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1- Introduction :
The topological idea from study this set is
generalization the properties and using its to prove
many of the theorems. In [1]Abd EI-Monsef
M.E.,El.Deeb S.N. Mahmoud R.A Introduced set of
class B- open, B- closed which are considered as in
put to study the set of class B"c — open, B'c — closed
and we introduced the interior and the closure as
property of B"c — open set, B'c — closed set. In [4]
Najasted O (1965) and [5] Andrijecivic D (1986)
introduced a study about the set o —open,
a —closed, B — open with the set - open set and
through it, we introduced proof many of proposition
as the set B"c — open set with o —closed it can lead
to set B- open set. In [6] Ryszard Engelking
introduced the function as concept to - continuous,
B'c — continuous, B— open function, B'c — open
function, B— closed function, B"c — closed function
and find the relation among them.
2. On Bc — open sets
Definition (2.1) [1]

Let X be a top. sp. Then a sub set A of X is
called to be

i)ap-opensetifACA .
ii) a p- closed set if A2 40"

The all B- open (resp. - closed) set sub sets
of a space X will be as always symbolizes that fo(x)
(resp. Be(X))-

Example (2.2):

Let X = {a, b, ¢, d} with topology
t={0,X {a},{a, b}, {a c, d}. Then the clases of
- open set and Bclosed set are:

Po(X) ={@, X, {a} {a b}{a, c}{a d} {a b, c}{a,
b, d}.{a, c, d}.

BC((;}() = {0, X, {b} {c}{d}{b, c}, {b, d}.{c, d}.{b,
c, d}.

Remark (2.3):

Let X be a top. Sp. If A = X, then A is B-
open set.
Remark (2.4):

If A B- open set in X, then A® is B- closed
setin X.

Proposition (2.5):
Let X be a top. Sp. Then:
i) Every open set is B- open set in X.
ii) Every closed set is B- closed set in X.
Proof :
i) Let A be open set, then A= A’. Since A € A, then

A=A CA’, therefor ACA , hence A is B- open

set inX.
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ii) Let A be closed set, then A€ open set, then A p-
open set in X by (i), then A B- closed set in X.

The converse of above proposition is not true in
general.

Example (2.6):

Let X ={1,2,3},t={0, X, {1}, {2,3} }.
Bo(X) ={@, X, {1}, {2}, {3} {1.2}, {1.3}, {2.3} }
BC (X) = Po(X).

Note that A = {3} is B- open (resp. B-
closed) set, but not open (resp. closed) set.
Theorem (2.7):

Let X be atop. Sp. Then the following
statement are holds:

i) The union family of B- open sets is - open set.

ii) The intersection family of B- closed sets is B-
closed set.

Proof:

i) Let {A, @ €A} be a family of P-open set in

0

X,then A, A_a , then

, hence U Aa is B-open set .
ael

i) Let {A,, i@ €A} be a family of B-closed set
in X, then {A @ € A} be B-open set in X, then

{U AZZOKEA } B - open sets .But

ael
c c c
[nAa] =UAa,then[nAa], ﬁ-
ael aeh ael
open sets in X . There for n Aa B-closed set in
aelA
X.
Remark (2.8):

i) [1] the intersection of any two B- open sets is not
- open set in general.
ii) The union of any two B- closed sets is not B-
closed set in general.
Example (2.9):

Let X = {1, 2, 3}, t = {@, X, {1}, {2},
{1.2} }.
po(X) ={@, X, {1}, {2}, {1.2}, {1.3}, {2,3} }.
Be(X) ={@, X, {1}, {2}, {3}, {1.3}, {2.3} }.
i) Let A ={1,3}, B ={2,3} are - open sets, but A n
B = {3} not B- open in X.
ii) Let A = {1}, B = {2} are - closed sets, but A UB
={1,2} not B- closed in X.
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Proposition (2.10)

Let X be atop. Sp. Then:
i) G is an open set in X iff G N A =G n A for each
AcX. [2]
Proposition (2.11)

Let X be atop. Sp. Then:
i) The intersection a p- open set and open set in X
is - open set.
ii) The union a B- closed set and closed set in X is
f- closed set.
Proof:

i) Let A be a B- open set, then AC 4°
Let B open set. Then

ANBCc (A nB).

c@’ nB).
=(A_n B°) by proposition (2.10) .
=(A nB)°.

