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Abstract     

         This paper aims centered around the product of hypersolvable arrangements by using the 

hypersolvable partition analogue by proving that each of A  and B  are hypersolvable if BA  

is a hypersolvable, also each of A  and B  are supersolvable if BA  is supersolvable. 

Moreover, this paper show how to prove that the dimension of the first non-vanishing higher 

homotopy groups of the complement )( BAM   is )}(),(min{)( BpApBAp  . 
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1. Introduction: 

Let },,{
1 n

HHA   be a complex 

hyperplane r -arrangement, with complement


n

i
i

r HCAM
1

\)(


 . The cohomology ring for 

the complement )(AM , with arbitrary constant 

coefficients was given by Arnold [1] and Brieskorn 

[2].  

For a given total order   on A , if 

AC   is a minimal (with respect to inclusion) 

dependent set, we call C  a circuit of A  and 

}{\ HCC   a broken circuit of C , where H  

is the smallest hyperplane in C  via   and by 

NBC base AB   we mean that B  contains no 

broken circuit.  

The hypersolvable class of hyperplane 

arrangements were originally introduced by M. 

Jambu and S. Papadima [3,4], as a combinatorial 

generalization of the supersolvable class of 

hyperplane arrangements and they showed that all 

the major results on the topology of the 

complements together with their algebraic and 

combinatorial aspects, may be extended and refined 

in this new framework. The hypersolvable class of 

hyperplane arrangements contains the supersolvable 

ones, the generic ones and many others. 

We used the hypersolvable  partition, the 

hypersolvable ordering which are defined by Ali and 

Al-Ta'ai [5], and their study of the NBC bases of a 

hypersolvable arrangement to complete the study of   

the product of hypersolvable arrangements which is 

studied by Mahdi in [ 7 ] he suggested a conjecture , 

namely ,  

 

 

 

 

 

if ),( WVBA   is a hypersolvable 

arrangement , then A and B  are hypersolvable 

arrangements . This conjecture is proved under some 

condition, namely, all the exponents of BA   are 

equal to 1. In section three we prove  this conjecture 

without any condition, also we prove that the 

dimension of the first non-vanishing higher 

homotopy groups for complement )( BAM   is

)}(),(min{)( BpApBAp  . 

 

2. A hypersolvable partition of an 

arrangement 

A hypersolvable class of arrangements was 

originally introduced by Jambu and Papadima ([3], 

[4]) Ali and Al-Ta'ai redefine this concept by using 

a partition which is called a hypersolvable partition 

as follows: 

(2.1)Definition: [5] 

Let A be an essential central complex r -

arrangement(i.e. 


TATH
n

i i
)(

1 and




rHATA
AHdim(co))((rk)(rk  

)dim( rC ). A partition ),,(
1    of 

A  is said to be a hypersolvable partition of A  

with length  )(A  denoted by Hp , if 

1
1
 , (i.e. 

1
 is a singleton), and for fixed 

 j2 , the block 
j

  satisfies the following 

properties: 

( j -closed property of
j

 ) For each

j
HH  

121
, , there is no 

hyperplane  
1j

H such 

that 2),,(rk
21

HHH . 
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( j -complete property of 
j

 ) For each

j
HH 

21
, , there is a hyperplane 

11 


j
H   such that

2),,(rk
21

HHH . Note that, from the closed 

properties of the blocks
12

,,



j

 , the 

hyperplane H  is unique and it is  denoted in this 

case by 2,1
H . 

( j -solvable property of 
j

 ) If

j
HHH 

321
,, , the hyperplanes 

113,23,12,1
,,




j
HHH   are 

equal or 2),,(rk
3,23,12,1
HHH . Observe 

that, if 2),,(rk
321
HHH , then from the 

closed properties of the blocks 
12

,,



j

 , we 

have 3,23,12,1
HHH  . 

