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Abstract

By using of linear operator, we obtain some Subordinations and superordinations
results for certain normalized meromorphic univalent analytic functions in the in the
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1. Introduction

Let H be the Linear space of all analytic If f € Wisgivenby (1.1) and g € W given by

functions in U. For a positive integer number n and
a € C, we let

Hlan] ={f €H:f(z) = a+ apz"+ap 12" +
An42Z2™2 4 -1

For two functions f and g analytic in U .We say

that the function g is subordinate to f inU and
write g(z) < f(z), if there exists a Schwarz
function w, which is analytic in U with w(0) =0
and |w(2)|<1(z€eU), such that g(z)=
flw(@),(z € ).

If the function f(z) is if the function f is univalent
in U, then we have

9(2) < f(2) & g(0) =f(0)and g(U) c

f,

f@

+ Z a,z® , (1.1D)

k=0

which are analytic and meromorphic univalent

N |-

function in the punctured open unit disk U* =
{zzzeCand0 < |z| < 1}

Letp,h € H,and @(r,s,t;2):C3 X U - C.

If p and @(p(2),zp'(2),2z%p"'(2);z) are univalent
functions in U and if p satisfies the second- order

superordination

h(z) < 0(p(2),2p'(2),z*p"(2); 2), (z€ V), (1.2)

then p is called a solution of the differential
superordination (1.2) , (if f subordinate to g, then g
is superordinate to f).

An analytic function q is called a subordinate of the
differential superordination if g <p for all p
satisfying (1.2). A univalent subordinate § that
satisfies g < @ for all subordinates g of (1.2)is said
to be the best subordinate. Recently Miller and
Mocnu [3] obtained sufficient conditions on the
functions h,pand @ for which the following
implication holds :

h(z) < 8(p(2), zp'(2),2%p" (2);2) = q(2) < p(2),(z € V).

(1.2)

1 [oe]
gz)=—+ Z byz*.
Z =

The Hadamard product (or convolution) of fand g is
defined by

1 (o]
(F 9@ ==+ ) aba* =g+ ).
k=0

Using the results, Bulboaca [4] considered certain
classes of first order differential superordinations as
well as superordination preserving integral operator
[1]. Ali et al. [5], have used the results of Bulboaca
[4] to obtain sufficient conditions for normalized
analytic functions to satisfy:
0:(2) < fo(—g) < q2(2),
where gq;and g, are given univalent functions in
U with ¢;(0) = ¢,(0) = 1. Also, Tuneski [6]
obtained a sufficient conditions for starlikeness of
f in terms of the quantity
f'(@)f(2)
f'@n* -
Recently, Shanmugam et al. [7,8] and Goyal et al.
[9] also obtained sandwich results for certain classes
of analytic functions.
Ali et al. [10] introduced and investigated the linear
operator
L)W ->W
which is defined as follows:

W Df() =+ i (E24) aat,
k=0

(zeU*,A>1). (14)
The general Hurwitz- lerch zeta function

e k
Z
q)(Z,S,T) ZZ m , T € (C\ZE,S eC
k=0

when 0 < |z]| < 1.
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Definition 1.1. Let fe W,ze U",r € C\Zg;,

seCand A>1, define the

Js,r,l(n: A)f(z) W — W, where

we operator

®(z,s,1)
Jsra(m D f(2) = e * [[(n,)f(2)
1 O T NSk
=;+Z(1+k+r) (,1_1) akzk (1.5)

k=0

We note from (1.5) that, we have

2 3sraDf @) = 2( Jora N @) —
A=1) Jspa(n+

1L,)f (2), (1.6)

Jora(,Df(2) = L(n,Df (2)

and Jor1(0,)f (2) = f(2).

The main object of this idea is to find sufficient
for certain

conditions normalized analytic

functions f to satisfy:

q:1(z) <

(1-B) 2J5r1 (WA f(D)+B2 Js 1 (n+ 1L (2)\E
( ﬁ+1 ) < q2 (Z);
and

4@ < (20,02 (L DF D) < 022,

where q,(z) and gq,(z) are given uninvent
functions in U with q,(0) = q,(0) = 1.

