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Abstract: 

 in this research we want to study some of theTopological definitions and theorems by using the concept of σ -algebra. In 

this paper we define the continuity  and separation axioms with respect to this concept . 
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Introduction: 

An algebra Ƹ of sets is called a σ – algebra(Borel field) 

if every union of a countable collection of sets in Ƹ is 

again in Ƹ[3] 

A σ-algebra (σ-field) in mathematical analysis and in 

Probability theory on a set X is a collection of subsets 

of X that is closed under countable- set operations 

(intersection of accountably many sets, union of 

accountably many sets and complement). 

Algebra required only to be closed under finitary set 

operations. That is, a σ-algebra is an algebra of sets, 

include accountably infinite operations as complete.  

In mathematical analysis this concept is important as 

the foundation for Lebesgue integration, and in 

probability theory, where assigned probabilities forthe 

collection of events. 

In1983 A.S.Mashhour introduced the concepts of supra 

topological spaces , and he defined continuity and 

separation axioms and discussed some properties about 

the new space.  

Our study In this paper includes anew relation between 

the concept of topological space and the σ-algebra and 

for that we  will define the interior set and closure set 

and continuity with respect to σ-algebra. 
 

 

 

 

 

 

 

 

 

1-preliminaries: 
 

Definition [1-1][ 2 ] : 

 let X be  anon empty set  an acollection  Ƹ  of subset  of 

the set  X  is said to be algebra(Boolean algebra)  in X if 

the following  holds : 

a- Ƹ is closed under complementation  

b- Ƹ is closed  under finite union  

 

Definition 2-1[ 3 ]:  

let X be  a non-empty set  an algebra   Ƹ  in   X  is called 

σ –algebra(Borel field)  in X if the following  holds : 

a. Ƹ closed  under  complementation  

b. Ƹ closed under countable union  

Remark 1-3 

Everyσ -algebrais analgebra[2] 

Lemma 1-4 

letƸ is  σ -algebra in X and       (y  ) is onto , 

Then ƸY={ETY: f
-1

(E)  Ƹ}   is σ -algebra.[2] 
 

Definition 1-5: 

A subfamily H of X is said to be a supra topology on 

Xif: 

a.  X, Ø   H 

b.  if Ai  H for all i  J, then ∪Ai  H 

(X, H) is called a supra topological space. The elements 

of H are calledSupra open sets in (X, H) and 

complement of a supra open set is called a supra closed 

set. [1,5,4]  
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.Definition 1-6 : 

let  (X,T)  and  (Y,V) are two topological spaces  and Ω 

is a supra topology such that TΩ  then  a function    f: 

(X,T)  (Y,V) is supra  continuous  iff  the inverse 

image of each open set is supra open set .[6] 

 

2-Main result: 

In this research we will construct   topology , supra 

topology and б-Algebra bya base ofthe space X  as we 

show in the following example  

 

Example 2-1 

By the base {X, {a},{b}} of  a space X={a,b,c}  we can 

construct : 

Topology={Ø,X,{a},{b},{a,b}} 

σ -algebra={Ø,X,{a},{b},{b,c},{a,c},{c},{a,b}} 

Supra topology={Ø,X,{a},{b},{a,b}} 

 

Remark 2-2 : 

1- Clearly that every open set in the topology 

which constructed is  σ-set. 

2- In this article every subset of the σ -algebra are 

called σ -set 

3- Every supra open set  is σ -set 

 

Definition 2-3: 

Let T is atopology constructed by a base of a 

topological space X then  

intσ -algebra(G)=∪ *                      + 

clσ -algebra(G)= *                        + 

Remark  2-4 

clearly  that intσ -algebra   is T-open set  and  clσ -algebra  is 

T-closed set. 