The vector of integers ),,(
1  ddd  , is 

called the exponent vector of , where
ii

d  , 

,,1i . The rank of 
i

  is defined to be

)(rk)(rk)(rk
1

1 



iH

ii
H




, for  i1 . We call the block i , a singular 

block of   if )(rk)(rk
1


ii

and we call 

it non-singular block otherwise. Notice that, in 

general 1)(rk)(rk
1


ii
. 

(2.2) Proposition: [6] 

Let A  be an essential central complex 

r arrangement. A  is hypersolvable if, and only 

if, A  has a Hp ),,(
1   . 

 

 

(2.3) Definition:[5]  

 Let A  be a hypersolvable r

arrangement with Hp ),,(
1   . For a 

fixed  j1 , the properties of the 

hypersolvable partition give rise to a natural 

partition j as follows: 

1- Let },,{
11 kiij

HH 


 such that 

2),,(
1


kii

HHrk   and 

2- Let .\
12 


jjj

 

Define the hypersolvable ordering of A   that is 

denoted by  as follows: 

1- 
i

H  and 
j

H   such that 

 ji1  , put .HH   

2- For a fixed   j1  , give the hyperplanes of 

the block 
jj

of 
1*

 an arbitrary total order 

with preserving the order of  
i

  in   for each 

11  ji  and preserving the order of 
2*j

  

as if 
j

HHH 
321

,,  with 

3),,(
321
HHHrk , put 

321 iii
HHH   

if, and only if, 
313221 ,,, iiiiii

HHH   such that  

},,{
321 iii

HHH },,{
321

HHH . Observe 

that, since 3),,(
321
HHHrk  then there is at 

least one of 
2*321

,,
j

HHH  . 

(2.4) proposition:[3]  

 Let A  be a hypersolvable arrangement. 

Then A  is said to be supersolvable if, and only if, 

).()( ArkA   
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3. The Product of Hypersolvable 

Arrangement 

 

(3.1) Definition:  

  Let  VA,  and  WB,  be two 

hyperplane arrangements. Define the product 

 WVBA  ,  by 

   BKKVAHWHBA  :: 
. 

Note that, BABA  . If we 

denote the sets  AHWH  : and 

 BKKV  :  by WA  and BV   

respectively, then one can easily denote the 

hyperplane arrangement BA  by 

   BVWABA   . 

(3.2) Proposition:  [7] 

 Let ),( WVBA   be the product of 

),( VA  and ),( WB  such that, rArk )(  and 

kBrk )( . Then we have the following: 

1. If each one of A  and B  is a 

hypersolvable arrangement, then 

),( WVWA  , 

),( WVBV  and 

),( WVBA   are hypersolvable 

arrangements. 

2. If each one of A and B is a supersolvable 

arrangement, then ),( WVWA  , 

),( WVBV  and 

),( WVBA   are supersolvable 

arrangements . 

 

 

 

(3.3) Remark: 

Suppose ),( VA  and ),( WB  be 

hypersolvable arrangements with hypersolvable 

partitions say; ),,(
11

AAA

   and 

),,(
21

BBB

   respectively. From [7], 

then ),( WVBA   is a hypersolvable 

arrangement with a hypersolvable composition 

series ; 

)1.3)......(()(

)...()(...

)(

)()...(

...)(

2

1

1

1

1

211

BVWA

VWA

VWA

WAW

WW

BB

B

AA

AAA

























From 

[5], BA  has a hypersolvable partition 

),...,(
211

BABABA 



  
induced from 

the composition series (3.1), as follows: 

  For Wk A

k

BA

k
   ;1

1
  

and; 

  For 

B

k

BA

k Vk
1

  ;1 211  

  .    

 Ali in [5] showed that such partition forms a 

hypersolvable partition. 

(3.4)Remark:[7]  

There are no collinear relations among the 

hyperplanes of WA  and BV  . Thus, for 

each AHH 
21

, , there is no hyperplane 

BK  such that 

2},,{
21

 KVWHWHrk  and 

for each BKK 
21

, , there is no AH  such 

that 2},,{
21
 KVKVWHrk . 
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(3.5) Lemma:  

Every broken circuit C  in WA has the 

following property; there is no hyperplane K  in 

B  such that }{ KVC  forms a circuit in 

BA . As well as, for any broken circuit C  in 

BV  , there is no hyperplane H  in A  such 

that }{ WHC  forms a circuit in   BA . 

