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Abstract

The main aim in this paper is to look for a novel action with new properties on Complex Lie Group from the
Lemma of Schure , the Literature are concerned with studying the action of Lie algebra of two
representations , one is usual and the other is the dual, while our interest in this work is focused on some actions
on complex Lie group[10] . Let G be a matrix complex Lie group , and m is representation of G. In this study we
will present and analytic the concepts of action of complex Lie group on Hom — space. We recall the
definition of tensor product of two representations of Lie group and construct the definition of action of Lie
group on Hom — space, then by using the equivalent relation Hom(w,,w,) = w;® w; between Hom and
Tensor product , we get a new action : Action - complex Lie Group on tensor product. The two actions
are forming smooth  representation of G [8],[9]. This  we have new action which called
triple action of Complex Lie Group G denoted by TAC — complex Lie group which acting on
Hom(Hom((ws®w,), ws), Hom(w,®w,;, w*)).
This TAC is smooth representation of G. The theoretical Justifications are developed and prove supported by
some concluding remarks and illustrations.
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1- Introduction ey K i - £ o VW i .
A complex Lie group is a finite dimensional analytic ‘

manifold G together with a group structure on S

G, Such that the multiplication GxG — G and WA= | < ol Y alnewme 3[R
attaching of an inverse g-g™l: G->G is " v N l 7 =4 ot
analytic map [4],[6]. wew, F F wew P W
A matrix Lie group is any subgroup G of GL(n,C) ’ . . '

with the following property [7] . If A,, converges to Diagram 1.

some Matrix A, then A € G or A is not invertible Forall a € G,v e (Ws @ W,)

[5]. The Schur’s lemma introduced the concepts of (@), = (@) o F, o (m,(a)"* ® my(a)?) o F,
Lie algebra on the space of Linear maps from W, o (m3(a) © Fs o (s (@)~

into W, ,which denoted by Hom(W,, W;) [1],[3]. D 74(@) D)

Also introduced the concepts of action on Hom — Forall a € G,v € (Ws @ W,).

space of two representations of Lie algebr [1].
Also the main work here is to give a representation
of complex Lie group by intertwine these actions
(representations) and to give representation by
intertwine duel of these actions (representations) and
Then generalizing them.

Where the arrow that makes the diagram 1
commutative  is homomorphism of groups
G into GL((Hom(Ws @
W4-)1 W3*)1 (Hom(WZ @ Wl! W*)))
Let m;: G —» GL(W;), and
n:G = GL(W), for i=1,2,345.
The TAS of complex Lie group G on

2- The TcoA of complex Lie Groups on Homy (Hom((Ws @ W,), W3 ), Hom(W, @
Hom - Space Wy, W*))

In [2- P327], the Schur’s lemma introduced the is given by a representation = such that
concepts of action of Lie algebra on Hom space n(a) =m(a) o Fy o (my(a) ' @ my(a)) Vo F,o0
of Two representations of Lie algebra. (m3(a) o F3 omg(a)™* @ my(a)™h),

Lemma (2.1) [2]: Forall a € G .

Then the TAS of complex Lie group G on

Suppose that m, and 1, are two representations of
Homy, (Hom((Ws @ W,), W5 ), Hom(W, &

Lie algebra g action on finite dimensional space

W, and W, respectively . Define an Co-action of g Wy, W™)) is also given by representation 7 such
on Hom,,(W,,W,) , m: g — gl(Hom, (W,, W,)) for that

all xeg, Fe Hom(W,,W,), my(x)F — Fr,(x) n'(a) =n"(@) o Fy o (m3 ()t @ mi(a)) ) o F,
m(x)(v) = m,(x)F(v) and Hom (W,, W) = o (m3(a) o F3 omz(a)~!

W, ®W, as equivalence of representations. @ mi(a)™).