c nB)o

=AnB by proposition (2.10)

There fore A N B is B- open set in X.
ii) Let A be a p- closed set in X, then A® B- open set
in X.

by proposition (2.10)

Let B be closed set in X, then B® open set
in X, then by (i) we get A® n B® B- open set in X,
but (A U B)® = (A® n B®), then (A U B)® B- open set
in X, then A U B B- closed set in X.
Definition (2.12):

Let X be atop. Sp. and A € X. Then:
i) Ais @ —open if A € 40" [4].
ii) A is & — closed if 49 < A [4].
Definition (2.13):

Let X be atop. Sp. X and A < X. Then a -
open set A is said a Bc. open set if V x € A 3 F,
closed set 3 x € F, € A. A'is a B'c— closed set if A°
isaB’c— open set X.

The all B'c — open (resp. B'c — closed) set
sub set of a space X will be as always symbolize B'c
O (X) (resp. B'cc(X) ).
Example (2.14):

In example (2.9). Note that closed set in X

are:
0, X, {2,3}, {1,3}, {3}. Then
B'c O (X)={0, X, {2,3}, {13} }
Remark (2.15):
If A B'c — open set in X, then A® is B'c —
closed set in X.
Remark (2.16):
From definition (2.13). Note that:
i) Every Bc — open set is - open set.
ii) Every B'c — closed set is - closed set.
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The converse of above Remark is not true in
general.
Example (2.17):

Let X ={a, b, c}, t={0, X, {a}, {b, c}}.
po(X) ={®, X, {a}, {b}, {c}. {a b}, {a c} {b.c}}.
Pe(X) = po (X)
BcO(X) {0, X, {a}, {b, c} }.
Bc C(X) = B'c O (X). Not that A = {c} is B- open
(resp. B- closed) ser. but not B"c— open (resp. B'c —
closed) set.
Remark (2.18):
i) The B'c — open set and open set are in-dependent.
ii) The B'c — closed set and closed set are in-
dependent.
Example (2.19):

In example (2.9) not that B co (x) = {@, X,
{1,3}, {2,3}, B'ce(x) = {@, X, {1}, {2}}. Note that
i) A = {2,3} B'c — open set, but not open and B =
{1} is open, but not B'c — open.
ii) A = {2} B"c — closed set, but not closed and B =
{3} is closed set, but not B"c — closed.
Proposition (2.20):

Let X be atop. Sp. and Ac X. If A a —
closed. Then A B- open in X iff A B"c — open.
Proof:

Suppose that A a B-open set in X, then A <

A° Lletxe ACA . Since xeEA and A a -
closed set, then A C A. Thus x €A C A, 3 A4

closed set 3 x € 4° < A. Then A B'c — open set.
Conversely
Suppose that A Bc — open set, then by definition
(2.13), we get A B- open.
Corollary (2.21):
If A open set and « — closed, then A B'c —

open.
Proof:

By proposition (2.5) (i) and proposition
(2.20).
Proposition (2.22):

Let X be atop. Sp. and A € X. If A a -
open. Then A B- closed iff A Bc — closed.
Proof:

Let A be B- closed, then A® B- open. Since
A a — open, then A® a — closed, then by proposition
(2. 20), we get A® B'c — open set. There fore A p-
closed set.
Corollary (2.23):

If A closed set and a — open, then A B'c —

closed.
Proof:
By proposition (2.5) (ii) and (2.22)
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Proposition (2.24):

Let X be atop. Sp. X. Then
i) The union family of B'c — open set is B"c- open
set.
ii) The intersection family B"c — closed set is B'c —
closed set.
Proof:
i) Let { Ay: @ €A } be a family of B’c — open
sets, then {A,: a € A} is B- open sets, then
UgeaAq IS B- open set by lemma (2.7) (i). Let x €
Ugealq » then x € A, for some o € A. Since A,
B’c- open set V a € A, then 3 F closed set in x 3 x
€F €A, S Ugep A. Then for UgepA, is Bc-
open set.
ii) Let { A, : a €A} be a family of B'c — closed
sets, then {AS: « € A} is a family of B c- open sets,
then  UgeaAS is B'c- open sets by (i), them
[UgenAS 1B c — closed. But NgepAq = [UgeaAS, T,
then NgeaAy is B'c—closed in X.
Remark (2.25):
i) Not every intersection of two B'c — open set is
B'c — open set.
i) Not every union of two B¢ — closed set is B'c —
closed set.