Thus, 

 )()( BVNBCWANBC  . 

Proof: directly result of proposition (2.4) and 

remark (3.3). 

(3.6) Proposition : 

Let BA  be a hypersolvable  kr

arrangement. Then; 

)()( BANBCWANBC   and

)()( BANBCBVNBC  . 

Proof: By contrary, for rk 1 , let 

},...,{
1

WHWHS
kiik
  be a k -

section of 
BA , such that 

)( WANBCS
k

 and 

)( BANBCS
k

 . Then 
k

S be a broken 

circuit in BA . That is, there exists a hyperplane 

BAH   such that 

kjWHH
ji

 1,  and 
k

SH }{   

form a circuit, i.e. kSHrk
k
 }{  .  It is clear 

that, WAH  , since

)( WANBCS
k

 . On the other hand, 

BVH   as shown in lemma (3.5) above. 

Therefore, 
k

S  must be an NBC  base of BA .  

 

 

 

Similarly, it is easy to show that 

)()( BANBCBVNBC  . 

(3.7) Theorem:  

         Let BA  be a hypersolvable  kr

arrangement then; 

)}(and)(:

|{)(

21

21

BVNBCCWANBCC

CCCBACBANBC



 

Proof: By contrary, suppose that

)( BANBCC  , such that C  cannot be 

written as a union of an NBC  base of WA  

and NBC  base of BV  , i.e. either; 

)()( WANBCWAC   or

)()( BVNBCBVC  . 

 If )()( WANBCWAC  , then there 

exists a hyperplane BAH   such that 

)}({ WACH    forms a circuit in 

BA . But this contradicts our assumption that 

)( BANBCC  . By the same way, we 

deduce that

)()( BVNBCBVC  . 

(3.8) Corollary : 

         Let BA  be a hypersolvable  kr

arrangement then )()( WApAp   and 

)()( BVpBp  . 

(3.9) Theorem : 

Let BA  be a hypersolvable  kr

arrangement then 

)}(),(min{)( BpApBAp  . 

Proof: In general, deduce that 

)()( ApBAp   and 

)()( BpBAp  . So by contrary suppose  
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that, )}(),(min{)( BpApBAp  . So 

suppose that, there exists a section 
1)( 


BAp

SS  

such that S  is a )1)(( BAp -broken circuit 

and from our construction of 
BA then 

BVWA SSS   where 

WASS WA    and 

BVSS BV   . It is clear that

)( WANBCS WA 
and

)( BVNBCS BV  since

}1)(,1)(min{1)(  BpApBAp . 

Now, let H  be the minimal hyperplane of BA  

such that SH }{  forms a )1)(( BAp -

circuit. If WAS , then H minimal than H 

via the hypersolvable ordering  on the 

hyperplanes of BA , for each 
WASH  . 

Thus, 
WASH }{ is a circuit and this 

contradicts the fact that 
WAS 

is an NBC  base of 

WA . On the other hand, if  WAS  then 

BVSS  . That is, the hyperplane H minimal 

than K  via hypesovable ordering   for each 

BVSK   , thus 
BVSH }{ is a circuit which 

contradicts that )( BVNBCS BV 
. This ends 

the proof.  

(3.10)Theorem:  

If BA  be a hypersolvable  kr

arrangement,  then each of WA  and BV   

are hypersolvable. 

 

 

 

 

Proof: Since BA  be a hypersolvable 

 kr arrangement, hence BA  has an Hp, 

),,(
1   BA

. From lemma (3.4), the 

partition 
BA  splits into two partitions as follows: 

 Let  WABA

j

A

i i
 

 , for 

  
1

...1,1
211

jjji

 and;  

 BVBA

j

B

i i
 

 , for 

;...1,1
2212
   jjji

 where  
21

.  