Lemma (2.2): Proof of Lemma (2.2):

Put Hom(Hom(Ws @ W,), W3), (Hom(W, & Let TCoA of complex Lie group G on

W,, W*))) the K — vector — space of all Linear Hom(Hom(Ws @ W,), W5), Hom(W, @ W;, W))
maps (Hom(Ws @ W,), W) onto (Hom(W, @ IS

Wy, W). induced by the representation

Define m:G —» GL(Hom(Hom(W5 @ w:G -

W), W5, (Hom(W, @ Wy, WH))), GL(Hom(Hom (Ws @ W, W5), Hom(W, @

by m(a) =m*(a) o Fy o (mx(a) @ my(a)) ™" o W, W)

Fom3(a) o Fs o (m5(a) @ my(a)) ™,

forall a€G, F, € Hom(W; @® = /F\ /F\
- 3 - S PO 1
N, W, w

Wy, W) W Wiew!
F, € Hom(W; @

15N XN N
F. TCeTC (a)f= /\_:7 /\\// /}//
: N N -

W4,, W3*)

€ Hom(Hom(Ws J =S
@b W,, Ws5), Hom(W,
D W, wH)). Diagram 2.
n(a), =m(a) o F; o (my(a) @ my(a))™ o F,
o (m3(a) © Fy o (ms(a)™"
@ my(a) )

WeW,
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such that m(a) = 7(a) o F; o (m,(a) ™t @
m1(a))™) e F 0 (m3(a) o Fy o ms(a) ™'
my(a)™)

Forall a € G. Thus m* is a representation from
G to Hom — space

This arrow makes the diagram 2 commutative .

Remark (2.4):

Since Hom(Hom (Ws @ W, Wy), Hom(W, @
W, W) = (Ws @ W, W5) ' ® (W, ® W) ®
W) = (Ws © Wy) ® Wa)®((W; @ W)®W™)
So we construct an action of G on the product ,
Let m(G) » GL(((Ws @ W,)®@W3)®((W; ®
WH®W*/)) ,then m forms a representation of G
acting on vector space

(W5 @ W)RW)®((W; @ WH'W™)) . ,
canianica
(W x W) x Wy x (W x W) x W/ —map

- (W5 © W)QW;Q(W,
ew’)

9
Linear map

bilinear map

Kx (WsXx W) X Wy XK x (W, x W) x W/
Diagram 3.

£ (g x W) x wy x (W x wyi) x w/)
=w/ o (w; @ wy) ows
o (ws X wy)
g (s @ w)HeW:eW; ®w)Hew’)
=w/ o (w; @ wy) ows
o (ws X wy)
FOI‘a” Wsg € Ws,WS € Ws,W4 € W4,W3 €
Wy, w, EW, ,w; €W, ,w/ €W/
A T3 Ty Tq
G- GxXG —— GL(Ws @ W,) x GL(W5) x
GL(W, @ W;) X GL(W/)

ary

v

GL(Ws ©

W)QRGL(W3)QGL(W, @ W,)QGL(W/)
Diagram 4.
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G-GXG - GL(Ws ®W,) x GL(W3) X GL(W, @
W)GLW/)

GL((Ws @ W,) X W3 x (W, @ Wy) x W/)

GL((Ws ® W)QW,Q(W, & W,)@W/)
Diagram 5.

That 7 is a representation of G acting on

GL((Ws ® W,)QW,Q(W, & W)@W/)

where m;,i = 1,2,3,4,5 are five

representations of G acting onW; ,i = 1,2,3,4,5

respectively ,thus :

n(ab) = n/ (ab) e W/ QW, ® W) QW,Q(Ws ®

W,)
n/ (ab)®m;(ab) o (W/) ) ° my(ab) ™ (W, @
W1) @) © m3(ab) W3 (v) © my(ab)™ (Ws @ W) ) =
m,(ab)™! @ m4(ab))®W;(ab) '@ my(ab) ®
m,(ab)®m,(ab)™' ®mu’/ (ab)
n(a) o w(b) = m(b)(w(a)) = n(b)(w/(a) o W/ ) o
T (@) (W, @ Wh) ) o mz(@)Ws(v) o m3(a)(Ws D
W4)(v) = ”/(b)( ”/(a) ° (W/)(v) oy (b)my (@) (W, D
W) @) © T2 (D) (@)W (V) o 3 (b)m3(a)(Ws D
W) w) =/ (ab) e W/ (W, @ W;) @W;®@(Ws &
w,).

m(ab) = n(a) o w(b)

7 is a group homomorphism of G on
W)RW,Q(W, @ W,)QW/).