2. Preliminaries

In order to prove our subordinations and
superordinations results, we need the following

definition and lemmas.

Definition 2.1.[2]: Denote by Q the set of all

functions q that are analytic and injective on
U\ E(q), where U = U U{z € U}, and

E(q) = {( € 0U:limq(2) = oo} 1.7)

and are such that q'({) # 0 for { € QU\E(q).
Further, let the subclass of Q for which q(0) = a

be denoted by Q(a), Q(0) = Q, and Q(1) = Q,.

10
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Lemma 2.1.[5] Let q(z) be convex univalent
function in U, leta € C, B € C\{0} and suppose
that

Re <1 + Zj:é?) > max {0, —Re (%)}

If p(z) is analytic in U and

ap(z) + Bzp'(2) < aq(2) + Bzq'(2),

then p(z) < q(z) and q is the best dominant.
Lemma 2.2.[1]

Let g be univalent in U and let @ and 6 be

analytic in the domain D containing q(U) with
@(w) #= 0, whenw € q(U). Set

Q@) = 2q'(DB(q(2))and h(z) = 8(q(2)) + Q(2),
suppose that

1 — Q is starlike univalent in U,

z_R<M)>o cu
Now )7 25"

If p is analytic in U with p(0) = q(0), p(U) S D
and

o(p(2)) + 20" (2 0(p(2))

< 0(q(2) + 2q'(2)8(q(2)),
then p < q, and q is the best dominant.
Lemma 2. 3. [3] Let g(z) be convex univalent in
the unit disk U and let 6 and ¢ be analytic in a
domain D containing q(U). Suppose that
1—Re {M
¢(q(2))

2—2q'(2)¢(q(2)) is starlike univalent in z €
U.
If peH[q(0),1]nQ, withpU) < D,
8(p(2)) + zp' (2)¢(p(2))is univalent in U, and
0(q(2)) +zq' @D p(q(2)) <
0(p(2) + zp'(2)¢p(p(2)), (1.8)
then g < p,and q is the best subordinant

} > O0forz € U,

and

Lemma 2.4.[3]: Let g(z) be convex univalent in
U and q(0) = 1. Let B €C, that Re{f} > 0. If
p(z) € #[q(0),1]1nQ and p(2) + Bzp'(2)is
univalent in U, then
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q(z) + fzq'(2) < p(2) + Bzp'(2),

which implies that q(z) < p(z) and q(z) is the
best subordinant.

3. Subordination Results

Theorem 3.1. Let q(z) be convex univalent in U
with q(0) = 1,1, 8 € C\{0}. Suppose that

2q" (2) o
Re(1+— > max {O, Re <—)} (3.1)
q'(2) n
If f € W is satisfies the Subordination
G(2)
n_,
< 4@ +5 2q'@), (32)
where

- s
G(Z) — ((1 B) ZJs,r,l(nvA)f(;l"’lﬁZJs,r,l(n"'l-l)f(z)) x (1 +

n X

((li’l—)»+ 1-B)Jsra A f(2)+A-1-24B+28)Js,r,1 (n+ 1L f(2)+(BA-B)Tsr1(n+2,0)f (2)

(1=B)Isr 1 f (2)+BIsr 1 (n+1,0)f (2)
(3.3)
then

((1—3) 2057 A (A f (D) +B2 Jsra(nt mf(z))‘S -
B+1

q(2), (34)
and q(z) is the best dominant.

Proof. Define a function gz by g(2)=
(1=B) 2051 (MAF @) +BZ Jsra (A+LAF (2))°
( Y. e

then  the function g(z) is analytic inU and
q(0)=1,therefore, differentiating (3.5) logarithmically
with respect to z and using the identity (1.6) in the

resulting equation,

8
G(z) = ((1 =B 235,21 (M Df (2) + Bz Jsrn(n + 1.l)f(Z)> < (1

pg+1
+n X

((ﬁ’l—M- 1-B)Jsra (A f(2)+(A=1-24B+28)Js,r,1 M+ 1) [ (2)+(BA-B)Tsr1(n+2,0)f (2)

(A=B)Isra A @+BIsra(n+LAf (2)
n_.,

=9(@) +5 29 (.

