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Abstract
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1. Introduction
Let $ denote the class of functions which are
analytic in the punctured disk U* = {z:0 < |z| <
1} of the form

QAo

f@) =

+ Z a,z", ag>0. (1.1)
z n=1

Suppose that $H*denote the subclass of § consisting
of functions that are univalent in U”.

Further $;, denote subclass of $* consisting of
functions f of the form

o0
%o m+n
f(Z) = 7 + Am+nZ » Qo > 0' Am+n
n=0

>0meN (1.2)
Definition: A function f € $;, is said to be
meromorphic starlike of order a in ‘U* if it satisfies
the inequality

zf '(2) .
Re{f(z)}> —a,z€ W,0<a<1 (13)

On the other hand, a function f € $, is said to be
meromorphic convex of order a in U* if it satisfies
the inequality

zf '(2)
f'@)

Re{1+ }>—a,z€ UL0<a

<1 (14)

Various subclasses of $ have been introduced and
studied by many authors see [1], [2], [5], [7], [8].
[16],[17].[19], [20], [21] and [23] In recent years,
some subclasses of meromorphic functions
associated with several families of integral operators
and derivative operators were introduced and
investigated see [7] [8], [18] and [4],[15]. The first
differential operator for meromorphic function was
introduced by Fraisin and Darus [10]. Ghanim and
Darus introduced a differential operator [11]:

I°f(2) = f(2),
, 2a,
I'f(2) = zf (2) + —
1@ = A1) +

_ " 2a9
I'f(@) = 2(1%Vf(@) + =2
where k € N, = NU{0},z € U*.
For a function f in $;, , from definition of the
differential operator I*f(z), we easily see that
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a
ka(Z) = 70+ Z nkam+nzm+n! Qo > 0! Am+n
n=0
>0,m €N,k e N, = NU{0}, z
€ UuU. (15)

By using the operator I*, some authors have
established many subclasses of meromorphic
functions, for example [9], [11],[12] and [13]. With
the help of the differential operator I*, we define the
following new class of meromorphic univalent
functions and obtain some interesting results.
Let $,, x (1, 0,9), denote the family of meromorphic
univalent functions f of the form (1.2) such that
zz(lkf(z))’+ a,
1922(1"f(z))’ —ay+ (L+9)na,
For 0<7<1,0<60<1 0<9<1 keN,=
NU{0},and z € U".

For a given real number z,(0 <z, <1). Let
Hmi(i =0,1)be a subclass of $;,satisfying the

<0, (16)

condition  z,f(zy) =1 and —z,%f'(z) =1
respectively.
Let
Sbim-,k(n, 0,9,20) = 35fn,k(n, 6,9)
N Hmi, (@ =0,1). .7

For other subclasses of meromorphic univalent
functions, one may refer to the recent work of Aouf
[2], Aouf and Darwish [3], Cho et al [8], Joshi et al
[14], Srivastava and Owa [21] and [22]. Also we
prove a necessary and sufficient condition for a
subset C of the real interval [0, 1] should satisfy the
property Uz,ec Dmox(1,6,9,2:) and
Uzec Dm1k(,0,9,2,) each constitute a convex
family.

2. Coefficient Inequalities

In this section, we provide a necessary and sufficient
condition for a function f meromorphic univalent in
U to be in $5,,(,0,9), Dror(®0,9,2,) and
35:n1,k(77! 6,9, 2).

Theorem 2.1: A function f(z) € $;, defined by
equation (1.2) is in the class $,,,(,6,9) if and

only if

oM+ n)(1+ 90)apn < 0a,(1 —
ma+9), (21
where 0<n<10<6<1, 0<9<1 ke

N, = NU{0},and z € U*.
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The result is sharp for the function given by
f) = @4_ Hkao(l - nA+9) men
z nfm+n)(1+ 96)
>1 (22)
Proof: Assume that the condition (2.1) is true. We
must show that f € $;,,(,6,9) or equivalently

prove that

n

zz(lkf(z)),+ a,
922(If(2)) — ao + (1 +9)na,
ZZ([kf(Z))’+ a,
922(If(2)) — ao + (1 +9)nay

ap+ (—ap+ Yy-(m+ n)nkam+nzm+n+1)
I(—ay + Yoo (m +n)nkan, ,z™"*H) —ay + (1 +9)nay

<@,

Trzo(m + m)n‘ay, 2™+

I(=ay + Xno(m + mnkay, ., zm+1) —ay + (1 + 9)na,
<

| S o+ W) .y
|19(_‘10 + Yoo(m + mnkay,,.) —as + (1+ 19)’]“0' .