 

3-Continuous  σ -algebra function 
 

Definition 3-1 

let X ,Y  are two  non-empty sets and  Ƹ ,  Ʊ are  two σ -

algebra in X ,Y respectively  then afunction  f:(X,Ƹ) 

 (Y,Ʊ) is said to be continuousσ -algebra  function if 

and only if  the inverse image of each open  set in Y  is 

σ -algebra set in X. 

Example 3-2 

let Ƹ is σ -algebra and T is atopological space and let  

  (   )  (   ) is the constant function then f is 

continuous σ -algebra. 

Theorem 3-3[1 ]: 

Every continuousfunction issupra  continuous function 

Remark 3-4 

 

 

1-  if the function :(X,T) (Y,V)  is continuous 

then :(X,Ƹ) (Y,Ʊ) is continuousσ -algebra . 

Proof:  

let U is V-open set in Y , since f is continuous  then 

    ( ) is open set in X and by remark (2 )      ( )  is 

б-set , there for f is continuous σ -algebra.  

2- let :(X,Ƹ) (Y,Ʊ) is continuous σ -algebra and  

g:(X,T) (Y,V) is continuous then gof is continuous σ 

-algebra. 

 

Proof: obvious  

3- let    are two supra topological space  , 

then if   (   )  (   ) is supra continuous 

then f is continuous σ -algebra 

Proof:  obvious  

Remark  3-5 

The composition of two continuousσ –algebra 

functionsis not necessary continuousσ -algebra. 

Theorem 3-6 : 

let   (   )  (   )  where T,H  are  topologies   and 

Ƹ , Ψ are σ -algebra constructed on X, Y respectively is 

a function then f is  continuous σ -algebra  if and only if  

   ( )               ( 
  (   ( )) for every  open set 

V in H. 

Proof:  
 now assume that f is  continuous σ -algebra , and V is 

H-open set , then      ( ) , since  f is  continuous σ 

-algebra there exist σ -set G in X such that   f(G) 

   ( )                 
  (   ( ))   there for we 

get that                ( 
  (   ( ))  then we get 

that   

   ( )               ( 
  (   ( )). 

Now we  assume that 

   ( )               ( 
  (   ( )), and V is H-open 

set in Y ,  since              ( 
  (   ( ))    

  ( ) 

and by assume we have   

   ( )               ( 
  (   ( )) we get that 

   ( )               ( 
  (   ( ))from that we get  

   ( ) is T-open set  and then its σ -set , there for f is 

continuous σ -algebra 

 

The following diagram give us all the above relation : 

Continuous                                  supra continuous  

 

 

                 Continuous σ –algebra 
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4- Separation axiom : 

Definition  4-1 

Let Ƹ is σ -algebra and T  is a topological space then the 

space (X,Ƹ) is called: 

1- σ -algebra T0-space if for every two distinct 

points ofX ,  there exist  a σ -set of one of them . 

2- σ -algebra T1-space if for every two disjoint 

points x and y in X there exist two σ -sets G,H such that 

x                

3- σ -algebra T2-space  if for every two distinct 

points x and y in X there exist  two disjoint σ -sets  U,V 

such that          

4- σ -algebra regular space  if there exist T-closed 

set F and appoint  x in the space X such that x F , there 

exist two σ -sets U,V  such that F   and x V , 

U    . 

(X,Ƹ) is called σ -algebra T3-space  if  (X,Ƹ) is T1-space 

and σ -algebra regular space. 

5- σ -algebra normal space  if for each two T-

closed sets F,H such that F      there exist  two σ -

sets  U,V such that F            . 

(X,Ƹ) is called σ -algebra T4 –space if  (X,Ƹ) is T1-space 

and σ -algebra normal space. 

 

Theorem 4-2 [1] : 

1- Let (X,T) is a topological space thenevery T2-

space  is supra T2-space. 

2- Let (X,T)  be a topological space then every 

T1-space  is supra T1-space. 

3- Let (X,T) be a topological space   then every 

T0-space  is supra T0-space. 