Thus the subordination (3.2) is equivalent to

9()+3 29'(D) < () +3 20 ().
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n

An application of Lemma (2.1) with g = 3 and a =
1, we obtain (3.4).
Taking q(z) = =2 (-1 < B <A< 1), in

Theorem (3.1), we obtain the following Corollary.
Corollary3.2. Let n,6§ € C\{0} and ( =1 <B <
A < 1). Suppose that

Re(552) > max{o,—re )}
e 11 B2 max {0, —Re )t

If feW is satisfy the following Subordination

condition :
1+4z n (A—-B)z
(D= 1355 AxBo?

where G(z) given by (3.3), then

(1= B) 2Jsy1 (D (@) + Bz Jsra(n + LD ()’
B+1

)), - 1+ Az

1+Bz’

and 1:—/; is best dominant .

Taking A =1and B = —1 in Corollary (3.2), we
get following result.

Corollary 3.3. Letn, 6 € C\{0} and suppose that

e (22)> mafo ()

If f € W issatisfy the following Subordination
1+z 17 2z
6@ < 1—z+§ (1-2)2’

where G(z) given by (3.3), then

((1—ﬁ) zas,r,1<n.1)f<z)+ﬁzJs,r,l(n+1,z)f(z))5 -
L+1
14z

1-z "’

and 22 is best dominant .

) Theorem 3.4. Let g(z) be convex univalent in unit

disk U with q(0) = 1,let¢n, 8 € C\{0},a, t, 1, T €
C,f e W and suppose that f and q satisfy the

following conditions  Re {%q(z) + ZTT“ q%(z) +

'@ _ 4@
14252 zq(z)}>o, (3.6)
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and

2Jsr,1 (M, Df (2) # 0. (3.7)
If
r(z) < t+ pq(2) + taq?(2) + gzq’(z) (3.8)

q(2)

where
(@) = (2Jsra (, DF (@) )’ x (
+ 1 ((ZJS,T,I(nI A)f(Z) )8) +

Js,r,l(n + 1,A)f(Z) _
t+¢5(4 1)( Js,r,l(n' DF @) 1) , (3.9
then
(2dra (L DF(2))° < q(z), andq(z) is best
dominant.

Proof . Define analytic function g(z) by

5
9@ = (235 (L Df (D)) . (3.10)
Then the function g(z)

g(0) =1, differentiating (3.10) logarithmically

is analytic in U and

with respect to z, we get

Zg’(Z) _ _ Js,r,l(n + 1,l)f(Z)
o - O ”( Jor i Df D)
—1). (3.11)

By setting(w) =t + uw + taw? and @(w) =
%, it can be easily observed that 6(w) is analytic in

C,@(w)is analytic inC\{0}and that @(w) #

0,w € C\{0}.

Also, if we let

0@) = 2¢O = ¢ 2 and h(z) =
6(a(») + Q)

zq'(2)
q(2)’

is starlike univalent inU ,we

=t+uq(z) +1aq*@) + ¢———

we find that Q(2)

have
, q'(2) q"(2)
h'(2) = puq'(2) + 21aq(2)q'(2) + G—— @ + Gz q(z)
4@,
“C@

12
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and

zh'(z) u 2 q"(Z) q'(2)

2 -= - 1 —z—=,
@ cq(z) RACREREe S

hence that

Re(—zgé(?) e(ta) + g2 @) + 1+ 74 (())
q'(z)

z q(z)) > 0.

By using (3.11), we obtain

ug(2) +rag?(z) + ;’ @

= (ZJsrl(n ﬂ.)f(Z)) X

(u +7a (2052 (0, Df (2)) ) +t4go(a— 1) (LA
1).