The last inequality is true by (2.1).

Conversely, suppose that f € $;,,.(n,0,9). We
must show that the condition (2.1) holds true. We
have

zz(lkf(z))'+ a,
922(If(2)) — ao + (1 +9)na,

< 6.

Thus
[ Trzo(m + m)n‘ay, 2™+ |
|19(—a0 + Y o(m +n)nkay, ,zmm ) —ay + (1 + 19)r]a0|
<.
Since Re(z) < |z| for all z, we have

R Trzo(m + mn*ag,z™
¢ {‘9(_“0 + Xoso(m + Mk z™ 1) —ag + (1 +9)na,
<.
Now, choosing values of z on the real axise and
allowing z — 1 from the left through real values, the
last inequality immediately yields the desired
condition in (2.1).
Finally, it is observed that the result is sharp for the
function given by
a  Ba,(1-mA+) .

= — , > 1.

f@ z + nk(m +n)(1 + 99) n

Theorem 2.2: A function f(z) € $;, defined by
equation (1.2) is in the class $,, (1, 6,9, z,) if and
only if

}

62

Hazha .Z
w  [nkm+n)(1+96)
ZFO[ 0(1— n)(1+9)
z0m+"+1] Amin <1, (2.3)
where 0<71n<10<6<1 0<9<1 ke

Ny = NU{0},and z € U".
The result is sharp for the function given by
n*(m+n)(1+ 98) + 6(1 — n)(1 + 9)zm+n+t
f@ = G+ + 90) + 80— N+ 0)zm ]’
meNn=>1 (24)
Proof: Assume that f € 97,01, 6,9,2,), then

f(zo) =

o0
Qo
+
Z_ + Z am+nZ0m " ap >0, amin
0
n=0

>0meN

0
+n+1
ap + z AminZo™ T, Qo > 0,Amyn
n=0

>0meN

zof (20) =

0
1= Qo + Z am+nzom+n+1' ap > 0, Am+n
n=0

>0meN

0

ap=1- Z AminZo™ M, a0 > 0,amin
n=0
>0,meN, (25)
Subistituting equation (2.5) in inequality (2.1), we
get

0

z n*m+n)(1 + 99)a,.n

n=0
S 9 (1 _ Z am+nzom+n+1> (1

n=0

- mMA+9),

o0

Z n*(m+n)(1 + 98)a,,.p

n=0

+ Z 6(1—-nQ
n=0

+ ﬁ)am+nzom+‘n+1
<O01-nA+9)
Thus,
- [n*(m 4+ n)(1 + 96)
Z[ 6(1— (1 +9) 0
Hence the proof is complete.

<L

min+1
] Am+n
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Theorem 2.3: A function f(z) € $;, defined by
equation (1.2) is in the class $,,, (1, 6,9, z,) if and
only if

nk(1+ 96)

Siolm +m) [0

Z Amin <1, (2.6)

where 0<n<1,0<6<1,
N, = NU{0},and z € U".
The result is sharp for the function given by
f@
_ nfm+n)(1+ 90) +0(1 = (1 +9)z" !
T ozm+ )k + 90) — (1 — (1 +9)zm ]’
eENn=21 (27)
Proof: Assume that f € 97,1 ,(1,6,9,2,), then

m+n+1]

0<9<1 ke

m

Qo
f(ZO) = Z_ + Z am+n20m+n' Ao > 0' Am+n
0

n=0

>0meN

o0
2 — +n+1
—zo2f'@0) = ay + Z(m + M) apinze™ T, ag

n=0

> 0,04 >0meN

1= ay+ Z(m + M) Apinzo™, ag
n=0
>0,ap4n >0meEN
ap=1- Z(m + M) AminZo™ Y, ag
n=0
> 0,034 >0,m
EN, (2.8)
subistituting equation (2.8) in equation (2.1), we get