Deduce that ),,(
11

AAA

   form a 

partition of WA . We need to show that 
A is 

a hypersolvable partition as follows: 

1. If 
A

1
  contains two hyperplanes say 

WH 
1

 and WH 
2

, then there exists a 

hyperplane 
BA

j

BA

n
H 




1
...

1
 such that 

2},,{
21

 HWHWHrk , from the 

complete property of block 
BA

j


1

. Therefore, 

WAH  , see lemma(3.4). But this 

contradicts our assumption that 
BA

j


1

 is the first 

block of 
BA such that WABA

j
 

1
. 

Thus, 1
1
A

. 

2. For 
1

2  k ; it is clear that the block 
A

k


satisfies the closed , complete and solvable 

properties since it is a block from an Hp. Thus 

WA is hypersolvable since it is has an Hp. In 

the same way BV   is a hypersolvable. 
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(3.11) Corollary : 

The product kr  -arrangement BA  

is hypersolvable if, and only if, each of A  and B  

are hypersolvable. 

Proof: It is known that, if A  and B  are 

hypersolvable, then BA  is hypersolvable (see 

[7]). Conversely, If BA  is a hypersolvable 

arrangement, the canonical projections 

VWVq
A

: defined as 

HWHq
A

 )(  and VVWq
B

:

defined by KKVq
B

 )(  preserve the 

dependent and independent relations. Therefore, 

each one of A and B are hypersolvable 

arrangements. 

(3.12) Corollary: 

BA  is supersolvable if, and only if, 

each of A  and B is supersolvable. 

Proof: It is known that, if A  and B  are 

supersolvale, then BA  is supersolvable (see 

[7]). Conversely if BA  is supersolvable then 

krBA   )(  where )(Arkr   

and )(Brkk  , since rArk  )(
1
  and 

kBrk  )(
2
 , then kr 

21
 ,  

but kr   which means 
1
  and 

2
 cannot be 

greater than r  and k  respectively. Hence, each of 

A  and B  is supersolvable. 

(3.13) Example:  

Let A  be central complex 6-arrangements, 

define as follows:   

))((

)()2)(3)((

))()((

6456546

655656512

12313132

xxxxxxx

xxxxxxxxx

xxxxxxx xQ(A) 







  

 

 

A  is a hypersolvable arrangement in 
6C  since we 

can find a hypersolvable Hp as follows: 

),,,,,,,(
87654321

 A

=

},{},{},{},{},,{},({ 87654321 HHHHHHHH

 }),,{},{},{ 131211109 HHHHH  where                       

  0:,,,,,
316543211
 xxxxxxxxH

 

  0:,,,,,
316543212
 xxxxxxxxH

  

  0:,,,,,
216543213
 xxxxxxxxH

 

  0:,,,,,
26543214
 xxxxxxxH  

  0:,,,,,
126543215
 xxxxxxxxH

 

  0:,,,,,
36543216
 xxxxxxxH  

  03:,,,,,
656543217
 xxxxxxxxH

 

 







 


0

2:,,,,, 65654321

8

xxxxxxxx
H  

  0:,,,,,
56543219
 xxxxxxxH  

  0:,,,,,
6565432110
 xxxxxxxxH

 

  0:,,,,, 665432111  xxxxxxxH  

 














0

:,,,,,

6

45654321

12
x

xxxxxxxx
H  

 














0

:,,,,,

6

54654321

13
x

xxxxxxxx
H     

From new hypersolvable ordering we rewrite a 

defining polynomial as 

).)((

)()2)(3()(

))()((

654645

66556565312

2213131

xxxxxx

xxxxxxxxxxx

xxxxxxx Q(A) 
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  Note that by applying our construction we can split  

A  into two arrangements 
1

A and 
2

A  where: 

312

22131311

)(

))()((

xxx

xxxxxxx ) Q(A




 

and 

).)(()(

)2)(3()(

654645665

565652

xxxxxxxxx

xxxxxAQ




 

