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Abstract:

In this article, the approxmated solutions of ordinary differential equations of fractional
order using Haar wavelet and B-spline bases are introduced. The algorithm of collection
method is updated using two basis. Several initial value problems has been solved to show the
applicability and efficacy of the Haar wavelet and B-spline basis. An application of Lane-Eman
equation has been introduced and studied. The approximated results have clearly shown the

advantage and the efficiency of the modified method in terms of accuracy and computational
time.
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1.Introduction.

Differential equations (DEs) have an important

value in many applications relating to various fields
such as engineering , physics, chemistry, biology
and economics, however many mathematical models
of physical systems are given as DE first-, second-
or  higher-order. Two  types of DEs
which depends on the domain of definition of DE
we classified them as complex Des (CDEs) and real
DEs (RDEs) each of them classified as follows
firstly: Ordinary differential equations (ODEs)
which have the branches: delay differential
equations (DDEs), fractional differential equations
(FrDEs), fuzzy differential equations (FDEs).
Secondly: Partial differential equations (PDES),
which have the branches: DDEs, FrDEs and FDEs.
Thirdly: Stochastic differential equations which
have the branches: DDEs, FrDEs, FDEs. Johy[12].
The ODEs of first- or second order have many
applications in branches of mechanical engineering,
electrical, civil, chemical and others. The subject of
PDEs has a long history with an active
contemporary phase. An early phase with a separate
focus on string vibrations and heat law through solid
bodies. A stimulated of great importance for
mathematical analysis to all manner of
mathematical, physical and technical problems
continues. Such stimulated is a wider concept of
functions and integration and the direct relevance of
PDEs.
In this paper, Haar wavelet functions used to
approximate the solutions of typical ODEs or of
fractional-order. Haar wavelets can be written as a
family of functions constructed from transformation
and dilation of a single function. Haar wavelet
transform method is powerful numerical method to
use it in solving DEs. Haar wavelet function and its
properties are studied and used in solving of the
DEs. The useful properties of Haar wavelet
transform are studied in solving the DEs. The
solutions of them are approximated by the
summation of constant multiples of the Haar
functions. The other terms of the DE usually found
out using some properties of integrating and
differentiating Many researches studied Haar
wavelets like Berwal et al. [3] studied the solution of
DEs based on Haar operational matrix, Sahoo[23]
studied the solution of DEs using Haar wavelet
collocation method, Shi et al. (2007) studied the
numerical solution of DEs by using Haar wavelets,
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Chang &Piau.[4] used Haar wavelet matrices
designation in numerical solution of ODEs, Chen [5]
used Haar wavelet approach to ODEs, Li & Hu [16]
solved the fractional Riccati DEs using Haar
wavelet while Mechee&Senu[17] studied the
fractional DEs of Lane-Emden type numerically by
method of collocation. Shah & Abbas [24] used
Haar wavelet operational matrix method for the
numerical solution of fractional order DEs,
Saeed&urRehman[21] used Haar wavelet-quasi
linearization technique for fractional nonlinear DEs
and Lepik[14] applied Haar wavelet transform to
solving IEs and DEs. Weilbeer[29] introduced
efficient numerical methods for fractional DEs and
their analytical background. Haar wavelet
operational matrix and its
application for the approximated solution of
fractional Bagley Torvik equation has been used by
Ray [19], while Shiralashetti
et al. [26] used Haar wavelet collocation method for
the numerical solution of singular initial value
problems. Kilicman & Al Zhour [13] introduced
Kronecker operational matrices for fractional
calculus and some applications, Hosseinpour &
Nazemi [10] solved fractional optimal control
problems with fixed or free final states by Haar
wavelet collocation method, Hsiao [11] constructed
Haar wavelet direct method for solving variational
problems, Hariharan et al. [8] used Haar wavelet
method for solving Fisher’s equation, while Aziz &
Amin [2] introduced numerical solution of a class of
DDEs and DPDEs via Haar wavelet. Recently, we
have studied implementation of different tested
problems DEs which are used as mathematical
models in many physically applied science and
important fields. The approximated solutions of DEs
have been derived using Haar wavelet and B-spline
basis which shows to be more suitable to
approximate the solutions of DE.