0

Z n*(m+n)(1 + 90)apin,

n=0

<6 (1 - Z(m + n)am+nzom+n+1> 1- 77)(1
n=0
+9)
and,

0

Z n*m+n)(1 + 99)a,n

n=0
£ 00m+m( -
n=0
+ 9)Aminze™
<6(1-)A-mMA+9I)
Thus,
o nk(1+ 96) m+n+1
Yn=o(m +n) [m - Z ]am+n <1

Hence the proof is complete.
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From Theorem 2.2 and Theorem 2.3, we have the

following results:

Corollary 2.1: If a function f(z) € $;, defined by

(1.2) is in the class $5,0 (1, 6,9, z,), then

<

Am+n
0(1—-n)(1+9)
nk(m+n)(1+ 960)+6(1— n)(1+9)zoMm+n+1’

(2.9)

Wwhere0 < <1,0<60<10<9<1, keN, =

NU{0},and z € U".

Corollary 2.2: If a function f(z) € %;, defined by

(1.2) is in the class 97,1 (1, 6,9, z,), then

<

Am+n
0(1-n)(1+9)
(m+n)[nk(1+ 96)— 6(1— ) (1+9)zoM++1]’

(2.10)

where0 <7 <1,0<6<10<9<1 keN;=

NU{0},and z € U*.
3. Covering theorems

In this section, distortion theorems will

considered and covering property for functions in
the classes $7,0x(,6,9,2,) and $7,1,(®,6,9,2,)

will also be given.

Theorem 3.1: If a function f(2) € ;, defined by

equation (1.2) is in the class $,, (1, 6,9, z,), then
If (2]
m(1+ 99) —6(1 — p)(1 + 9)rm*?
T rm@+ 99) +0(1 — (A + 9)zymH]

where 0 <1 <1,0<0<10<9Y<1 keN;=

NU{0},and 0 < |z| < 1.

The result is sharp with the extremal function f

given by
m(1+ 99) +0(1 — p)(1 + 9)r™m*?

f(2) =

we have

m(1+90)+6(1—n)(1+

Nz X0 a,,,, < Do (m+n)(1+
90) +0(1 — (1 +9)z,™ e <
61— mMA+9),

m+n

Amin

NgE

=0

S

01— n)(1+9)
m(1+ 98) +60(1 — N1+ 9)z™+"

IA

63

rlm(1+ 90) + 01 — n)(1 + 9)z,™+1]
Proof: Since f € $7,0,(1,6,9,2,), by Theorem 2.2
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Also we have

00

— +n+1
a=1- Z am+nzom e, ap >0, amin

n=0
>0meN,
- m(1+ 69)
“m(+ 90)+6(1 — n)(1+I9)zymH
Thus from the above equation we obtain

0

4o m+n
If ()| = 7 + Am+nZ

n=0

>0meN

o0

Z—=T Am+n
r

n=0
m(1+ 99) —0(1 — p)(1 + )r™m*!

T rim(+ 99) +0(1 — p)(1 + 9)zym*1]
Hence the proof is complete.

Theorem 3.2: If a function f(z) € $;, defined by
equation (1.2) is in the class $y,1 (1, 60,9, z,), then

If (2l

m(l+ 99) +6(1 — n)(1 + 9)rm*?

T rlm+ 99) +0(1 — (1 + 9)zy™m 1]
where 0<1<1,0<0<10<9<1 keNy,=
NU{0},and 0 < |z]| = r < 1.

