0
2(¢i( j<n 2¢i( j<n

= 2(";7)k = (n ~ 2)(n - 3)k = 0.Then
k= 0orp|(n—2)orp|(n-3).
2 > ki =1when(i,)) = (i, j;) =
2(i(j<n

2—("‘2)2("‘3) k= 1.

= pt(n—2),pt(n—3)and k, # 0.Hence
we get pt(n—=2),pt(n—3), k=
0 and k, # 0 .Thus if the sequence is split then
p does not divide neither (n-2) nor (n-3).
Proposition3.11: S(n—3,3) is a proper
submodule of kerd,overFs,,.
Proof: Since S(n —3,3) = FS,,(x; — x1) (x4 —
x3)(xg — x35). i.e.
(x5 — x1) (x4 — x3)(x¢ — x5) is the generator of
S(m—3,3) over FS,, and d,((x, — x;)(x, —
x3)(xg — x5)) = 0. Hence S(n — 3,3) € kerd,.
Since d, is an epimorphism. Hence
dimpkerd, = dimzMy(n — 3,3)
—dimgMy(n — 2,2)
nn—1mn-2)

6
_n(n— 1)

n(nz— (n—-5)
B 6
While dimpS(n —3,3) =
dimpS(n — 3,3) < dimpkerd,.
Hence S(n—3,3) is a proper submodule of
kerd, over FS,,.

"("6_1).Thus
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Proposition3.12: If p # 2,3 and p divides
(n+1), then we get the following series:

6)0c S(n —3,3) € Fo;@®S(n—3,3) C
V®S(n—3,3) c Vkerd, c

1)0c V, c V,@®S(n—3,3) c VS(n —
3,3) c V®kerd, c My(n — 3,3) @ Fos.
2)0c V, c V,®S(n — 3,3) c V,®kerd, c
V®kerd, c My(n —3,3) @ F os.
3) OcVycVcV®s(n—-33)c
V®kerd, c My(n — 3,3) @ Fos.
40c Fo;cV cV®S(n—3,3) c
V®kerd, c My(n — 3,3) @ Fos.
5)0c Fo; € Fa;S(n —3,3) C
V®S(n —3,3) c Vlkerd, c
My(n —3,3) @ F o5.
6)0c S(n —3,3) € Fo;S(n —3,3) c
V®S(n —3,3) c Vkerd, c
My(n —3,3) ® F os.
7)0c S(n—3,3) c V,®S(n—3,3)
Vo®kerd, c V®kerd, c My(n —3,3) ®
Fos.
8)0c S(n —3,3) c V,®S(n—3,3)
V®S(n —3,3) c Vkerd,
My(n —3,3) @ Fos.
Proof:
If

p+23 andp |[((n+1) .
Then p does not divide n nor (n —
1) nor (n — 2).Since o3(n) = >

1<i<j<k<n

x;xjx; and the sum of the coefficients is
W, then a3(n) € My(n —
3,3).i.e Fas N My(n — 3,3) = 0.which
implies that M(n — 3,3) = My(n —3,3) @
Foz.Moreover we have S(n-—3,3)cC
kerd, and Foy(n) ¢ kerd, ,thus
Fo;NnS(n—3,3)=0.
Since p t n, then by Theorem (3.6) we have
Vo(m) is an irreducible submodule
overFS, , and V =V,(n) @ Fo, ,then
Vnkerd,=0 . Thus VnS(n—3,3) =
Owhich implies that Fa;®S(n —
3,3) € 7®S(n — 3,3) and V,(n)®S(n —
3,3) c VS(n — 3,3) .Therefore we get
the following series:
1)0c V, c V,@®S(n—3,3) c VdS(n —
3,3) c V®kerd, c My(n — 3,3) @ Fos.
2)0c V, c V,@®S(n — 3,3) c V,®kerd, c
V®kerd, c My(n —3,3) @ F os.
3) OcVocVcVdS(n—-33)c
V®kerd, c My(n — 3,3) @ Fos.
4)0c Fo; cV cVS(n—3,3) C
V®kerd, c My(n — 3,3) @ Fos.
5)0c Fo; € Fo;@S(n—3,3) c
V®S(n—3,3) c Vlkerd,
My(n—3,3) @ F os.
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My(n —3,3) @ F o;.

7)0c S(n —3,3) c V,®S(n—3,3) c
Vo®kerd, c Vkerd, c My(n —3,3) @
F o;.

8)0c S(n —3,3) c V,®S(n—3,3) c
V®S(n—3,3) c V®kerd, c

My(n —3,3) ®F os.

Theorem 3.13: The following sequence of
a FS,- modules is short exact sequence.