2 Preliminary

2.1 Haar Wavelet Functions

Haar functions have been used since 1910, when
they were introduced by Hungarian mathematician
(Haar (1910)). The orthogonal set of Haar function
is defined as square waves with value of +1 in some
interval and zero elsewhere. Then, hy(x) = 1
during the whole interval 0 < x < 1. The second
curve hy(x) is the fundamental square wave
function which also spans the whole interval [0;1].
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All the other subsequent curve are generated from
hi(x) with two operation translation and dilation,
h,(x) is obtained from h;(x) with dilation, i.e.,
hq(x) is compressed from the whole interval [0;1] to

half interval [0;%] to generate h,(x) , hs(x) is the
same as h,(x) but shifted to the right direction
by % Similarly, h,(x) is compressed from the half

interval to a quarter interval to generate h,(x) . The

function h,(x) is translated to the right by i ,% ,% )

to generate hg(x) , hg(x) and h,(x) respectively.
In general, we have the following:

ho(x) = hy(27x — ) wheren =27 +k,j =0
0<k<?2. 1)

This orthogonal basis is a reminiscent of the
Walsh basis, in which each Walsh function contains
many wavelets to fill the interval [0,1] completely,
and to form a global basis. While each Haar function
contains just one wavelet during some subinterval of
time, and remains zero elsewhere the Haar set form
a local basis. All the Haar wavelets are orthogonal to
each other:

270,i=j=2J%k

1

However, the functions give a very good transform
basis. To obtain a good time resolution for high
frequency transients and good frequency resolution
for low frequency components, Marled (1982) first
introduced the idea of wavelets as a family of
functions constructed from translations and dilations
of a single function called mother wavelet and
defined by

1 t—b
Hgp (1) zﬁH<T) ,a+0, a€Rr (3)

where a is scaling parameter measures degree of
compression and b is the translation parameter
determines time location of wavelet.

Definition 2.1. (Haar functions )[13]
The Haar wavelet functions defined as follows on
[0,X].

1

hO(X)=\/—M , 0<x<X (4—)

X

(1, OSXSE

1

h = — X 5
1) VM |-1, o Sx<X ®)

kO ,0.W
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1
\/E k_1<x<k_7X
’ 27 R
hj(x)—\/_ k_% L ©
27, 7oK Sx <X
L 0 ,0.W

For i=123,..,m—1,M=2and i=2/+k—
1.
We say that h, (x) is mother function and

hy(x) = 22hy (2/x — k) 7)
Fori=1,23,...m—1
Note that:
(hp(2), hg(x)) = [} by (x), hg(x)dx (8)
Z  p#q
=1lm 9
{0, P=q ()

To approximate the function f(x) using Haar
functions consider

m-—1

f0) = ah @

i=0
ffmmmm
0

= Z ai thi(x) h’] (x)dx; (10)
T

=q; xhjz(x)dx, (11
0
Where

S F G0 hy()dx
a4 ==

Jo W (x)dx

m X
=% | reomeoax

2.2 Spline Functions

The spline functions are used in applications of
numerical analysis due to they have a wide class of
smoothness. One of these applications is data
interpolation. The data structure may be either one-
dimensional or  multi-dimensional. In  the
interpolation, spline functions are normally
determined as the minimizers of suitable measures
of roughness subject to the interpolation constraints.
Smoothness splines may be show as generalizations
of interpolation splines where the functions are
determined to minimize a weighted linear
combination of the average squared approximation
error over observed data.
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The spline functions are constructed to be finite
dimensional in the applications. Here, we have focus
on one-dimensional, polynomial B-splines and use
the term B-spline in this restricted sense. The base
P(x) = { P1(x), P2(x), ..., Pp(x)}
is called B- spline base of order n if the basis
functions satisfy @;(x) € €™ 1 (o0, —o0)for i =
1,2,..,n
First of all, we will partition [0,1] by choosing a
positive integer n and defining h = ﬁ.This
produces the equally-spaced nodes x; = ih, for each
i =1,2,...,n + 1. Then, we have defined the basis
functlons{cb ()} on the interval [0,1].

