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1. Introduction

The soft set theory was first introduced by
Russian researcher Molodtsov [1]. Maji, K., Biswas,
R. and Roy, R.in [12] introduced many of new
concepts of this as an inclusion relation between the
soft set, Cagman N. and Enginoglu S. in [3]
introduced a new study of a Soft set theory and uni-
int decision making European J. Oper. Researcher,
The application of the soft sets provided a natural
framework for generalizing many concepts of
topology which is called the soft topological space
as initiated by [4] and [11].

Banach Algebra is an important field of
functional analysis; therefore Banach algebra
structure of soft background was introduced by
Thakur R. and Smanta S. in [9]. After that Petroudi
S., Sadati S. and Yaghobi A., in [10] obtained a
series of new results on Soft banach algebra.

In this paper, concepts of soft character, soft
division algebra, soft ideal, soft maximal ideals are
introduced .Soft Spectral Radius Formula are
introduced and proved, some properties of Soft
gelfand algebra are proved.

2. Preliminaries

Definition (2.1) [1]:

LetX be a universe set and E be a set of
parameters, P(X) the power set of X and

A C E. A pair (F, A)is called soft set over X with
respect to A and F is a mapping given by F: 4 —»
P(X),

(F,A) ={F(e) e P(X):e € A}.

Definition (2.2) [2]:

(i) A soft set (F,A) over X is called null soft set,
denoted by @, , if for alle € A, we have F(e) =
0.
(i) A soft set (F, A) over X is called absolute soft
set and it's denoted by X, , if for all

e € A, wehave F(e) = X.

Definition (2.3) [2, 3]:

Let (F,A) and (G, B) be two soft sets overX, we
say that (F, A) is a soft subset of (G, B) and
denoted by (F,A) € (G,B) , if:

(i)ACB.

(ii) F(e) = G(e) ,Ve€EA.

Also, we say that (F, A) and (G, B) are soft equal is
denoted by (F,A) = (G,B) , if (F,A) € (G,B) and
(G,B) € (F,A).

It is clear that:

(a) @, is a soft subset of any soft set (F, A).

(b) Any soft set (F, A) is a soft subset of X,.
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Definition (2.4) [2, 4]:
(i) The intersection of two soft sets (F,A)
and (G,B) over a universe X is the soft
set (H,C) = (F,A)N(G,B), where C = ANB and
for alle € C, write (H,C) = (F,A)N(G,B) such
that
H(e) = F(e)NG(e) .
(i) The union of two soft sets (F,A) and (G, B)
over X is the soft set (G, B) , where ¢ = AUB and
Ve€A wewrite
(H,C) = (F,A)U(G,B) Such that
F(e) , ife€A\B

H(e) =< G(e) ,ife € B\A

F(e)UG(e) ,ife € ANB
(iii) The difference of two soft sets (F, A)
and (G, A) over X , denoted by
(H,C) = (F,A\(G, A) is defined as
H(e) = F(e)\G(e),forall e € A.
Definition (2.5) [2, 5]:
The soft complement of a soft set (F,A) over a
universe X is denoted by (F,A)¢ and it is defined
by (F,A)¢ = (F¢,A) , where F°a mapping is given
by F€: A - P(X),
F¢(e) = X\F(e), forall e € A.
i.e. (F,A)¢ = {(e,X\F(e)): Ve€eA }
Itisclearthat @, = X, X,° =0,.
Definition (2.6) [6]:
Let X be non-empty set and E be non- empty
parameter set. Then a function €: E — X is said to
be a soft element of X. A soft element ¢ of X is said
to belong to soft set A of X, which is denoted
by e € 4, if e(e) € A(e),
Ve € E. Thus for a soft set A of X with respect to
the index set E, we have
A(e) ={e(e):e(e) € A}, e € E}.
Definition (2.7) [7]:
Let C be the set of all complex numbers and (C)
be the collection of all non-empty bounded subset
of C and E be a set of parameters.
Then a mapping F:E — (C) is called a soft
complex set.
It is denoted by (F, E). If in particular (F,E) is a
singleton soft set then after identifying (F, E) with
the corresponding soft element, it well be called a
soft complex number. The soft complex numbers is
denoted by C(E).
Definition (2.8) [7]:
The inverse of any soft complex number 7, denoted
by #~1 and defined as
771(e) = (F(e))™1,foralle € A.
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Definition (2.9) [8]:

Let X be the absolute soft vector space i.e., X(1) =
X,V € E. Then a mapping

II.1l : SE(X) » R(E)" is said to be soft norm on the
soft vector space X if ||.|| satisfies the following
conditions:

(0 ||®¢]| = 0,forall ¢ € X.