 

Theorem 4-3: 

 

1-If (X,T) is Ti-topological space then (X,Ƹ)  is σ -

algebraTi-space where i=0,1,2 

Proof :  exist  by the definition  and remark [3-2]point 

(1). 

2- If(X,T) is T3-topological space then (X,Ƹ)  is 

σ -algebra T3-space. 

 

Proof : 

Let F is closed set and y                 , 

since X   is regular space then there exist two 

T-open sets G,H  such that         

         . by remark [3-2]  ,(1)  we het 

that X is isσ -algebra T3-space. 

 

 

 

 

3- if (X,T) is T4-topological space then (X,Ƹ)  is σ -

algebra T4-space. 

Proof : 

Let F , M  are  closed sets in X such that 

       and ,  since  X is normal  there 

exist two T-open sets G,H such that   

               . now  by remark  [3-

2] (1) we get that (X,Ƹ)  is σ-algebra T4-space. 

 

Theorem  4-4: 

let  (X,T) be a topological space then  

1- everyσ -algebra T3-space is σ -algebra T2-

space. 

Proof: 

Let x≠y   in X , by assume X  is  T1-space  then 

{x} is closed set  and    * + 

And since X is regular  there exist T-open sets 

G,H such that          *  +        

                            . by 

remark [3-2] , (1) we get that (X,Ƹ)  is σ -

algebra T2-space. 

 

2-Everyσ -algebra T4-space is σ -algebra T3-

space 

 

Proof:  

Let F is closed set  and                  

  , now since X is T1 –space then {y} is closed 

set and * +      , by assume X is б-

Algebra normal space then there exist two σ -

sets G,H  such that * +              

                             there 

for X is σ-algebra regular space and then X is 

σ -Algebra T3-space. 

 

3-Everyσ -algebra T3-space is σ -algebra T2-

space 

 

Proof: 

Let      are two points in X , since X is T1-space then 

{x}  is closed set and   * + 

Since X is σ -regular space  then there exist  two σ -sets    

V, W such that        * +        

                            , and then X is 

σ -algebra T2-space . 

 

4-Everyσ -algebra T2-space is σ -algebra T1-space 
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Proof:exist bydefinition. 

 

5-Everyσ -algebra T1-space is σ -algebra T0-space 

Proof:exist by definition  

 

6- Every T3-space  is σ -algebra T2-space  

Proof: 

Let      are two points in X , since X is T1-

space then {x}  is closed set and   * + 

.Since X is regular space  then there exist  two 

open set     V, W such that        * +    

                            

    , and by remark [3-2] (1) we get that  X 

is σ -algebra T2-space . 

7-every T4-space  isσ -algebra T3-space 

 

 

 

 

Proof:  

Let F is closed set and                     , now 

since  X is T1-space then {y} is closed set  and    

* +    , since X is normal space  then there exist two 

open sets G,H such that       * +          

               , by remark [3-2] (1)  we that  X  is 

σ -algebra T3-space 

 

 

 

 

 

 

 

From the above we get the following diagram

σ -algebra T4            σ -algebra T3           σ -algebra T2              σ -algebra            σ  -algebra T0 

 

  

                                                              S-T2                           S-T1                       S-T0 

 

 

      T4                        T3                                        T2                                          T1                        T0   

 

Theorem 4-5:  

(X,Ƹ) is σ -algebra normal space if and only if  for any 

T-closed set F and T-open set G  containing F  there 

exist σ -set V  such that  F V  ,  clT(V ) G 

Proof: 

 assume that  (X,Ƹ) is σ -algebra normal space , since G 

is T-open set containing F then       

                         Now since X is σ -algebra 

normal space there exist two σ-sets U,V such that  

                 , from that we get    

            . 

Since                           ( )   
   from that we 

get the result          ( )   . 