Example (2.26):

In example (2.9)
Bc O (X)={@, X, {2,3}, {1,3} }.
B'c C (X) = {@, X, {1}, {2} }. Not that:
i) Let A = {1,3}, B = {2,3} are B'c — open set, but A
N B = {3} not B'c — open set in X.
ii) Let A = {1}, B = {2} are B'c — closed set, but A
U B = {1,2} not B"c — closed set in X.
Definition (2.27):

Let A subset of top. Sp. Then A is called:
i) Clopen set if A closed and open.[6]
ii) B- Clopen set if A B- closed and B- open.
iii) B'c - Clopen set if A B'c - closed and B'c —
open.
Proposition (2.28):[4]

Let X be atop. Sp. and A < X. Then
i) Every closed set is a — closed set.
ii) Every open set is o — open set.
Proposition (2.29):

Let X be atop. Sp. Then:
i) The union B'c — open set and clopen set is B'c —
open.
i) The intersection B”c- closed set and clopen set is
B’c - closed.
Proof:
i) Let A B'c — open set, then A® Bc- closed. Let B
clopen, then B clopen, then B® closed and open.
Since BC closed, then B p- closed. Since B® open,
then B® a — open by proposition (2.28) (ii), then B€
B'c — closed, then A n B® B'c — closed by
proposition (2.22) (ii), then (A°n B%)° B¢ — open.
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But A U B = (A° n BY)C, there for A U B Bc —
open set in X.
ii) Let A B'c — closed, then A® B'c — open. Let B
clopen, then B clopen, then by (i), we get A® u B®
B’c — open, then (A® U B®)® B'c — closed. But A n
B = (A® U BX), then A n B B'c — closed.
Proposition (2.30):

Let X be atop. Sp. Then:
i) The intersection B'c — open set and clopen is B'c
— open set.
i) The union B"c- closed set and clopen set is B c-
closed.
Proof:
i) Let A be B'c — open set and B clopen, then B
open and closed, then A B- open set and B open,
then A n B is - open set by (2.11)(i). Letx € A n
B, then x € A and x € B, then 3 F closed set in x 3 X
€F < A.Since F n Bisclosed set in x, then x € F
NB < AnNB,hence An BB’c—open.
ii) Let A B'c — closed set, then A° B"c- open. Let B
clopen in X, then B€ clopen, then by (i) we get A® n
B® B"c- open in X, then (A® u B®)® Bc — closed.
But A U B = (A° n B%), then A U B B'c — closed
in X.

The following diagram shows the relation
among types of open, closed sets.

Closed set

open set

B'C- closed Bclosed B'C- open set
set # set g

@ open set

(a) (b)

Definition (2.31):
Let F: X - Y be a function and A € X.

Fig (1)

Then:
i) F is called continuous function [6]. If VA open
subset of Y, then F* (A) is open subset of X.
ii) F is called B- continuous function. If VA open
subset of Y, then F™* (A) is p- open subset of X.[1]
iii) F is called Bc-continuous function. If VA open
subset of Y , then F* (A) is B”c - open subset of X.
Proposition (2.32):

Let F: X — Y be a function and A c X.

Then:
i) Every cont. function is a - cont.
ii) Every B c -cont. function is a p- cont.
Proof:

Let F: X — Y be a function
i) Let F cont. and Let A be open in Y. Since F is
cont. function , then F* (A) is open in X, then F*
(A) is a B- open in X. Hence F is a - cont.
ii) Let F B"c -cont. and Let A be open in Y. Since F
B'c -cont. function then F* (A) B'c — open in X,
then F* (A) B- open in X, hence F is a p- cont.

