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Abstract:

In this research, we introduce new iteration process for different types of mappings and
introduce a concept of expansion mapping, it is independent of non — expansive mapping .

Also, we study the convergences for these iterations to common fixed point in real Hilbert
spaces.
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1.

Introduction
Let H be areal Hilbert space @ = C < H, and
T:C — C is non — expansive. Mapping. That is,

if [la—=>bll =If(a) — f(b)]l for
C. Also

eacha,b €

any multivalued  operator A is called
monotone if the following condition hold:

<a —a,,d, —d;, >=0 Va; € D(A), d; €
A(z;). And it is called maximal monotone if for
all(a,h) eHxH{a—b.,,h—d)=0
all (b,d) € gph(A) then we get,h € A(z).
monotone operators has an

different

for
The

important role in

and

branches of mathematics, see.( [1]-
[5]). On other hand, The convergence of the iteration
method studied by many researchers see ([6]-[16]).
Define the following mapping as follows:

Jry = A +1,A71)(a) this

resolvet mapping where <, > be a sequence of

mapping is called
positive real numbers. Also, the metric projection
P.(a) from H onto C is defined as follows:

For any a € H there exists a unique element

P.(a) € C satisfies the following:

lla = P.(a)|l < lla— D], forallb € C.That is, for
each a€X, P(a)=b iff beC and |la—b| =
inf{|la — cl|;c € C}.

Now, the following definitions and lemmas are

interesting to area of research:

12

Lemma(1.1) [16]
Let <a, > and <pB,> are sequences
of nonnegative real number such that
i1 < ap,+ P, , for each. n>1. If Y7 ,a,
converge,then lim,,_, . a, exists.
Definition(1.2) : [17]
LetT: C — C be a mapping then everyp € C

is called asymptotic fixed point of I if there exists
(a,) is sequence in C such that a, = p and
llan — T(an)ll — 0.

Lemma (1.3) : [18]

Let C be a nonempty convex closed subset of real
Hilbert space H and T is non-expansive multivalued
mapping such that Fix(I") = @.ThenTis demi-
closed, i.e.,a, = p and lim,_ d(an,F((xn)) =
0.Then p € T'(p).

Lemma(1.4) : [19]

If (a,) be a sequence in H and ||a,; —al <
l|a, — a|| for all a € C. Then (P.(a,)) converges

strongly to a pointin C.

Now, we introduce the concept of expansion

mapping

Main Results
In this section, we define a new iterations
for sequence of expansion mapping. Also, we study

the convergence for these iterations.
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Definition(2.1)
Any called expansion

(0,1)
converges to zero then there exists a nonnegative

mapping f is
mapping if for each sequence,(z,) in

real number z such that

(1_ Zn)”x_w ”2 +Z(x_fx:w_fw)k+1
= |lfx—fw]|?forallk > 0andx,w € C

The concept of expansion mapping is
independent of non — expansive

mapping. As shown by the following examples:

Example (2.2)

If f:(0,0)— (0,0)be a mapping such that
f(x) = x.Then the mapping f is not non-expansive
but it is expansion,mapping. Since, for each
sequence (z,) in [0,1] converges to zero then there

exists z such that,
4
T oW — fu)
(1= z)llx =w > + 2 (x = fi,w — fi, )}
Example (2.3)

Let f: H— H be a mapping such that f(x) = x.

||lx —w ||? and satisfy

It is clear that the mapping f is not expansion
mapping but it is non — expansive.
Theorem (2.4):

Let A Ay, ... A, are maximal
monotone multivalued mapping C nonempty convex
closed in H, (f,) be a sequence of non-expansive
(Tn)
mapping
sequences in (0,1] converges to 0, such that

mapping and is bounded sequence of

expansion onC.Let (a,), (b, are

ap, + b, =1and X%, y,; = 1. Define the iteration

process(x, ) as follows:

13
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m
w, = bnvn + (1 - bn) Z yn:i ]:;n,i Un

i=1

Unt1 = anTnUn + (1 - an)ann
I N5y Fix(JE,, ) 0 Ny Fix(Ty) 0

(Ny=1 Fix(f,)) #= ©.Then (x,)
weakly to an asymptotic common fixed point of

has converges

T,, for eachn € N. Moreover (P.(v,)) converges

strongly to a pointin C.