(ii) ||%¢|| = 0 if and only if ¢ = ©°.

(iiQ) ||A%¢|| = | 1|lIz®]|, for all ¢ € Xand

for every soft scalar /.

() lIze + el < =il + el

for all %¢,¥° € X.

The soft vector space X with a soft norm ||. || on X
is said to be a soft normed linear space and is
denoted by (X, || -

Definition (2.10) [4]:

A sequence of soft elements {¥¢,,} in a soft normed
linear space (X, ||.||). is said to be convergent and
converges to a soft element x¢ if ||%¢, —%¢| - 0
as n — oo This means for every €= 0, chosen
arbitrary, there exists a natural number = N(e),
such that 0 < ||x¢, — ¢ || < €, whenever n > N.
We denote this by X¢, - X®asn > o0 or
lim,,_,, X¢,, = X¢. X° is said to be the limit of the
sequence x¢, asn — oo.

Definition (2.11) [9]:

Let T:SE(X) —» SE(Y) be an operator. Then T is
said to be soft linear if

T(1.% + 1,%¢,) = 1, T(%%)) + 2,T(%¢,)

for every soft scalar 1 and ¥¢,, ¢, € X.

Definition (2.12) [11]:

Let (F, E), (G, E) are soft sets in S(X) g, a soft
mapping

f: (F,E) = (G,E) is said to be (soft injective )if each
soft element in (F,E) is related to a different in
(G,E).

More formally f (%;) = f (%,) implies X; = %,.
Definition (2.13) [11]:

Let (F, E), (G, E) are soft sets in S(X) g, a soft
mapping

f: (F,E) = (G,E) is said to be (soft surjective) if for
every soft element § in (G,E), there is a soft
element X in (F,E) such that f(X) = ¥,

[i.e. when the soft range equals to the soft image
f((F.E)) = (GE)].

Definition (2.14 [9]:

Let VV be algebra over a scalar field Rand let E be
the parameter set and F be a soft set over V. Now,
Fg is called soft algebra (in short SA) of V over
K(E) if F(e) isasub algebraof V foralle € E. It
is very easy to see that in SA.the soft elements
satisfy the properties:

(i) (%°5°)2¢ = %°(5°2°).

(i) x°(y°Fz°) = x°y°Fxez°
yexeFzexe.

(F°F29)x° =
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(iii) a(x¢y®) = (ax°)y° = x¢(ay®) , where for
all x¢,9¢,2¢ € F; and for any soft scalara. If Fy is
also soft Banach space w.r.t. a soft norm that
satisfies the inequality [|Z¢y¢|| < ||x¢|||l¥€]l and
Fg is contains the unitary element i® such that
Xe1i® = ii°x%°¢ = ¥¢ with ||©i°]| = 1, then is called
soft Banach algebra (in short SBA).

Definition (2.15) [10]:

Let A be a (SBA) with 1i® and X® € A. Then the
soft set 8(%°) = {1 € R(E) : (X*=1ii®)

is soft singular} is called soft spectrum of ¢ € 2 .
Definition (2.16): [10]

We denote the soft spectral radius of %€ by r(X¢)
and define it by

r(%®) = Sup {|a|: @ € §(%°)}.

3. Results

Theorem (3.1):

Let A be (SBA) with identity element (1) and
%° € ¥, then §(x¢") = (8(%°))".

Proof:
Let@ & §(%°), then( % — & 1) € Sg
Consider

R —E= (R — 0y 1), e, (R — 0, 1)
Where &,, @, ... ..., &, are roots of %" —&.1

Let® € §(%e"), i.e. X" — @ 1€ S

then there is at least one i such that

(¢ —@.1) € Sg,hence & € 8(%°)

So ™ € (8(%¢))",then & € (5(%°))"
Hence 8(%°") € (8 )™ wve v eee e (1)
Let & € (8(%°))", where & € 8(X°).

Note that (k¢ — @. 1) is soft factor of

ge" —a".1,hence( X°—a.1) € Sg

ge" — 1. T € Sp So o™ € §(xM).

Then (8(%¢ ) € 8" ) .. v oo (2)

by (1) and (2),we have §(&x¢" ) = (8(%°))".
Theorem (3.2):

Let A be (SBA) with identity element (1) and
% € ¥, thenr(x®™) = (r( %)™

Proof:

Since r(%®) = Sup {|@|: @ € §(x°)}.