The converse of above proposition is not
true in general.
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Example (2.33)
Let F: X = Y be a function and let X = {1,

2,3}
t={0, X, {1}, {2,3} }.
po(X) ={@, X, {1}, {2}, {3}, {1.2}, {1.3}, {2.3} }.
Bco(X)={0, X, {1}, {2,3} }.
Y ={a b, c}, t={8,V, {a}, {b}, {a b} }.
po(Y) ={@, Y, {a}, {b}, {a b}, {a c} {bc}}.
Bco(Y)={0,Y,{a c} {bc}}

Define F(1) =a, F(2) =b, F(3) = C.
Note that F is - cont. But
i) F not cont. Since A ={b} open in Y, but F(A) not
open in X.
ii) F not B'c - cont. Since A = {b} openinY, but F
(A) not B"c- open in X.
Remark (2.34):

The continuous function and B”c-
continuous are independent in general.
Example (2.35):

Let F: X = Y be a function
Let X =41, 2,3} t={0, X, {1}, {2}, {1.2}, {1,3}},
Bo(x) =t.
B'co (x) = {@, X, {2}, {1.3} }.
Y ={ab,c} t={0,V, {a}, {b}, {a b} }.
po(Y) = {8, Y, {a}, {b}. {a, b}, {a, c}, {b, c}}.
Bco(Y)={0,Y,{ac} {b,c}}

Define F(1) =a, F(2) =b, F(3) = C.
Note that F is cont. function, but not Bc - cont.
fu*nction. Since A={a} open in Y, but F*(A) not
B c- openin X.
Example (2.36)

Let F: X — Y be a function and Let X = {1,

2,3}.
t={0, X, {1}, {3}, {1.3}}, po(X) ={@, X, {1}, {3},
{1.2}, {1,3}, {2,3}}.
Bco(X)={0, X, {1,2},{2,3} }.
Y={ab,c}, t={0,Y,{a b}}

Define F(1) =a, F(2) =b, F(3) = C.
Note that F is B'c - cont. Since A = {a, b} is open
in Y, but F(A) not open in X.
The following diagram shows the relation among
type of the continuous function.

Cont. Function

KON

B'C - Cont. Function g Cont. Function

Fig??.)

3- The Closure:

Definition (3.1): [1]
The intersection of all B- closed set of atop.

Sp. X which is containing A is called a - closure of

A and denoted by AP.

i.e AP =n{F: ACF, Fisp-closed in X}.
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Definition (3.2):

The intersection of all B'c - closed set of
atop. Sp. X which is containing A is said a Bc -
closure of A and denoted by AB'C.
i.eABC=n{F: ACF FisB'c-closed in X}.
Lemma (3.3):

Let X be atop. Sp. and A € X. Then
i) X e AP iff v B-openset Gandx €G3 G N A #
o [1].
ii) X € AB'C iff v B'c-opensetGandx€ G3Gn
A+ Q.
Proof:
i) Let x € AP'C thenx ¢ N F 3 Fis B'c — closed set
and A € F, then x € [NF]® 3 [NF]° is B'c — open
containing x. Hence
[NFI° NA S [NF]° N [NF] = @.
Conversely
Suppose that 3 a B'c —openset G 3 x € G and A n
G =0., then A S G° 3 G°is B'c — closed set, hence
X e KB*C
Remark (3.4):

Let X be a topological space and A < X.

Then
i) AP is B- closed set and ABC is B"c — closed set.
ii) AP (resp. ABC) is the smallest p- closed (resp.
B’c — closed) set containing A.
iii) Ac AP also AC AB'C. v AC X.
Proof:
Clear.
Proposition (3.5):

Let X be a top. Sp. X and A € X. Then:
i) A B- closed set iff A = AP [1].
ii) A B"c — closed set iff A = AB'C.
Proof:
ii) Let A be B'c — closed set

Let X ¢ A, then X € A® then 3 Bc — open
set A°3 A° n A =0, then X ¢ AB'C, then AB'C c
A. Since A c AP"C by Remark (3.4) (iii). Hence A =
ABC,
Conversely

Let A = AB°C. Since AB'C B'c — closed set
in X and A = AB°C, then A B"c — closed set.
Proposition (3.6):

Let X be atop. Sp. X and A < X. Then:
=B _
i)AP =APF [1].
ii) If A € B, then AP c BF.
Proof:
ii) Let A € B. Since B < BP by Remark (3.4) (iii),
then A c BE.