By using (3.8), we have

1g(2) + tag?(z) + ngg(—iz)) < uq(2) +1aq*(2) + SZZ(S)
and by wusing Lemma (2.2),we deduce that

subordination (3.8) implies that g(z) < q(z) and the

function q(z) is the best dominant.

1+Az

Taking the function q(z) = ( 1<B<A<

1), in Theorem (3.4),the condition (3.6) becoms

ul+Az | 2ta (1+Az (A-B)z 2Bz
Re (E 1+Bz + T (1+Bz) (1+Bz)(1+Az) - 1+Bz)
> 0(s € C\{0}), (3.12)

hence, we have the following Corollary.

Corollary 3.5. Let ( —-1<B<A<1),s56 €
C\{0}, a,t, 7, € C. Assume that (3.12) holds.

If feWw and

1+ Az 1+ Az
r(z)<t+u1+B +Ta(1+Bz) +¢
where r(z) is defined in (3.9), then

(ZJsrl(n A)f(Z) ) <

dominant.

(A-B)z
(1+Bz)(1+A4z) "’

1+Az 1+Az
and
1+Bz

is best

Taking the function q(z) = (1+2) (0<p<1),in
Theorem (3.4),the condition(3.6) becoms
uf 1+z p 2ta [ 1+2\ %P
Re {z(z) +E(E) 7 +5

=)o
(c € C\{o}),

hence, we have the following Corollary.

(3.13)
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Corollary 3. 6. Let
0<p<1g68 €C\{0},qatt,u€C.AsSume that

(3.13) holds.

If f € Wand

@<+ <1+z>"+ <1+Z)2p+ 2pz
r 12 M\1=2 S1—z2

where r(z) is defined in (3.9), then

(2d5r i DF(2))° < (g)p ,and (g)p is best
dominant.

4 . Superordination Results

Theorem 4.1. Let q(z) be convex univalent in U
with q(0) =1,,6 e C\{0} Re{n}>0, iffew,
such that

(1= B) 2,1 (0, D) (2) + Bz T n(n+ 1, 1) f (2)
%0
f+1

and
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A simple computation and using (1.6), from (4.5) ,we

get

(=B 2Ts s M F @) +B7 Js ra (AL F @)\ S
G = ( o~ ) X (+7

((ﬁA—M 1-B)Jsra (A f(@)+(A— 1—ZAB+25)Js,r,1<n+u)f(z)+</3/1—/3)as,r,1(n+2./nf<z)))
=B Isr1 (A f (@) +BIsr1(n+1,0)f (2) ’

= 9@ +3 29'(),

now, by using Lemma(2.4), we get the desired result .

1+Az
1+Bz

Taking q(z) = (-1<B<A<1),in
Theorem (4.1), we get the following Corollary.
Corollary 4.2. Let Re{n}>0,6 € C\{0} and
—1< B <A <1,suchthat

(1= B) 2Jsr 1 M ADF (@) + Bz Jsri(n + L@\ .
B+1

H[q(0),1]nQ .
If the function G(z) given by (3.3) is univalent in

Uand f € W satisfies the following superordination

((1 = B) 2Jsr (0 Df (2) + Bz Jsra(n + L,DS (Z))‘S condition :

p+1
€ H[q(0),1]nQ. (4.1)
If the function G (z) defined by (3.3) is univalent and
the following superordination condition:
n_.
q(z) + 5 zq'(z) < G(2), (4.2)

holds, then

— )
Q(Z) < ((1 B) ZJs,r,1(n.7L)f(;1";l3’Z Js,r,1(n+1ﬂ)f(z)) (43)

and q(z) is the best subordinant .