Proof :
Let pE ﬂ;’{J:lFix(]ﬁn‘i ) N (N, Fix(T,)) N
(Np=1 Fix(fy))

by, —p) + (1 = by). ||

(i Vi Jns Yn (W) = p)
i=1

< byllv, —pllI?

lw, —pII* =

m
+A=b) ) Vi 1o = pIP?
i=1

< byllv, = pll + (1 = by)llv, — plI?
= llv, — pll?
Now, for any sequence (z,) in [0,1] converges to
zero then there exists a nonnegative real number z
such that
IVne1 — plI? = ITvn + (1 — ap) fow, — plI?
< a,||IT, v, = plI?
+(1
— a) |l fown — plI?
IVns1 = PlI? < anllTyv, —plI?
+ (1 = a)lw, —pll?
Ivne1 = plI? < an(1 = z)llv, — plI?
+ b2y || (Top = PT) (U = v
~ (Tup = )|
+ bz (Un — frp — fp)*
+ 1 = a)llv, —pll?
< ap{(1 - z)llv, — plI?}
+ 1 = a)llv, —pll?

lvpe1 — P||2
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+ (1 = an)llv, — pll?
= llv, — plI?

By lemma (1.1), we get lim,,_,.||v,

< ayllv, —plI?
— p|| exists and
hence (f,)is also bounded. So by lemma (1.4) we
get (P-(v)) converges strongly to the pointin C.
— Tl < llan—1(bp-1Tp-1Vp—1
+ (1 = bn-1)fn-1Wn-1 = Tn¥)
+ (1 -an-fp-1Vn-1—
< ap-1llbp1Th-1Vn—1
+ (1 = b)) Towy—1 — Tyl
+ byl fa-1vn-1 = Tavall
Since (f,,) and (T,) bounded

{ay), (by,) are sequences in (0,1] converges to zero.

llvn

are also and

Asn— o we get, [|v, — Tyvall — 0.

Now, since (v,) is bounded then there exists
subsequence (v,,) of v, such that v, — z and
llv, — T,,v,ll — 0. Then we get z is an asymptotic
common fixed of T, foreach n € N.Then the
has

iteration,(v,,) converges

fixed

weakly to an

asymptotic common point of
T,,foreachneN. m

Now, we consider property P for any
sequence as follows:
Let (T,,)be a sequence, of mapping we say
that (T,,) has property F if (T,) satisfies the
condition:
IT, — z||? < ||T,|| 2,for each z € (Ng=; Fix(Ty,)).
In the following theorem we study the

convergence for the iteration process

m
w, = b’n [dnvn + (1 - dn) Z )/n,i ]Ti‘n,i Uﬂ:|

i=1

+ (1 - b'n)gnvn

Un+1
=d, [anTnvn + bpfuvn + Cnfngnvn]
+ l{ngnwn 2.1)

14
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where (d,,) and (b,) are sequences in [0,1] such
that (d,),(b,) converges to zero, d, = b,. Such

thata'n+b'n =l,a,+b,+c, =1, X Vn; -

Theorem (2.5) :

Let A A, ... maximal
monotone multivalued mapping and @ # C convex
in X, (T,

expansion mappings

A, are
closed is bounded,sequences of
onC and (f,), {(gn)
sequences of non-expansive mapping on C. If the
(2.1)

are

iteration  process defined as and

(Pix(,.)) 0 (Vi Fix(T) 0 (N Fix(F) 0

(N7=; Fix(gy)) # ©.Then
weakly to an asymptotic common fixed point of

{x,) has converges

T, , for eachn € N. Moreover (P.(x,)) converges
strongly to a pointin C.
Proof :

Let

pe(Fi(t,))n ( lx(Tn)> (ﬂ Fix(f,) )

ﬁjs

n (ﬂ ix(gn)>
llw, — plI?
dn(vn - p) + (1 - an)

m
: +
" (Z Yn,i ];n,i Un _p>
i=1

(1 - Bn)gnvn -p

dn(vn - P) + (1 - dn) 2
m

(Z }/n,i ];'n,i Up — p)
i=1

+ (1 - b’n)llpcgnvn - P”z
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dn”vn - p”Z + (1 - dn)
L, m
lw, —pll> <b
n — D n Zyn,i

i=1

. 2
]‘rl‘n',: Un - p ||

+ (1= by)llvy — plI?
< by[dy llv, — plI?
+ @1 = d)llv, —pll*]
+ (1= by)llvy — plI?
Wy = plI* = byllvy —plI> + (1 = by)llvy, = plI?
= llvn — plI?
Hence,  [lw, —plI* < |lv, —plI?
Now, by (2.1) then we have
Ins1 = plI? < dullanTavy + bufavn + Cafagnvn
= plI* + bpll gnwn — pI?
Ivns1 = plI? < dnanlITv, — plI?
+ dnbyllfavn — plI?
+ dncnll fugnvn — pII?
= dn @b I T, vy — frvnll®
= byl fovn = fuTuvnll?
= dnCnpllfuTavn — Tovnll?
+ bpllgnwn — pII?
< dpanlITyvn — plI* + dobyllfove — pII?
+ dncnll fugnvn — pII?
+ dp@n b T vy — fuvnll
+ dpbncpllfuvn = faTuvall?
— 8y Cnnll fuTa Vs — T ll?
— dn@nbp||Tyvn — fuvnll
= byl favn — faTuvnll?
= dnCnullfuTavn — Tovnll?
+ bpllgnwn — plI?
For any sequence (z,) in [0,1] converges to zero
there exists a nonnegative real number z such