Then (r(x°))" = (Sup {[a@: T &€ 8&°)H™.
Hence (r(x°))" = Sup {|&|™ & € 8(%°)}.
Now

r(%") = Sup {|a|: @ € §(x°")}

= Sup {|a]: T € (8(X° )"}

= Sup {|B"|: B € 8(x°)}, for some
BESE®)

= (sup {|Bl: B & 8x*))"

= c®)", as [B"| = [B|", B & C(B).
Theorem (3.3) [10]:

Let U be a (SBA) with #°.

Then every x¢ €U for ||i°=x¢|| <1 is soft
regular and x¢~" = ¥, (i€ =x°)™.
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Theorem (3.4): (Soft Spectral Radius Formula)

Let A be (SBA) with soft identity element and

% €Y, then hmn_,oolre"lln exists and r(%®) =
1

1M oo IRE" |7

Proof:

Let g(%®) = hmn_,mlre“lln .For
€ > 0 then there is k Such that

1
[5]F 2 gEDTF € v v e ()
for any n € N we have
n=ak+p,0 < p< k,k<n,qBeZt
I=ax+L as k< n=250,£50 as
n n n n

a = o4 1
no>ow=ok- > 1=5- 5=,
n n

k
Now
%" |[7 = ||(xek) @ geP ||
< ||<x‘*“)°‘||“* i3 || < ||x‘*“||“ © e
1

Since ||>~<ek|| - ||xek||k and [|%°[[% > T
= Ixe"Iv 2 ||xek||‘<
1
> lim [[x*" || 2 [|ze]|¥
n—oo
Then from (*),we have
1
IX¢"|n < g(%®)F € ,Vn
1
Note that ¢(%°) < ||%¢"|[n , V¥ n
~ 1 ~
=g(&%) Zx"|n < g(X)F e
1
= limp_,, [[X" [l = g(%)
Hence the limit exists.

Now to show that r(x®) = limn_,ooll)”(enlli , since
r(x®) = Sup {|al: @€ §(%°)} and |&| < [Iz°|l,
for @ € 5(x°) = |a"| < |1z

= & < ||~en|| by (8(x°")) = (8(x* )"

= [a] < ||~en||n Vn

1
~ Sup {[@l: T € §(x°)} L IX°"ln, v n

=1(%) S gE)rreeenn. (1).
Let @ € C(E) with |&| = ||g°] .
ie aé 8(x°) = ~| 21

e~ XT;)“ <1 and by theorem (3.3), we

e sey—1
get (@°= =) is soft regular and (ﬁei %) =
se\ N
o (%)
a=xe o  (XE\"
=>( @ ) _2“20(5)
= (Xe~ ~) 1= —Zﬁwzom .......... (*)
= X¢(®). This series (x) is convergent because it is
absolutely convergent.

Now, let f € A*= set of all soft bounded linear
functional

S F(RS(@) ) =xo, 18 D and again Yo, L&) D s

~n+1 ~n+1
also soft convergent for |&| = |IX®|| = r(x®) =

= <€yn .
N aci] 2y MEIE 5hd since soft bounded

n=0 an+1 gnt+i1
. - ~ e f&e"
l.e. |ff(Xen)| < BI %6 = Z;o=0 | an+l |
B™ |Ig8|™

g Z?:O an+i

We know that for all soft bounded linear functional
= f(x°(®)) is analytic for

& = r(%®)

~ It has a series representation

S FE@)) = 120 B ayists

gn+1

f(xe™) f(ze™)
an+1—>9a5n—>oo ie {0 &
n — oo,
the soft set E= {~n+1} is soft bounded =i.e
" || ~ < - ~ T o~
|| K.,vn =k £ K Tojat
— L, TN
=K:[al fa® = ey 2 (RS lahe C
1 _ 1 i
= limy L6 [|%%" |0 < lim (KT |&@D)n 7 |a =
n—oo

1
lim, . [|%¢"|]n < |&| where |&] = r(%®), hence
r®) S g(®%) ........... (2)
From (1) and (2)