GL((Ws ©

Ws @ Wy———» W, ——I, & W, ——»W/

3 (a)lg U ("l)l'E m1(a) 15 {ﬂ/ ()

Ws@W, —pW;—» W, dW,—» W/
m,(b)|=

3 (b)l = . (b) |= Eln/(b)
Ws W, T W, W, & We— W/

Diagram 6.

3- The TCoA of Complex Lie Groups on Tensor

Product

We have been introduced the triple Co-action
of complex Lie groups by the tensor product of the
five representations, which are TCoA-complex Lie
groups on tensor product
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(W, ew,e(( W, ew,)a( W, @w,))) and
constructed this definition. Depending on what has
been mentioned above, IT is called Triple Co-Action

of complex Lie groups on tensor product denoted by
(TCoA-complex Lie groups).

Example (3.1):

Let IIsR —— GL(2,€) such that

10
I1,(a) = , for all a € R, TR —>
' 1 1 2x2

1 2
GL(2,C) such that l‘Iz(a):(0 J foralla e
2x2

R, R — GL(2,C) such that

2 0
I1,(a) = , for all a € R, TR —>
’ 2 1 2x2

10
GL(2,C) such that IT,(a) = ,forall a e
1 1 2x2

R and ITs:R —— GL(3,C) such that
1 01

I[I@)=2 1 0| ,forallacR.
0 1 0 3x3

The representation IT of GL(W, ®(W,®(W,
AW,)&( W, ®W,)))) is:

.6 —> GL(W, ®W. (W, eW)d( W,
®W,)))) = GL(M(8x3),C), such that

M@ = (ME®IE@) '® M@e ()

he@)eIl; (@ ) , where I* is dual
representation
0 0 1
[ 90 2 20 2 4 o
11 0 2 0 1)\0 2 11 2 2
HERE
2 2

1020 12 2 4 0 0 1
1122 Jo10 =2 10 1 1
® ®-> 0 -

00 2 0 00 2 4 11, 2 2
002 2J), 000 2J, I
2 7 2

Ahmed .K/Taghreed .H

(2 2 -4 —4 0 0 1
12 -2 <4 (10
_ ® o -1 o _1L
00 4 4 11), 2 2
oo 2 4 211
2 2 Jas
22 4 4000 0
12 -2-4000 0
00 4 4000 0 0 0 1
00 4 00 0 O
_ o Lo -1
2 2 -4 42 2 -4 -4 2 2
12 2 412 2 -4 21,01
00 4 4 00 4 4 2 2
00 2 4 00 2 4),
0 000O0O0OO0O0OO0OD0OD0TODOO0TO0O0 2 2 -4-40
0 000O0OO0OO0OCOOO0OODTOOOTDOTODTI1 22440
00000O0O0OO0OO0CO0OO0O0CTODOOTD OO OO0 4 4 0
00000O0O0OO0OCOO0O0CTOCDOOTDODOTO0OTO02 40
0 000O0OOOCOOOODTOOOTOCTO 2 2 4 -4 2
0 000O0O0OCOODODDODTODODOT OO0 1 2241
00 00O0O0CTO0OO0OO0OO0OO0O0TOOOTDOTO O 0 4 4 0
00 000O0O0OO0OOO0OO0OODTOOOTOTODTOOTZ2 4 0
4122 000000000000 -1-12 220
—%—112000000000000—%—1120

H
|
~
|
~
Nlw e o o

|
w

000000 O0O0O

o
o
o
o
o

e

Proposition (3.2):

57

Let I1:G — GL(Wi), IT:G — GL(W)
for i=1,2,3,4,5 and the TCoA-complex Lie groups
of Gon (W, ®W,(W, @W,)d( W, ®W,))))
is given by a representation IT such that
M@ = [(M(@)oWie W; o IT; (@)@ (Tx(a)eWae
W o IT; (a) ")eIa(a)oWse Wy o IT; (a)

for all acG.

o o o o

24x24
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Then the TCoA-complex Lie group of G on (W, Proposition (3.3):