0- I_ceréz

i dy
-G->S(n—-22) -0
3)
where G = FS,,(X1X3X¢ — X1 X4Xg +
X3X4Xg — X3X3Xg)
Proof: From the definition of G we get that
G € My(n — 3,3) and by Theorem(3.10) we
have d, : My(n — 3,3) = My(n — 2,2) ison
to map. Since S(n—22)=FS,(x;—
x1) (x4 — Xx3) © Mo(n — 2,2).
Then (xz —x1) (x4 — X3) = X3%4 — X X3 —
X1%4 + X125 and
dz((x1x3x6 — X1 X4 X F XpX4Xg —
XpX3Xg) + (X1X3X5 — X1 X4X5 + XXy X5 —
x2x3x5)) = 2(xpx4 — XpX3 — X1 X4 +
X1X3) =2(x2 = x1)(xg — X3) .
Thusd, = d,l; : G » S(n—2,2) ison to
map. Moreover the inclusion map i is one-
to-one map and ker 52 = Imi. Hence the
sequence (3) is short exact sequence.
Corollary 3.14: The short exact sequence
(3) is split when p does not divide (n-4).
Proof: Assume p t (n—4). Let ¢:S(n —
2,2) > G be define as follows: ¢((x, —
n
)0 —x)) =75 D, Coxxc-
Ej’,s,t,l
Xy XXy — XX X + Xsx;%;) .Then for any
TES, we get <p(‘t(xr — xg) (%, — xl)) =
o((rx, — ) (12, — 7)) =
4 ((Xrl - x51)(xt1 - xl1)) :ﬁ
n

Z (xrlxtlxkl — Xy X1, XKy —
k=L
k7 resitol,

X, X, Xpey + X, Xy Xpe,) =—
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n
z T(Xp XeXpe — Xp X1 X — XX Xpe +
kL
k1¢r1'31’t1’|1
n
Xs X1 X) = %4 7( Z (erxe2x) —

n
k=1
k=r,s,t,l

Xp Xy Xk — XsXeXpe + XX X)) = T(P((xr -
x)(x; —x;)) . Hence ¢ is a FS,-
homomorphism. Moreover we have
dz(p((xr = x5) (X — xl)) =

3 1

d2(

n—4

n

Z (XX X = Xp Xy Xpe —
k=1
k=r,s,t,l

XXXy + XX Xp))
n

S z dy (XX X — Xp Xy X —

k=1

k#r,s,t,l
rerd (CREOICA
x_s)(xt - xl)) = (xr - xs)(xt - xl) Thus
dyp =1 onS(n —2,2). Hence  the
sequence(3) is split when pt(n—
4). Moreover G=kerd,®G; G=
Proposition 3.15: S(n—3,3) is a
proper KS,, — submodule of G.
Proof: Since S(n—3,3) =FS,(x, —
x1) (%4 — x3) (X6 — Xs5) and G =
FSp(x1X3Xg — X1X4Xg + X3X4Xg — X3X3Xg)
then
y=(x; — x1) (x4 — x3) (X6 — x5) =
(123X6 — X124 X6 + X2X4X6 — X2X3Xg) +
(x1X4 X5 — X1X3X5 + XaX3 X5 — X2X4Xs5) €
F . Thus S(n—3,3) € G .Moreover since
d, = d,l; , then we get ker d, c kerd,
and since kerd, = kerd,. Hence ker d,
kerd, and by definition of d, we get
d,(y) = 0 which implies that (n —3,3) c
kerd, c G . Hence S(n-3,3) is a proper
FS,, — submodule of G .
Theorem 3.16: If p # 2,3 and p|(n — 3)
then we have the following series:
1)0c Fa; € Fo;S(n—3,3) € Fo; @
ker d, € Fo;@©G c Fo,@My(n — 3,3).
2)0c S(n—3,3) € Fo;S(n—3,3) c
Fo; @ kerd, c Fo;G c Fo;®M,(n —
3,3).

XX Xp + XX X )
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Proof: Sincep|(n—3),then pt(n—4)
and by Corollary (3.19) we get
G=kerd,®G; G = p(Stn—22)) =
S(n—2,2) and by Proposition(3.20) we
have S(n — 3,3) c ker 32 cG.

Z x;xjx, and the sum
1<i< j<k<n
of coefficients of a3(n) is then
os(n) € M\y(n—3,3) and o3(n) €G
which implies that o;(n) & ker d,. i.e.
Fo, NG =0 and  Fosnkerd, =
0 .Hence Fo, @ kerd, C Fo,®G
Moreover we have Fo;®S(n—3,3) c
Fo, @ ker d, .Thus we get the following
series:
1)0c Fo; € Fos@S(n—3,3) C Fo; @
ker d, € Fo,@G C Fo,@My(n — 3,3).
2)0c S(n—3,3) € Fo;®S(n—3,3) c
Fo, @ ker d, C Fo;@®G C Fo,@®M,y(n —
3,3).

Since o3(n) =

nn-1)(n-2)
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