1

We get r(%°) = lim,,_, ||X"||n.
Definition (3.5):
Let A be (S.B.A) over K(E). A soft character (in
short S.char ) of 2 is a nontrivial
Soft algebra soft homomorphism
§: % - K(E), which means that:
(i) § is soft linear.
(ii) 3 is soft multiplicative.
Remark (3.6):
If A has @i, then the fact that S is a nontrivial
force the equality J(ii®) = 1. we then define
S.char (A) = {%: A - K(E): T soft character}.
Definition (3.7) [9]: Let U is a (SBA) with @°.
Then %€ € U is said to be soft regular, if x°is
invertible (i.e. there a soft element %¢™ called the
inverse of ¢, such that x¢(%¢)~! = (x¢)!
ae).
Definition (3.8)
A soft algebra 2 is said to be soft division algebra
if ¢ € A and ¢ # OFis soft regular.
Theorem (3.9) (Soft gelfand algebra):
Every SBA and commutative with @i®over C(E)
which is soft division algebra is soft isomorphic
with C(E).
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Definition (3.10):

(i) A soft set I(E) of soft elements of U (S.BA) is
called soft left ideal if it is no null soft set and has
the following properties:

(a)If ¢, 7° € I(E) then k¢ F§° € I(E);

(b)If ¢ € 1(E) and @ € C(E ) then G~ X® € I(E);
(c) If%® € I(E) and ¢ € A then ¥ 7 %® € I(E);
(ii) A soft set I(E) of soft elements of & (SBA) is
called soft right ideal if it is no null soft set and has
the following properties:

(a)If %¢,7° € I1(E) thenk® F§° € I(E);

(b) Ifx® € I(E)and @ € C(E ) then k7@ € 1(E);
(o)Ifx® € I(E) and ¥® € A then x® TT° € I(E);
(iii) I(E) is called soft two sided ideal in 2 if I(E)
is both soft left ideal and soft right ideal .
Definition (3.11):

A soft ideal I(E) of & (SBA) is said to be proper if
I(E) # 2.

Definition(3.12):

Let U isa (S.B.A), asoft proper ideal M (E) of &
is said to be soft maximal left (or right, or two
sided) ideal if there is no soft left (or right, or two
sided) ideal 7(E) in A with M'(E) € J(E) € A
Definition (3.13):

The soft set of all soft maximal ideals M of given
soft commutative banach algebra 21 with G€ by 9t .
Every soft ideal M € I generates a soft
homomorphism of 2 onto C(E), we denote the
soft number corresponding to the soft element
%® € A under this soft homomorphism by %¢(M).
For fixed X® €A we obtain in this way soft
function X¢(M) on the soft set M. Consequently,
we obtain a correspondence %€ = X¢(M) between
the soft element X€of A and soft functions x¢(M)
on the soft set 9t.

I.e. the natural soft homomorphism

9:9 » — = C(E ) Defined by

9(%®) = X*FM assign to each X®E ¥, a soft
complex number %€ (M) defined by

ge(M) = R°FM.

Theorem (3.14):

The correspondence ¢ = (M) has the following
properties:

() X+ M = (M)F§e(M).

(i)For @ € C(E) , then

(@x)(M) = q(xe(M)).

(i) (RE§OM = g (M) §e(M).

(iv) ¢ (M) = T°.

(v) 8(M) =0 ¢ifand only if X € M.

(wi) |8 (M)] < ||%8]|, for all X© € .

Proof:

@ .

EEFFOM = X°FyeFM =

EEFM)FFEFM) = E(M)Fye(M) .

(ii) -fora € C(E), (ax®)(M) = ax*FM
=aReFM) = a(xe(M)).
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(iii) E=yOM = RE§)FM

= (REFMY (§°FM) = B (M) §e(M).

(iv) (M) =i FM =1GE.

(v) X*(M) = 0 Ciffx°FM = M iff ¢ € M.
(vi) |x¢(M)| = |X®FM| = inf{||ReFM]| : X©
EAYZ ||, forall x® € A

Definition (3.15):

Let A be Soft gelfand algebra and M be the soft set
of all soft maximal ideals of 2. Now for all X¢
€ U, define X&: M — C(E) by X8(M) = @ for all
M € M where

(M) =%°(M) = %*FM = & also

CE) =~ = (RFM: X EW

={a:® € C(E)}. Denoted A = {X°:%° € A}.
Theorem (3.16):

Let A be (S.B.A) with @i®and let f,,f, be two soft
multiplicative functions on €and kerf; = kerf,
then f, = f,.

Proof:

Suppose that kerf; = kerff, = M.