The result is sharp with the extremal function f

given by

m(1+ 99) +6(1 - n)(1 +9)rmt?
f@ = la+ 98 + 00 = A + Dzg™ ]
Proof: Since f € $;,1,(1,0,9,2,) by Theorem 2.3
we have
m(1+ 96) +6(1 — n)(1 +
920" Tilo @, < Tizon (m +m)(1+
90) + (1 — M(1+ )z a <
61— mMA+9),

[oe]

» Ao > 0' Am+n

Am4n
=0

3

01— nA+9)
m(1+ 98) —6(1 — n)(1 +9)z,™*t
Also we have

IA

a, =1+ Z(m + M) apinzo™ T, ag
n=0
> 0,040 >0 meN,
< (1+69)
TA+99)+0(1— (A +9)zymH
Thus from the above equation we obtain
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0

Ao
G, Z @z ™
z

n=0

>0meN

0

aO m
<—+r Amin
T

n=0
m(1+ 99) +6(1 — p)(1 +9)rm+?
T rm[(1+ 99) +0(1 — (A +9)zy™m*1]
Hence the proof is complete.
Corollary 3.1: The disk 0 < |z| <1 is mapped

If (2| =

» Ao > 0: Am+n

onto a domain that contains the disk |w| <
m(1+960)-6(1- n)(1+9)rm+1 .
[m(1+ 90)+6(1— ) (1+9)zo™+1] by any  function

f € ‘5;(110,16 (77; 9; 19' ZO)'

4. Extreme Points

The extreme points of the class $,,,(,6,9,2,)
and Hr,1.(1,0,9,2,) are given by the following
theorem.

Theorem 4.1: Let f,(2) =

and
fm+n(Z)
_ nfm+n)(1+ 90) + 0(1 — (1 + 92"
z[n*(m +n)(1+ 90) + 6(1 — n)(1 + 9)z,m+1]’
n=0
then f(z) is in the class $y,0,(,6,9,2), if and
only if it can be expressed in the form f(z) =
2n=0Ynfmsn(2) where Ynz0y;=0(0=
1,2,...,m—1m=2)and X7 oV, = 1.
Proof: Suppose

1
>
z

F@ =) Yafmin(
n=0

Yo
z

o0

nm+n)(1+ 99) +6(1— n)(1+9)z™" 1y, ..
ZO z[nk(m+n)(1+ 90) + 6(1 — n)(1 + 9)z,m+n+1]

1
—Z}’o

o0

n*(m +n)(1+ 96)Vimsn
Z nkm+n)(1+ 90) +60(1 — n)(1 +9)z,m+n+1

n=0
o]

Z 0(1— mM(A + Ympnz™ ™!

0n"(m +n)(1+ 90)+0(1 — n)(1 + 9)zym+n+1’
n=

Then, we have

[oe]

n*m+n)(1+ 96) +6(1 — n)(1 + 9)z,m"*!
Z 61— n)(1+9)

?’>l<=0
9(1 - U)(l + 19)]/m+n
nk(m+n)(1+ 90) + 6(1 — n)(1 + 9)zym*n+1 )’
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ZYmﬂl =l-y =<1
n=0
Now, we have

ZOfm+n(Z0) =1L
Thus,

ZOf(ZO) = Z ym+nZOfm+n(ZO) = Z Ym+n = 1.
n=0 n=0

This implies that f € $H0x-

Therefore f € $7,0,(1, 6,9, 2).

Conversely, suppose f € Him0x(M,6,9,2,). Since
61— (1 +9)

<
T nk(m+n)(1+ 99) + 6(1 — n)(1+ 9)zminrr’
n=>0.

a

Set

Yman
_ [nk(m +n)(1+ 99)+6(1— 1+ 19)Z0m+"+1]
- 61— mM@A+9)

mans 1
=0,

and Yo = 1- Z;?:O Ym+n-
Then

f&) = nh@).
n=0
This completes the proof of Theorem 4.1.
Theorem 4.2: Let f(2) = 1,

zZ
and

frnan(2)
B n*(m+n)(1+ 98) + 6(1 — n)(1 + 9)zmn+t

T zm+n)[nk(+ 98) — (1 — n)(1 + 9)z,mH]’
n=0

Then f(z) is in the class $;,,,(1,0,9,z,), if and
only if it can be expressed in the form f(z) =
Y=o Ynfn(2) where Yn20y=00=
1,2,...,m—1m=2)and Yoo, = 1.
Corollary 4.1: The extreme points of the class
Dmox ™, 0,9,2y) are the functions
fo@), fm> fins1> fms2s - iN Theorem 4.1,