BW.E(W. ®W,)&( W, ®W,))) s also given Let Wifor i =1, 2, 3, 4, 5 are finite vector
) ? ' J spaces, W is the dual of vectors W;, for [
by a representation IT*, such that:

[1%(a) = IT; (@) » W, o W, o (IT; (&) = (TT;8) * o W, o it efd) & P8R oA PEgE 9™ *°

@) (W ©W,(W; oW, )&( W, @W1))T*.

for alla e G.
@ (W, ewy)*e (W ew)»e W, )*®
Proof: Let TCoA-complex Lie group G on (W; Ws)
AW,((W; @W)® (W, ®W))))) is induced by @) (W, @W)d(W, @W;)® W, )®Ws).
the representation .G — GL(( W, ®(W,® @ (W, @ W )eWy)® W, )W),
(W, @W,)@( W, ®W,)))) such that G) (W, @ W)W, K)® W, )®Ws).
M@ = ((i(a)oWse W, oITz(a))®(IT,(a)oW,o 6 (W, @ W)ew,;) @ W, )e(W." K)).

W; olT5(a) *)elly(a)oWyo W; oI1s(a) ),

for all aeG, WS'XV\/l’ eWsxW,, TI; e
(W3,(W2xW1)), TTs € Wsx W,

To show that IT*:G — GL(W, ®W,(W,

@ (W, W, oW, )o(W, K
W, ))®Ws).
(8) [(Ws(W,&(W;@W,)D(Ws@W,))]***

QOW,)® (W; ®W,))))* is a representation, such that i (W5 ®(W, ®(W3 ®W2)®(W3 QW) if 1 is an even number

* _ * -1, ° * o * ° * - - . .
@ = (15 (@) "oWse W, o(IT, @)=(11, (=) (W, ®W,)*S(W, @ W) *QW,) @ W, if nisan odd number
YoWzo W, o [T ()@ 1T (a) *o

Wse W e T, (2))) Proof:
is a representation for all acG and IT, < (W; (1) = (2 To show [(W; ®(W4®((W3*
QW,)*, IT; € (Ws,(W,QWy))*, BW,)®( W, ®W,))]* =

IT, xIT, e (W,®W,))* since (W, @Wy)o( W, aw)9)e W, e W’
1T (@) = I1,@) "o W, o W, o (IT,(a) » (11, (2) * o W, o W I T @) B (11, @) * ;{v%(mw)(a»)

For all a e G, II,:W,—>W, and Mxie(W; @WewWy), T, € (W, @ W),
I1*(ab) = (IT(ab))* = (I1(b) o I1(a))* = IT; e (W, , W), IT; xIT; = (IT, xIT,)* € (W, @ W) ® W, )
I1*(a)oIT*(b) . Thus IT* is a representation from and there exists an intertwining map
G (IT* is a group homoorphism of G) v (W @W, (W, eW,)e( W, W) —
(W ewye( Wyew)me W)W,
W; W, W, such that
AN w " TN - AN
il % 2N i B y(IT*(@))(v) = TT*@)w(v), for all v.e W xW,
AL "N rdl o g {ﬂ" X¥) ° and v is an invertible map.
L W, A s (W, 3'9/)
N T (3] B L) B L, =P (e)ene
'r\ e ' :‘.
,.‘{’s 5 l ,"Q\{ ’.zf;* | 1) = (3) To show ( W, ®(W4®(( W, ®w2)@
AR R .’ el B »* (= P\
, ’ Ay
Sty > Wy > (W, 8w, )" @ ( W ow ))* =
Diagram 7. (W, @ W) Ya(W, ® W, )® W, )®Ws), since
(W, wWo)x = (W, W), (W, w)* =

(W W), W= W, and W' = W,

This arrow makes the diagram 7 commutative.
By the same methods, we have the other parts. m
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Example (3.4):