Since BP is B- closed in X and AP is the
smallest B- closed set containing A. There for
AP c BB,
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Proposition (3.7):
Let X be atop. Sp. X and A < X. Then

—B*c

i)y AB'c  =ABC
ii) If A C B, then AB'C ¢ BB'C,
Proof:
i) Since AB'C is B"c — closed, then by proposition
(3.5) (ii), we get the result.
ii) Let A € B. Since B < Bfby Remark (3.4) (iii),
then A € BB'C.
Since BBC is B'c — closed and ABC is the smallest
B’c — closed containing A. Then fore AB'C ¢ BB'C,
Proposition (3.8)

Let F: X — Y be function. Then the
following statements are equivalent.
i) F is B- continuous.
i) F* (B) is B- closed in X V B is closed set in Y.
ii)FAPYc F(A)VACS X

iv) F-1 (B)B c F!B)VBCY.
Proof:
(i)

(i)

Let B be closed set in Y, then Y-B is open
set in Y, then F* (Y-B) is a B- open in X by (i),
then X — F* (B) is a B- open in X.

Then F* (B) is a p- closed in X.
(ii) (i)

Let Ac X, then F(A) €Y, then F(A) is
closed set in Y, then F* (F(A)) is a B- closed set in
X by (ii). Since F(A) € F(A), Then A S F* (F(A)),
then AP < F* (F(A)), there fore F (AP) < F(A).

(i) (iv)

Let BcY, then F!B) <X, then

FFL(B)] < F [Fi(B)] by (iii), then F

[F1(B)] < (B), then F-1(B) < F*(B).
(iv) (i)

Let B be open set in Y, then Y — B is
closed setin Y. Then

F1(Y—B) CF'(Y=B)=F!(Y-B). Since F
(Y —B) = X — F* (B) is a p- closed set in X, then F*
(B) is a - open set in X.
There fore F is a - continuous.
Proposition (3.9)

Let F: X — Y be a function. Then the
following statements are equivalent.
i) Fis BC- continuous.
ii) F* (B) is B'c - closed in X V B is closed set in Y.
iii)F(AB%) c F(A)VACX.

iv)F1(B) < F'(B)vVBCY.
Proof:
() (ii)

Let B be closed set in Y, then Y-B is open
setinY, then F (Y-B)isaB"c - open in X by (i),
then X — F* (B) isa B'c - open in X.
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Hence F* (B) isa B'c - closed in X.
(ii) (i)

Let Ac X, then F(A) €, then F(A) is
closed set in Y, then F* (F(A)) is a BC- closed set in
X by (ii). Since F(A) € F(A), Then A< F* (F(A)),
then AB'C € F* (F(A)), hence F (AB'C) c F(A).

(iii) (iv)
Let BcY, then FXY) <X, then
F[F-1 (B)] < F[F-1(B)], then F[F-% (B)] . <

— —B’c 1=
B,then F~1(B) < F~(B).
(iv) (i)
Let B be open set in Y, then Y — B is
closed setin Y. Then

FI(Y—B)  cF!(F—B)=F!(Y-B) then F’
(Y = B) = X — F' (B) is a BC- closed set in X. F*
(B) is a BC- open set in X.
There fore F is a B'c - continuous.
Definition (3.10):

Let F: X - Y be function and A € X.

Then:
i) F is called open (resp. closed) [6] . If ¥ A open
(resp. closed), subset of X, then F(A) is open (resp.
closed) subset of Y.
ii) F is called B- open (resp. p- closed). If v A open
(resp. closed), subset of X, then F(A) is B- open
(resp. B- closed) subset of Y.
iii) F is called B'c - open (resp. B'c - closed). If v A
open (resp. closed), subset of X, then F(A) is Bc -
open (resp. B¢ - closed) subset of Y.
Proposition (3.11):

Let F: X - Y be a function and A < X.

Then:
i) Every open function is B- open.
ii) Every closed function is - closed.
iii) Every B"c — open function is p- open.
iv) Every Bc — closed function is p- closed.
Proof:
i) Let F: X - Y be a function.
Suppose that F open function and let A open in X.
Since F open, then F(A) open in Y, then F(A) B-
openin Y. Thus F is B- open.
ii) Similarly part (i).
iii) Suppose F is Bc - open function and let A open
in X. Since F B”c - open, then F(A) B'c - open in Y,
then F(A) B- open in Y. Thus F is B- open.
iv) Similarly part (iii).
The Converse above proposition is not true in
general.
Example (3.12):

In example (2.34)
Closed set in X are: @, X, {2,3},{1}.
Closed setin Y are: @, Y: @, X, {b, c}, {a,c}.{c}.
pe(Y) ={a, Y, {b, c}, {a c} {c}.{b}, {a} }-
Bc(Y)={2.Y,{b} {a} }.
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Not that:

i) F B- open, but not open since A = {2, 3} open in
X, but F(A) not openin Y.

ii) F B- closed, but not closed. Since A = {1} closed
set in X, but F(A) not closed setin'Y.

iii) F B- open, but not B'c — open. Since A = {1}
open in X, but F(A) not B'c — open set in Y.

iv) F B- closed, but not B'c — closed. Since A = {2,
3} is closed in X, but F(A) not B'c — closed in Y.