Corollary 4.2: The extreme points of the class
D1k, 6,9, 20) are the functions

fo@), firs fns1r fins2s - INn Theorem 4.2,

5. Closure Theorems

Theorem 5.1: The class $;,0(1,0,9,z,) is closed
under convex linear combination
Proof: Suppose that the
Dmox (M, 0,9, zy) defined by

functions f,g €

a
f(@ = 70 + Z ApanZ™ ™ ag > 0,04, > 0,2
n=0

€ U
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and

g9(2) = % + Z bsnz™", by > 0,bypin > 0,2
n=0
e U
respectively, it is sufficient to prove that the
function H defined by
H(Z) = of(2) + (1 -w)g(2),
is also in the class 9,0 (1, 6,9, ).

0 w<sl)

Since
way+ (1 —w)b
Hep = 0+ L=y
Z
+ Z(wamm + (1 = @bpyin )2™™M, aq
n=0

> 0,ap4n >0,z € U

we observe that

Z[nk(m +n)(1 + 96)
n=0

+ Zom+n+1](0)am+n
+ (1= @)bpyn ) < 61— (1
+9),
with the aid of theorem 2.2.
Thus H(z) € $7,0x(1,0,9,2).
This completes the proof of the theorem.
In a similar manner, by using Theorem 2.3, we can
prove the following theorem.

Theorem 5.2: The class $;,, x(1,0,9, z,) is closed
under convex linear combination.

Proof: The proof is similar to that of Theorem 5.1.

Theorem 5.3: Let
0,1,2, ..., q defined by

the function

fi(@), 1=

0
Ao,
— , m+n
fl(z) - 7 + Z am+n,lZ » Qg > 0' am+n,l
n=0

>0,z€ U*

be in the class $;,0, (1, 6,9, z,). Then the function
q

0@ = ) afi@, (@20
=0
is also in the class .1 0,9,2,), where

q

1=0 = 1.
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Proof: By Theorem 2.2 and for every [=

0,1,2,...,q we have

Z[nk(m + 1)1+ 96) + 2™ apin,
n=0

<0(1-n@A+9),

Then,
q ©
= Qo1 m+n
p(z) = a ?"' Am+niZ , (a=0)
=0 n=0
©o q
Qo1
- 8 55 o
n=0 \=0
Since

0

Z[nk(m +n)(1 + 90)

n=0
q
m+n+1
+ 2 ] (Z Clam+n,l> )

=0

q oo
= c [n*(m + n)(1 + 96)

+ ZOm+n+1] am+n,l>v

q
< (Z cl> 0(1— n)(1 + ),

=0

= 61— nA+9),
Then, ¢(z) € Hrm0,(M,0,9,20).
Theorem 5.4: Let the function
0,1,2,...,q defined by

fi@), 1=

0
Qo1
- 20 m+n
filz) = 7 + z Am+n,12 y o >0, Apyiny
n=0

>0,z€ U
be in the class $,,, (1, 6,9, z,). Then the function

q

0@ = Y afi@, (@20

=0
is also in the class %1, 6,9,2,), where
Tioa=1
Proof: The proof is similar to that of Theorem 5.3.
6. Convex Family
Definition 6.1: The family $7,0,(1,0,9,C) is
defined by

55:n0,k (,6,9,C) = U.ec g):no,k (,6,9,z,),

where C is a nonempty subset of the real interval
[0,1] and $y0 (1, 0,9, C) is defined by a convex
family if the subset C consists of one element only
by Theorems 5.1 and 5.3.
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Now, we have the following results:

Lemma 6.1: Let z;,z, € C be two distinct positive
numbers  and f(2) € Hmox(®,0,9,25) N
Dinoic(n,6,9,2,), then f(z) = .

Proof: Suppose that f(z) € $70,(,6,9,2,) N
55:n0,k(71' 6,9,2,),

we have
oo
ay, = 1— Z Ay Z1m+n+1
n=0
oo
=1- Z AppinZ m+n+1
n=0
Also
o0
)= 24 min, gy > 0
f z) = 7z Am+nZ P » Amtn

n=0
>0,meN
Thus,a,n+n =0,V n > 0, because a4, = 0,2, >0
and z, > 0, hence

1
fl2) = 7
This completes the proof of the Lemma.