Let IT, i = 1,234, I;S" — SO(2)
GL(2,C) and I15:S* — O(3) = GL(3,C), where G
=S, (n=2,m=3)and Wi, i =1,2,3,4 are the C-
vector spaces of dimensional 2 and W5 is the C-
vector space of dimensional 3 such that,

cos@
sind  cosO
1 0 0
, 0<0<2m, i>=—1, T1,(e")=| 0 cos® —sin |, 0
0 sind
< 0 < 2n. The TCoA-complex Lie group G on (W,
AW,((W, ®W,)®( W, ®W,))) is a representation:
I: $' — GL(W, @W.,(W, eW,)a( W,
®W},))) such that

Hl(eie):HZ(eie):H3(eie):H4(eie): —sinf

cos0

Ahmed .K/Taghreed .H

I1*(a) = (TT5(2) * o W, o W; o (IT; (8) = ((T1,(8) " o W, o W, o I §2) DERLRY * 2M¥a 606 °T1(80)

IT*(e") =T1,(e™") ®(IT; (") ® (1T, (e ") BIT; (") ®UL, (e ") ®TLA") |

1 0 0

, cosh —sinf cosf sinf)| (cosf -sinf
=0 cosf -sinf|®| . , _
_ sinf  cos -sinf cosf) (sinf cosf
0 sin® cosh
cosd sinf| (cosf -sinf
-sinf cosf) |sinf cosd
cosf 0 0 —sin 0 0
0  cos’® -sinfcosd 0  -sinOcosd  sin’0
| 0 sinBeosd  cos’6 0 -sin’0  —sinfcos
|sing 0 0 cosh 0 0
0 sinfcosd  —sin’0 0 cos’0  —sinfcosd
0  sin®  sinbcos® 0 sinBeos®  cosd )
cos’0  sinOcos® -sinfcos®  —sin’0
-sinfcos®  cos’O sin’0  —sinOcos
sinfcos®  sin’0 cos’®  sinfcosh
-sin’0  sinfcos® -sinOcosh  cos’d

4x4

2 . . . 2
cos” 0 sinfcos® -—sinBcos®  —sin” 0
. 2 ) .
—sinBcos®  cos“ 0 sin“ 0 —sinfcos0
. ) 2 .
sinBcosO sin” 0 cos 0 sin@cosO
.9 . . 2
—-sin“®  sinfBcosf —sinBcosH cos"0 ) .
cosf 0 0 —sinf 0 0
2 : . 2
0 cos'60  —sinfcos® 0  —sinBcos®  sin°H
. 2 .2 .
0 sinBcos®  cos 6 0 -sin“6  —sinfcosH
sin 0 0 cosf 0 0
. .2 2 .
0 sinBcos®  —sin’6 0 cos’6@  —sinfcosH
. . . 2
0 sin"f sinfcosf 0 sinfcos0 cos’b ) .
2 : : .2
2c0s°0  2sinfcos® -2sinfcos®  -2sin‘6
. 2 ) .
-2sinfcos®  2cos 0 2sin"@  —2sinBcosh
. .2 2 .
2sinfcos®  2sin’ 0 2co0s° 0 2sinfcosh
x4
Lindeos’ 0 0 s s 0 0
0 ws'y dsnbans’h 0 s’ 2sntbeolt 0 indeo’d sttt 0 dsnfbenlh dsnfeosh
0 ide’d 2ot 0 sl beos’d Dsindansh 0 2sfheelh dsndeo’ 0 i s Dsin B
nbass 0 0 2os'f 0 0 2t 0 0 nbeds 0 0
0 st Dsn o’ 0 o'd Dside’ 0 2l basth dsn’sd 0 Yinbors’d s Do’
0 0ot 2sindeos'd 0 snboe’) dus' 0 2inthomd 25’ ol 0 2t dsndeos’D
2Zibets 0 0 iflesh 0 U S 0 et 0 0
0 s’ 25l bl 0 20t -2sin st 0 'y s’ 0 Dsinfeos’d 2sn sl
0 b Dsinfansd 0 sttt s sl 0 indeo’d 2es't 0 sttt s’
st 0 0 snfo’ 0 0 Dsndos’ 0 0 2ush 0 0
0 2500”0 25’ oosd 0 Qsinde’) 2ndeosdd 0 2ande’) inddasdd 0 20 dsiboo’d
0 st 25 sl 0 sl beod Dsidansd [T R ) 0 deo’h 2ot
sided) 0 0 it 0 0 it 0 [ 0
0 et datledt 0 2afedd 2iflet 0 2ifbedd bt 0 bt i
0 2ttt 2sindos’d 0 tosh 2snd0eo®d 0 25 hesd Dsn o 0 ]
25 st 0 0 Ysnbos’ b 0 0 2in'h 0 0 25 feosh 0 0
0 25 b’ Dsin s 0 lindeo’d dsnbeot 0 ittt D' 0 2sn oo s st
0 2ttt s st 0 st bt 2sinf’ 0 20 2 st 0 s oosd 25 bous?d
bt 0 0 i’ 0 0 dibestt 0 1 et 0 0
0 st s bosh 0 st D' 0 b’ dintbeold 0 Db’ 2sinosd
0 et datedt 0 2'h 2ttt 0 2afbeds dide®d 0 ifed st
a0 0 it 0 0 it 0 [ N I 0
0 st bt 2sin'h 0 st 2sin st 0 dinteld sihost 0 2snbeo’d 2sil Dol
0 sth s st 0 sttt dsnlbeoh 0 2in’Best 2sn sl 0 Dint oo 2sndos’