Remark (3.13):
i) The open function and B'c — open function are
independent.
i) The closed function and B"c — open function are
independent.

We can showing that with two the
following examples.
Example (3.14):
i) Let F: X = Y be function and let X = { a, b, c}
t={0, X, {b}, {b, c}}, Bo (x) = {@, X, {b}, {a, b},
{b, c}}.
B co (X) = {0, X}.
Y={1,2,3},t={0, Y, {2} {3}. {2, 3}, {1, 2}}.
po(Y) = {9, Y, {2}, {3}, {1, 2} {2, 3} }.
Bco(Y)={0,Y, {3} {1, 2}}.

Define F(a) = 1, F(b) = 2, F(c) = 3.
ii) Let F: X — Y be a function and let X = { a, b, c}
t={0, X, {b.c}}, Po(x) ={®@, X, {b}, {c}. {a, b},
{a,c}, {b,c}}.
B co (X) = {0, X}.
Y={1,23}t={0,V, {1}, {3} {1, 3}}. X
Po(Y) ={2, Y, {1} {3} {1. 3}, {2,3} }, Bco(Y)
={0,Y, {2, 3}}.

Define F(a) = 1, F(b) =2, F(c) = 3.
In example (i). Note that:
1) F B- open, but not B'c — open. Since A = {b}
open in X, but F(A) not B'c — open set in Y.
2) F b'-closed, but not B'c—closed. Since A= {a}
closed set in X, but F(A) not Bc—closed in Y.
In example (ii). Note that:
1) F B"c — open, but not open. Since A = {b, c} open
in X, but F(A) not open setin Y.
2) F B"c — closed, but not closed. Since A = {a}
closed in X, but F(A) not closed in Y.

Closed function open function

B'C- closed Blosed B'C- open b gen
function ¥ _.Action function # fi.._.lon

Fig (5) Fig(4)
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4- The interior:
Definition (4.1):[1]

The union of all B - open set of atop. Sp. X
contained in A is called B- interior of A and denoted
AP,

i.e
A°® = U{U:UcAandU B- opensetin X}.
Definition (4.2):

The union of all B*c—* open set of atop. Sp.
X contained in A is called B ¢ - interior of A and
denoted A°B"c.
ie
A% = U {U:UcAandUBC-open setin X }.
Proposition (4.3):

Let X be atop. Sp. and A € X. Then:

i) X € A°P iff 3 G B- open in X3 x €G € A. [1]

i) X € A°BC iff 3 G B'c-openin X3 x € G S A.
Proof:

i) Let X € A°B'C

Since A°PC=U {G:G S A, GisBc-open setin
X}

Thenze U{G:GCA Gis Bc - open set in X}.
Then3GBc-openin X3 XeGCcA.
Conversely

LetXeGS AandGis B'c—openinx €
G S A . Then
XeU{G:GCA GisB'c-opensetinX}.
There fore X € A°B'C,

Remark (4.4):
Let x be atop. Sp. and A < X. Then:
i) A°P is B- open set and A°BC is B'c - open set.
i) A°P (resp. A°B°C) is the largest B- open (resp. B'c
— open) set contained A.
iii) A°® < Aalso A € A°B°C,
Proof:
Clear.
Lemma (4.5): [1]

Let X be atop. Sp. and A € X. Then

i) [A°F]° = AC",

ii) [AP]C = AC”?