Theorem 6.1: Suppose that € < [0,1], then
Drmox(®,0,9,C) is a convex family if and only if C
is connected.
Proof: Assume that C is connected and z;,z, € C
with z; < z,.

[ee]

— m+n+1
ap=1- Z Am+nZo

n=0
(o]
— m+n+1
=1- E by nzy :
n=0

Suppose that the functions f € $7,0,(1,6,9,2,)
defined by

%o m+n
f(Z) = ?+ Am4+nZ , 09 > 0, Aman > O,Z
n=0
e ur
and g € Hrmox(,0,9,2,)

0

9(2) = % + Z boenZ™™, by > 0, byysn > 0,2
n=0
€ U

it is sufficient to prove that the function H defined
by

Hz) = wf@)+ 1-w)g(z), (O w<l)
that there exists a z,(z, < z, < z;) is also in the
class Hy,0x (1M, 0,9, 2,).
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Then
K(z) = zH(2)
K(z) = way+ (1 —w)by

+ Z(wam+n + (1= w)byin )zm+”, a,

n=0
> 0,am4n >0,z € U
=1
0
+ w Z(zm+n_ Zom+n )am+n
n=0

+(1-w) Z(zm’“"— Z1™" ) bypyns G > 0, Qi
n=0

>0,z€ U”
since z is real number, then K (z) is also real number
also we have
K(zy) < 1and K(z;) = 1, there exists z, € [z, z,],
such that K(z,) = 1.
Therefore,

7,H(2;) = z,,
this implies that

(20 < 2, < 71)

H(z) € S0 -
We observe that

o0

moonfm+n)(1 + 90) + 2™ ) (wamen +
(1 = w)byin )

w Z[nk(m +n)(1+ 90) + zy™ " apin

n=0

+ (1 - w) Z[nk(m +n)(1+ 99)
n=0

m4n+1
+ z; 1 bysn

+6(1 - n)(1

+ 19)(1) Z(Z2m+n+1_ Zom+n+1 ) Apin
n=0

+0(1 - A +9)(1

co
- ) Z(zzm+n+1_ Zlm+n+1 ) Dman
n=0
oo

1) Z[nk(m +n)(1+ 90) + zo™ " apyin

n=0

+(1-w) Z[nk(m +n)(1+ 96)
n=0

m+n+1
+ z; 1 bisn

<01 -NA+9+1—-w) 01— n+9)
=0(1— n)(1+9).
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With the aid of theorem 2.2.
Thus, H(z) € Hmox(,6,9,2;).
Since z;and z, are arbitrary numbers, the family
Dmox (™, 0,9,C) is convex.
Conversely, if the set C is not connected, then there
exists z,,z, and z, such that z,,z;, € C and z, ¢ C
and z, < z, < zy.
Now, let f(2) € Hior(®6,9,2,), and g(z) €
55:n0,k (,0,9,2,)
Therefore,

K(w) = K(z;, w)

0
— m+n+1 m+n+1
=1+ wz:(z2 A )am+n
n=0

oo
+(1 _ w) Z(zzm+n+1_ Zlm+n+1 ) bm+nf a,
n=0

>0,am4n >0,z€ U
for fixed z,and 0 < w < 1.
Since K(z,,0) <1 and K(z, 1) > 1, there exists
wy;0 < wyg <1, such that K(zp,wy)=1 or
7,K(z;) = 1,
where K(2) = wof(2) + (1 — wy)g(2).
Therefore K (z) € 97,011, 60,9,2,)
Also K (z) & Hmox(®,6,9,C) using Lemma 6.1.
Since z, € C and K(2) # z.
Thus the family $p.0,(1,6,9,C) is not convex
which is a contradiction.
This completes the proof of theorem.
Conclusion: The main impact of this paper is to is
to introduce a new subclasses of meromorphic
univalent functions, and study their geometrical
properties , like coefficient estimate, distortion
theorem, extreme points and convex family.
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