sdocd
0
0

2 hosd
0
0

25 bt

2ty
0
0
s
0
0
25 oosd
0
0
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0 0 it 0 [N L~ I 0
st 250’ 0 2ttt -Dsin’ Dt 0 b0 ot 0 st Dt
sttt s’ 0 i’ bsh 25 o’ 0 st st -2si b 0 W) 2k hosh

0 0 a0 [ LN T 0
s e s Bt 0 sinfos’d 25 s’ 0 2'esh 2sn'd 0 st oo 25 st
st eosh ~Dsn o 0 il badh dsnboss 0 2ath s bush 0 sttt s Do

0 0 2t 0 0 e’ 0 0 25 Dosh 0 0
25000t -2si bt 0 ') 250 0 sl 25 Dol 0 s feostd -2si’ st
200 2sn b’ 0 2t o) 0 2t Dsindeos’ 0 2 hosh 25 s’

0 0 25 osh 0 0 s st 0 0 sinfos’ 0 0
sttt 200 fhedd dedtesd 0 dsfhod 2t 0 it 2antdase

uth dsnhosd 0 st 2%’ 0 2t dsntbeo®® 0 bt Dsndeos’d

0 0 sndoosd 0 0 bt 0 0 i easd 0 0

ah b 0 s 2l beald 0 2afo’ dsnteo®d 0 bt dsnosd
sinbe’s 2’ 0 st dsndonsh 0 2inush Dsiansd 0 s’ fost s st

0 [ 0 it 0 0 ket 0 0
et sl b 0 J') bnbedd 0 25000t -Dsin st 0 dsnbs’d s deos”
2ttt 2sindeo’ 0 lindeo’d dus'd 0 2in'homd s o’ 0 2ot 25l Dol

) 0 it 0 [ L 0
Qesinfosd 25l bl 0 20 Dsir bosh 0 't s’ 0 bt 25 st
ittt snde’d 0 2abesd 2fhed 0 2’ o't 0 dinfhade Dindes

0 0 sinfaod 0 0 Ysndos’ 0 0 ) 0 0
st 2sin st 0 sndo’d 25 s’ 0 Dindo’d s o’ 0 ot 2sidus’
b Dsinlhodd 0 st -Dsinbes’ 0 200t dsndio’ 0 tsnbae’) dus'

Proposition (3. 5):

Let IT;, i = 1,2,3,4,5 be representations of G
acting on K-finite dimensional vector spaces W;, i =
1,2,3,4,5 respectively, then the TCoA-reductive Lie

group of G on H(Qm
(Ws,Hom( W, ,Hom((W3,W2)® Hom(W3,W))) is
equivalent to the representation IT; ®(IT,®((IT;
M)® (II;®M)) of G GL(W,
Q(W,4(( W; JW,)d( W; W)))).

on

Proof: To show that:

(W @W.B((W; W)@ W, BW,)))—>
H(Qm (Ws,Hom( W, ,Hom((W3,W,)®
Hom(W3,W,))) s defined by
w(W, ,wy) =F forall W; e Wsand w; € W,
where F: W5 —— W is a linear map defined by F(v)
= W, (Vwy, for all w,, W: eW,, v e W
o pBekK weW;

w(a W, +BW W) = (oW +BW, (v))wy

bilinear map,

= a W, (V)wy + BW, (V)w,

= ay(W; wy) + By(W; ,wi)
Other for all w;, W; e Wyand W, € W,
wows + BW;) = (W (v)(aw; + B W)

v
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= W} (v)(owy) + W5 (VB W;)
= a Wy (Vw; + W, (v) W,
W(Wg.awy + BW]) = ay(Wgw;) + y(Wg,
W,).
So i WL x(Wix(( W, xWa)@(
Hgm (Ws,Hom( W, ,Hom((W3,W,)

W, xWi))))—>

@®Hom(W3,W,))) is a bilinear map, thus by using
the tensor product and universal property of this
tensor product, we get a unique linear map ¢.

(Wg x(Wax((W5 xWo)®( Wy xW1)))) ——

(W5 ®(W,((W; ®W,)@( W,; ®W,))))

v

bilinear map

¢

Linear map
Hom
K
(W5, Hom( WZ ,HOm((Wg,Wz)@Hom(Wg,Wl»)

Diagram 8.

So by universal property of tensor product W5
x(Wax (W, xW,)® (W, xW,)))) there exists a
unique o W, ®(W,(W,
AW,)®( W, ®W,))))—> H(Qm (Ws,Hom( W, ,

Hom((W3,W,)®@Hom(W5,W,))). This makes the
above diagram commutative:

linear map

A

Proj.

W5 R Wl =K® W]_
Diagram 9.
Consider the composition of linear maps where

W; (v) is defined as follows:

F(v) = wy, 31 k € K, such that w; —— (k,w;) since
all maps are linear and k is unique, put W5 (V) =k
related to wj.
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Define &
(Ws,Hom( W, ,Hom((Ws,W,)@Hom(W3,W)))

— W, @W, (W, W)@ (W, ®Wy))) by
GF) = W, (Mw,.

Define W, : Ws— Kby W, (v) =k, where k is

given by L(F'(v)) = (k, F(v))
We can show that W5 is linear put F'(v) = w;, for

F eHgm (Ws,Hom( W, ,Hom((W5,

Hom
K

all

W,)@Hom(W3,W1))), w; € Wy and W, € Ws and is
related to W,.
F(avy + Bva) = aF'(vy) + BF(v2)

= ak; + Bk,

= W5 (v) + W, (v) |, for all Wy

e W;s
Where: W; (vi) =ki = W, (awvy) = oky,
W, (avy + Bv2) = (aky + Bky)
W, (Vo) =k = W, (Bvo) = Bky,
P Linear iso.
W >\W, > W,0K
lProj.
W, K
Diagram 10.

Clear F'is a linear and £ * = ¢, thus ¢ is linear map.
Related between the TCoA of reductive Lie groups

of G on Hgm (Ws,Hom(W, ,Hom (W3,

W,)®Hom(WS3,W,))) and TCoA of reductive Lie
groups of G on W, ®W,(W, ewy)® (W,
®W),))) up to the representation given above:

61

Ahmed .K/Taghreed .H

Diagram 11.
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A8 pall I 4 Jad! Al £ gl
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o S (e b e paalie Jilay Liad Al jall 338 8 A el (35 53 JladY) any e 58 il
oA ey dad Ao LS,y (e (A ol COLA (g ) sl ol oy 255 Home el
A aadiil cHom &leliad

Hom(wy,wy) = wy @ wy
ol oyl e A8 el ey dab e Jgasdl (5 sl @ pall s Home Slsliad o
Led s G S pall (e ) SO Jad g4 Jadll 138 | G Ae genall plide OO Aapay ga SN Jadl)
S(TAC AS,A I e dd)
Hom(Hom((ws®w,),w3), Hom(w,®w,, w*)).

Carn e g Caia g L Caand) 1 8 At il plaill o ¢ G b elade i 0 TAC 138
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