Proof . Define a function g(z) by

(=B 2Jsr 1 MAf (D) +BZ Jsra (n+ LD f(2)\O
9(2) = e :

(4.4)
Differentiating  (4.4) with  respect to z

logarithmically ,we get

z9'(z) _
9(2)

5 ((1—3)Z(Js,r,1(nr/1)f(Z)),+BZ((75,r,1(n+1ra)f(z))’ ) (4 5)
1-B)Isr1(MDf(2)+BIsyr1(n+1,2)f (2) T

1+4z n (A—B)z

158275 A+Bnz 0@
then
1+ Az
1+ Bz
. ((1 ~ B) 2J5a (D @) + B2 Jorn(n +1, l)f(2)>5
B+1 ’

and the function —2Z is the best subordinant.

1+Bz
Theorem 4.3. Let q(z) be convex univalent in unit
disk U, letg, & € C\{O}a,t,u, T €C,,q(z) # 0, and

few. Suppose that Re { 4@ (2taq(z) +

s
wla@ >0,
and satisfies the next conditions
(2dsr2 (. Df @)’ € Hq(0),110 0, (4.6)
and
2dsra(A)f(2) #0,
If the function r(z) is given by (3.9) is univalentin U,

t+ uq(2) + taq?(2) + gw <71(2) 4.7)
q(2) '

13
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implies
4(2) < (2J5, 1, DF(2))°, andq(z) is the best
subordinant.
Proof . Let the function g(z) defined on U by
(3.14) . Then a computation show that

Zg'(Z) Js,r,l(n + 1,A)f(Z)
g(2) JS,T,l(nr Nf(2)

By setting 8(w) = t + uw + Taw? and @(w) = %. it

=5(A— 1)( - 1), (4.8)

can be easily observed that&(w) is analytic in

C,@d(w)is analytic inC\{0}and that @(w) #
0 (w € C\{0}). Also, we get
0@ =20 D0(a@) = s L2,

it observed that Q(z) is starlike univalent in U.
Since q(z) is convex , it follows that

26'@@)\ _ . (4@
Re( 6@ @) ) = Re{ S 2taq(2) + )

} q'(z)
> 0.

By making use of (4.8) the hypothesis (4.7) can be

equivalently written as

0(q(2) +zq'(2)0(q(2)))

6(9(2) +z9'(2)0(9(2))),

by applying Lemma (2.3), the proof is

thus,
completed .
5. Sandwich Results
Combining Theorem (3.1) with Theorem (4.1), we
obtain the following sandwich theorem .
Theorem 5.1. Let g, and g,be convex univalent in
U with q,(0) = q,(0) =1 and g, satisfies (3.1) .
Suppose that Re{n } > 0, n,6 € C\{0} .

If f € W, such that

((1—6) 2Jsr1 (A f (2)+Bz Js,r,l(n+1,A)f(z))5 c
B+1

H[q(0),1] nQ,
and the function G(z) defined by (3.3) is univalent

and satisfies
n '
q:1(2) + 5 zq1(z) <G(2)

<e@+3za@, G

14
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then

(1-B) 2571 A (D) +BZ Jsra R+ LA F(2)) O
a1(2) < (FRERn AR AR TE) < 4,(2),

where g,and g,
and the best dominant of (5.1).
Combining Theorem (3.4) with Theorem (4.3), we

are, respectively ,the subordinant

obtain the following sandwich theorem .

Theorem 5.2. Let g; be two convex univalent
functions in Usuch that ¢q;(0) =1, ¢;(0)+#
0(i =1,2) .Suppose thatg;and g, satisfies
(4.8) and (3.8), respectively.

If feWand suppose that f satisfies the next
conditions :

(205r2 (. Df(2))” € 3[q(0),11n Q ,

and

ZJs,r,l(nx A)f(Z) * 0 ]
and r(z) is univalent in U, then

2q1(2)

t+uq(2) +taq?(z) + S < r(z) < t+
1(z
uaq(z) +
ta qi(z) + 241 (2) (5.2)
0:(2) "’

implies
8
q1(2) < (ZJs,r,l(n: MDf(2) ) < qy(2),
and q; and g,are the best subordinant and the best

dominant respectively and r(z) is given by (3.9).
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