that

V41 —P”Z
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< dpan[(1 = z)llv, — plI?
+ znllp — Tupll- 1@ — Tup) (cvn
= Tavn — (0 = TuP)
+2((p — Tab, Vo — Tuvn )]
+ dybnllv, — plI?
+ dycallv, —plI?
+5,[lwy, — plI?
Now,
IVni1 = plI? < dra,
v, = plIZ + dubpllv, — plI? + dncnllv, — plI?
+ bpllv, — plI?
V1 =PI = dullvy = plI* + (1 = a)llv, — plI?
= |lv, —plI?
By lemma (1.1),
we get lim,_|lv, — pll exists. Hence, (v,) is
bounded sequence, so that (g,) and (f,) are also
bounded sequences.
So, by lemma (1.4) we deduce (P;(x,)) converges
strongly to the pointin C.
lvy, — Tavnll = ||ar{—1[an—1Tn—1Vn—1
+ bp_1fn-1Vn-1
+ Cno1fn-19n-1Yn-1]
+ b1 [an-1by_1 (Ty_1vpq
= fr—1Vn-1)
+ bp_1¢n-1(fre1Vn-1
— fac1Tn-1Vn-1)
+ cn1an1(fae1Tno1Vnq
= Tno1Vn-1) + dn_1 Gn-1Wn-1]

- Tan”
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lvn, = Tavnll < @y _qllan_1Tn-1vn-1
+ by-1fn-1Vn-1
+ cne1fn-1Th-1Vn-1 = GnWall
+ bn’—lllan—lbn—l(Tn—lvn—l
— fa-1Vn-1)
+ bno16n1(fu1Vna
= fac1Tn-1Vn-1)
+ 11 (fac1 Tho1Vns
—Tho1Vn-1) + dp_1 Gn-1Wn_1
— Tyl

Since a,,b, — 0  and (T,),{f,)and (g,) are

bounded then we get

lv, — Tyvpll — 0asn—

Now, since (v,) is bounded sequence then there
exists subsequence (v,,;) of (v,) such that v, — z

and since ||v, — T, v, || — 0 ,then we get,

z is asymptotic common fixed point of
T,, forall n€N.

Then the iterations(v,,) has converges weakly to an
asymptotic common fixed point of T, forall n €
N. m

In the following theorem we give a new
iteration process and we study the convergence for

this iteration to an asymptotic common fixed point.
Theorem (2.6) :

If (f,) be a sequence of non-expansive
mapping on C and (T,) be a bounded sequence of
expansion mappings on C. Define the iteration

(vy,) as follows:
Wy = dyfrvn + (1 — ) (Tyvy)
m

Un+1 = Qn Z Vn,i ]rin_i Un

i=1

+ (1 - an)ann (2-2)
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where (a’n),(b'n),(an), (b,) are sequences in
[0,1] such that(a,),(b,) converges to 0 such
that. 1f (N, Fix(i,,)) 0 (NG Fix(T) n
(=1 Fix (f,))
# (. Then the iteration process (1,,) has converges
weakly to an asymptotic common fixed point
of T, ,forall n€N. Moreover (P:(v,))
converges, strongly to a point in
C.
Proof :
Let p € (Fix(P.)) n (N, Fix(Ty)) N
(M= Fix (f,))
Since w, =d,fyv, + (1 — dn)(BnPcTnvn +
(1 = b,)fyP.Tyvy,) then we have,
llw, = plI* < dllfv, — pII?

+ (1 = d) T, v, — pl?]
w, = plI? < dyllv, —plI?

+ (1 = d) T, v, — pl?]

= dyllv, — plI?

+ (1 = d)ITyv, — plI?
For any sequence (z,) in [0,1] converges to zero
there exists a nonnegative real number z such
that

lw,, = plI* < dpllvy, — plI?
+ (1 - d)IA - z) v, —pll?
+ 2,ll(p — Tup) vy — Tovn
— (-T2l
+2((vy — T, p — TaP))"]

lw, = plI? < dllv, —plI* + (1 = d)llv, — plI?

= llv, — pll?

Hence, [lw, —pll? < |lv, — plI?

i 2
]TL‘n’i Un - p||

m
lvper — p”2 < anzyn,i
i=1

+ (1 = a)llfawn — P||2
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m
19nes =PI < @ ) yi Il v =l

i=1

+ (1 - alw, —pll?
Ivni1 = plI? < anll v, —plI?

+ 1 = allv, — pll?

= |lv, —plI?
By lemma (1.1), we get lim,,_,||v, — pl| exists
Hence, the iteration (x,) is bounded sequence. So

(f) and (g,) also bounded sequences. And hence,
by lemma (1.4) we deduce (P.(v,)) converges

strongly to a pointin C. m
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