Observe that both of 
1

A and 
2

A  are hypersolvable 

3-arrangements since they have Hp as follows: 

}),{},{},,{

},({),,,(

65432

14321
1

HHHHH

H
A


 

}),,{},{},{},{

},({),,,(

765432

14321
2

KKKKKK

K
A


 

Where; 

  0:,,
313211
 xxxxxH  

   0:,,
313212
 xxxxxH   

  0:,,
213213
 xxxxxH  

  0:,,
23214
 xxxxH  

  0:,,
123215
 xxxxxH  

  0:,,
33216
 xxxxH  

  03:,,
323211
 xxxxxK  

  02:,,
323212
 xxxxxK  

  0:,,
23213
 xxxxK  

  0:,,
323214
 xxxxxK  

  0:,,
33215
 xxxxK  

  0:,,
3123216
 xxxxxxK  

  0:,,
3213217
 xxxxxxK  

(3.14)  Example : 

  Let A  be central complex 6-

arrangements, define as follows:   

 

 

))()()((

)()(

56565454

6543232112

xxxxxxxx

xxxxxxxxx xQ(A)




  

A  is a hypersolvable arrangement in 
6C  since we 

can find a hypersolvable Hp as follows: 

),,,,,(
654321

 A
=

,{},{},,{},,{},({ 7654321 HHHHHHH  

}),,{},, 12111098 HHHHH where                       

  0:,,,,,
26543211
 xxxxxxxH  

  0:,,,,,
16543212
 xxxxxxxH   

  0:,,,,,
216543213
 xxxxxxxxH

 

  0:,,,,,
36543214
 xxxxxxxH  

  0:,,,,,
326543215
 xxxxxxxxH

 

  0:,,,,,
56543216
 xxxxxxxH  

  0:,,,,,
46543217
 xxxxxxxH  

  0:,,,,,
66543218
 xxxxxxxH  

  0:,,,,,
546543219
 xxxxxxxxH

 

  0:,,,,,
5465432110
 xxxxxxxxH

 

  0:,,,,,
5665432111
 xxxxxxxxH

 

  

  0:,,,,,
5665432112
 xxxxxxxxH

  

Note that A  is supersolvable arrangement since 

6)()  Ark(A  

From new hypersolavble ordering we rewrite the 

defining polynomial of A as follow: 

  
))(())((

)()(

5656654545

43232112

xxxxxxxxxx

xxxxxxx xQ(A) 
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Note that by applying our construction we can split  

A  into two 3-arrangements 
1

A and 
2

A  where: 

)()(
32321121

xxxxxx  x) Q(A  and 

))((

))(()(

2323

32121122

xxxx

xxxxxxxAQ




 

Observe that both of 
1

A and 
2

A  are supersolvable 

arrangements since they have Hp as follows: 

}),{

},,{},({),,(

54

321321
1

HH

HHH
A


 

}),,{},,

,{},({),,,(

76543

214321
2

KKKKK

KK
A


. 
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 رتيبة القابلة للحل الفوقية(لضرب الت NBC-)حول قواعد

 ميادة عبدالرزاق مجيد 

 جامعة البصرة /كلية العلوم/رياضيات

 

 المستخلص :

الهدف من هذا البحث يتمركز حول دراسه ضرب الترتيبه القابله للحل فوقيا التي تم دراستها باستخدام مفهوم تجزئه 

ترتيبه قابله للحل فوقيا فأن كل من  A×Bن انه اذا كان الترتيبه القابله للحل فوقيا ففي هذا البحث تمكنا من برها

AوB ترتيبه قابله للحل فوقيا. كذلك في هذا البحث تطرقنا الى برهان اذا كانA×B ترتيبه السوبر القابله للحل فأن كل

 ي لمتممةتكون ترتيبه سوبر قابله للحل وايضا كيفية برهان ان بعد  اول زمرة غير متلاشية الاعلى هوموتوبB وAمن 

M(A×B) تكون p(A×B)=min{p(A),p(B)} . 
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