Remark (4.6):

I) [AOB*C]C - EB*C

i) [AB"C]° = A",
Proposition (4.7):

Let X be atop. Sp. and A < X. Then:
i) A B- open set iff A= A°F [1]

i) i) A B’c - open set iff A = A°B°C,
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Proof:
ii) Let A B'c — open set, then A® B'c — closed set,
then by Remark (3.4) (iii), we have AC = AC® .
Since AC” C = [A°B'C]° by Remark (4.6) (ii), then
A° = [A°BCI° hence A = A°B'C,
Conversely
Supposedly that A = A°B°C,
Since A°P°C is B'c — open set and A = A°B°C, then
B’c — open set.
Proposition (4.8):

Let X be atop. Sp. and A, B € X. Then
i) [A°P]°F = A°F [1].
i) If A € B, then A°F < B°F,
Proof:
ii) Let A € B. Since A°® € A € B, then A°® c B.
Since B°Fis the largest B- open set contained B,
them A°F < B°B,
Proposition (4.9):

Let X be atop. Sp. and A, B € X. Then
i) [AoB*C]oB*C = AOB'C
i) If A C B, then A°B°C c BoB'C,
Proof:
i) Since A°B'C is BC— open set, then A°B'C C B.
Since B°B°C s the largest B'c — open set contained
B, then A°B'C ¢ BoB'C,
Proposition (4.10):

Let F: X — Y be function. Then the
following statement are equivalent.
i) F B- open function.
i) F(A) € [F(A) P v AC X.
i) [FYA)] cF' (A°P) v ACY.
Proof:
i) ------- ii)

Let A < X. Since A° open in X, then F(A®)
B- open in Y by (i). Then F(A°) = [F(A°)]°F c
[F(A) ]°F. Hence F(A°) < [F(A) ]°F.
i) ------- (iii)

Let ACY, then F(A) € X, then F [(F
(A*)°] € [F(F*(A)) ]°Pby (ii). Then F [(F*(A))] €
A°F. Then [F1(A)]° € F* (A°F).
iii) ------ (i)

Let A openin X, then A= A°. LetF (A) ©
Y, then
[FX(F (A)]° < F'[ (F (A))°F], by (iii). Then A = A°
c F'[ (F (A)°F], then F(A) < [F(A)]°". But
[F(A) ]°F c F (A), then F(A) = [F(A) ]°P. Hence F
(A) B- open in'Y, there fore F - open function.
Proposition (4.11):

Let F: X — Y be function. Then the
following statement are equivalent.
i) F B"c — open function.
i) F (A°) S [F(A) ]°BC v Ac X.
iii) [FY(A)]° S F' (AP C) v ACY.
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i) ------- i)

Let A < X. Since A® open in X, then F(A®)
B’c - open in Y by (i). Then F(A°) = [F(A°) ]°B'C
[F(A) ]°B°C. Hence F(A°) < [F(A) ]°B"C.
i) ------- (iii)

Let ACY, then F'(A) € X, then F[(F
H(A))°] € [F(F(A))]°P "€ by (ii). Then F [(F*(A))°]
C A°BC hence [FY(A)]° € F™* (A°B'C),
iii) ------ (i)

Let A openin X, then A= A’. Let F (A) <
Y, then
[FYF (A)]° < F[ (F (A))°B'°], by (iii). Then A =
A° € FY[ (F (A)°B"C], then F(A) C [F(A) ]°B°C. But
[F(A) ]°B°C € F (A), then F(A) = [F(A) ]°B°C. Hence
F (A) BC- open in Y, there fore F Be- open
function.
Proposition (4.10):

A function F: X = Y is a B- closed iff
F(A)P cF(A)VACX.
Proof:

Suppose F is a B- closed. Let A< X, then A

closed in X, then F (A) is a B- closed in Y.
Then F(A)® € F(A)P=F (A).
Conversely

Let A be closed in X, then A = A Since
F(A)P € F (A) = F (A), then F(A)®P € F (A). But F
(A) S F(A)®, then F (A) = F(A)P. There fore F(A)
is a - closed set in Y. Hence F is a - closed.
Proposition (4.11):

A function F: X — Y is a B'c- closed iff
F(A)PccF(A)VACX.
Proof:

Suppose that F is a B'c - closed.
Let A € X, then A closed set in X, then F (A) is a
B'c-closedinY.
Then F(A)B'C € F(A)B'C = F (A).
Conversely

Let A be closed in X, then A = A Since
F(A)®'C € F (A) = F (A), then F(A)®'C € F(A). But
F(A) € F(A)B'C, then F (A) = F(A)BC. There fore
F(A) is a B'c - closed set in Y. Hence F is a B¢ -
closed.
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