Since f,, f,are soft multiplicative

=>f #0%f,#0°=>3%°, €A Such that
f1(X% ) #06°

= %°, & kerf, = M. Now for all k¢ € 2.

ie — e~ EZ(XQ) ~~e 7 EZ(Xe) ~~e
f2(%%) eo f(x8) " 0" .
e~ ffz(f( ) ~ e Se :fz(i )
Now, £,(x L) - X o) F,(X%) L&)
’:’ﬂ:z(f(eo) = @ e .
o BREE) . o
ED S T X% € kerf, = M
fz(xzo)
ge~ &%) © e _
=X ey - X0 =M, for some
ce _ (&%)« e
me M =X —m+ﬁ2(ie0). 0~e
= X® = mFB7X, where B = L&) f,(x°) =
~ £(x%)
ff; (m) +Bf, (X% )
=0 eF 28D~ (ge )
f2(x8) " 1 0
f1(X%p)

€Y — g€ —
= (%) = a’f,(X°) wherea = L)

Two show that a = i€, consider
o (F,(%8 )% = o, (%8 ) M, (%%)
= o0 f,(%¢%) = fy(%¢%)

= (Ch,G))" = o (F,(3°))?
= o (F(%%))? = o (£,(%°))*
= (= a)T (f(&%)2=0°
s>a?lZaq=0°¢ as FHLE*)#0¢= a=0°or
a=10%ifa=0°¢
>fE)=0°
This is contradiction, then o = G€.
Theorem (3.17):
There is a soft bijective corresponding between the
soft set of all soft maximal ideals of U and the soft
set of all soft characters of L.



Journal of AL-Qadisiyah for computer science and mathematics Vol.10 No.3 Year 2018

ISSN (Print): 2074 — 0204

ISSN (Online): 2521 — 3504

Proof:
Let Mbe soft set of all maximal ideals of 2 and
C be soft set of all soft characters of 2. Define
Q: M - Chy QM) = ff, such that f,,(X¢) =
Xe(M) =°F M. LetM; = M,,
M,andM, € M
=S XFM, =X°F M, = °(M) =x°(M3,) =
far, = far,
=> QM) = Q(M,) = Q is well define
Let QM) = QM) = fa, =Ty, =
Xe(My) = X°8(M3)
S XFM, =X°F M, > M; =M, > Q is soft
injective.
To show that Q is soft Surjective, for f € C, to
show ff = f 5., for some M, € M .Let
M, = kerf = {X° € UA: £(X*) = O ¢}, now M, is
soft proper ideal ofA. If not = G°* € M, =
f(0®) = O © this contradiction
To show that M, is soft maximal.
Let My, & 7 to show that7 =, now 7 € A and
letX® € ¥, since M, & 7
= 3%%, € Jand k¢, € M, , now X°

e~ FX®) ._e ~M~~e

X T ) i) X O
e~ f(x® )~~

= ﬁ( (%) )
— ey~ f&° )" %€ )=0°¢

= f(x)= )" (%) =6
= 5o ‘f(("e L1%¢ Ekerf = My

we
= ez fﬁ(;xeo)) “%%, = m,for some m € M,
= %° = m¥ %%, where a € C(E) and
%€
- ﬁ“(;’;o)). Now %€, € Jand a € C€

= X E Jalsom€& My, =% € J

= J=UA=> M, is soft maximal.

To show that ker f = ker ff

ker f o, = {X° € W5 (%) = 0 ¢} =
(X E A::x8(M,) = 0°¢}

={X° € WwXF M, = My}

={X*€ WX € My} = kerf

= f =, (by theorem3) = Q is soft surjective
and hence Q is a soft bijective.

Theorem (3.18):

Let U be Soft gelfand algebra then for all X € A

@ [%2] = 1<)
(@) rx°) = [Ix°]l .
(i) [R5 = lzell
Proof:
() = (i)
Suppose that [|z%?|| = IIx¢]12, for all % € A then

in general we have
Ik = %1 k= 01,2, .. .
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1
Since r(%®) = lim,_,.||%®"||n (soft spectral radius

formula), and { ||¢*¥|| = [I%¢||2*} is sub sequence
1
of the sequence {llienllﬁ} , we have
1 1
(%) = limo [R5 = lim (Iz°)129)2x =
k—>oo
[1%€]]-
(i) = ()

Suppose that r(X°) = [|X¢||

= r(x®%) = ||x¢?||, and by theorem (3.2)
r(xe?) = (r(%4)? = (r( %%)2 = ||x¢?|| and
also r(X°) = [Ix°]l = (r( %°))? = [IX°I*.

(ii) & (iii)

Suppose that r(X¢) = ||X¢||, iff

r(x®) = Sup{|d|: @ € §(X° )}

= Sup{ [R*(M) |: M E M} = ||&®|| .
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