Now we assume that there exist  T-closed set F and T-

open set G  containing F  , then        ,   is T-

closed set , by assume there exist σ -set 

                       (   ( ))
  and (   ( ))

 
    

 

is T-open set also (   ( ))
 
     and then X is σ -

algebra  normal space . 

Theorem 4-6 

 let   (   )  (   )    one-one onto  continuous σ -

algebra  function such that Y  is  T0-space  then X  isσ -

algebra T0-space. 

Proof:   

let x , m  are two distinct points in X , then there exist 

two points y , r in Y such that     ( )    ( )  , 

since y       Y is   T0-space then there exist open 

sets                                         

                            H . from that we get  

 ( )               ( )      ( )    ( )  

             ( )       ( )     since f is   

Continuousσ -algebra then    ( ) and    ( )  are σ -

sets  and then  X is σ -algebra  T0-space  .  
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Theorem 4-7: 

 let   (   )  (   )    one-one onto  continuous б-

Algebra  function such that Y  is  T1-space (T2-space  ) 

then X  is σ-algebra  T1-space( T2-space )  . 

Proof:   exist by definition  

Theorem4-8:  

let   (   )  (   )    one-one onto  continuous σ -

algebra  function  and closed mapping such that Y  is  

T3-space  then X  is σ -algebra  T3-space  . 

Proof: 

Letx  is any point in X  and G is any T-closed set  in X 

such that     . 

Then there exist appoint y in Y such that y=f(x), now 

since f  is closed mapping then f(G) is closed set in Y  

and f(x) f(G),  and  since  Y is regular space  there 

exist two disjoint points  U,H  such that   ( )  

      ( )    , from that we get  

     ( )        ( )    ( )       ( )       

, now since f is continuous σ -algebra  function  then 

   ( )      ( )  are σ -sets and then X is σ -algebra  

regular space . 

 

 

 

 

 

Theorem 4-9: 

let   (   )  (   )    one-one onto  continuous σ -

algebra  function  and closed mapping such that Y  is  

T4-space  then X  is σ -algebra  T4-space. 

Proof:  the proof is similar to  theorem (5-8  ) 

 

References: 

[1]-A. S. Mashhhour ,A. A. Allam , F. S. Mahmoud and 

F. H. Khedr,”on supra topological spaces”, Indian J. 

Pure and Appl. Math. no.4, 14,1983. 

[2]-Halsey L.Royden,”Real Analysis”, third edition, 

New Delhi,2003.[3]-J Yeh,”Real Analysis theory of 

measure and integration “,second edition,universityof 

california,Irvine,2006. 

[4]-O. R. Sayed , Takashi Noiri ,”  On supra b-open sets 

and supra b-continuity on topological “ , European 

journal of pure and applied  mathematics, Vol. 3, No. 2, 

2010. 

[5]-R. Devi, S. Sampathkumar and M. Caldas, “On 

supraα- open sets and Sα-continuous functions” 

,General Mathematics, Vol. 16, Nr. 2 ,2008 

[6]- S. Dayana Mary and N. Nagaveni , “ 

Decomposition Of β-Closed Sets In Supra Topological 

Spaces”,IOSR Journal of Engineering , Vol. 3, Issue 1 

,Jan. 201 

 

 

 σ -دراسة تبىنىجية ين خلال  انجبز

 

 كلية التربية للبنات/ جاهعة الكوفة  /يزي كاظن ههدي الطالقاني

 كلية التربية للعلوم الصرفة / جاهعة بابل/ اهير عبد الهاني السويدي 

 كلية التربية للعلوم الصرفة/  جاهعة بابل /علي يونس 

 

 : انًستخهص

ايضا  تى  σ -يجًىعة انجبز ذيهيا ت انفصم  باستخذاو يتناول  هذا انبحث تعزيف بعض انًفاهيى انتبىنىجية  يثم الاستًزارية  وب

 دراسة بعض اننظزيات وانخىاص انتي يًكن انزبط  فيًا بينها 
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