2.2.1 Linear Spline

The simplest spline is a piecewise polynomial
function, with each polynomial having a single
variable .The spline S takes values from an interval
[a,b] and maps them to 9 where S: [a,b] >
N Since S is piecewise defined, choose k
subintervals to partition [a,b]. The simplest choice
of spline functions basis involves piecewise-linear
polynomials. The first step is to form a partition of
[0,1] by choosing points xg,xy, ..., Xx,. Let h; =
Xi41 — x;,for each i =1,2,..,n.We have defined
the basis functions {®,(x), ®,(x), ..., P, (x)}.
Linear spline is linear polynomial S(x) which satisfy
S(X)€ Cy(o0, —0)To construct linear spline base in
which satisfy the boundary conditions &;(0) =
®;(1)fori1,2,..,nWe have constructed the

following component linear spline functions:
0, 0<x<x;4
1
n (c=xi-1) X2 <x < x
11_1 (12)
F(le —x) % <x < X4
L

O;(x) =

0, Xipp <x < 1.
foreach i = 1,2,..,n.We can prove that the
functions are orthogonal because @;(x) and

@;(x) are nonzero only on (x;_;, X;41) such
that &;(x)®;(x) = 0 and &;(x)®;(x)=0 if i #
j,i —1,j — 1.Consequence ®;(x) € C (o0, —o0).

2.2.2 Quadratic B-Spline

Quadratic B-spline base is quadratic B-Spline
polynomials S(x) which satisfy S(x) € Cd (o0, —0)T0
construct quadratic spline base in which satisfy the
boundary conditions @;(0) = ®;(1) for i=1,2,... n
We have constructed the following component
quadratic spline functions:
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T + 3(xy, — x)z s [Xm—15 Xm]
T; [xm; xm+1] (13)
(xm+2 - x)z; [xm+1; xm+3]
0 o.w.
Where T = (x;y45 — %)% — 3(xp4q — X)?

Qm(x) =

2.2.3 Cubic B-Spline

Many researchers used B-cubic spline in numerical
analysis. We have defined B cubic spline base as
follows:

s(x)
{ 0, x <=2
| 2+x)3, —-2<x<-1
=1{(2+x)3—4(1+x)3,—1SxS0 (14)
4] 2-x)P3-41-x)30<x<1
| 2 —x)3, 1<x<2
t 0, x> 2

Consequence S(x) € C2(—oo, ). To construct cubic
spline base in which satisfy the boundary
conditions®;(0) = @;(1) fori = 1,2, ...,n. We have
constructed the following component cubic spline
functions on the interval [x;_,, X;;,] as follows [1]:

?;(x)
s(%)h—%(x:hzl, i=0
X — X+
S( h )_S< h ) (=1
_1 s(x_lh>, 2< i<n

(x—nh) <x—(n+2)h>’ _—

S(x—(n+1)h> 4s(x—(n+2+h>

2.3 Fractional Derivatives

The fractional integrals have been defined by many
researches as follows:

The left hand Riemann-Liouville fractional
derivatives of order « > 0; n € N (N is natural
numbers set), is given by:

DEf(x) = f@®

t)a (v — a—n+l

! ————dt (16
a)dx"f (x — £ (16)

2.3.1 Operational Matrix of the Fractional-Order
Integration of the Haar Wavelet

Shiralashetti & Deshi [26] had introduced the Haar
wavelet operational matrix FH, of integration of the
fractional order a is given by

, i=n+1

(15)
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c k k+0.5
fux [m' m
k+05 k+1

FHy; = fax € ==

17)
k+1
fax €[——.,0)

0, o.w

Where
k
i) = (x ="

(n—a) m

00 = ﬁ((x Y _a(x-t ;0'5)'1)

f3(x) = F;(<x _E)a _9 (x _k+ 0.5)“

n—a) m m
k+ 1\*
+ (=)
m

2.4 Operational Matrix of the Fractional-Order
Integration of the B-Spline Bas

2.4.1 Linear Spline

We have introduced the linear B-spline operational

matrix FSa of integration of the fractional order as
follows:

1
JZ,00) = NCED)

0, 0<x<x_4

e (r—x ) Sx < x
i-1
18)
1 (
(= x )% + ™ (hia(x — %)% — (x = x)" 0 S x S a0y
i

0, x;40 <x <1

2.4.2 Quadratic B-Spline

We have introduced the quadratic B-spline
operational matrix FS, of integration of the
fractionalorder as follows:
JE ()
Z(X _ 1)a+2'
_ 1 2(x — 1)a+2 —6(x — 2)a+2’
ST +3) | 200 — 1)%*2 — 6(x — 2)%*2 + 6(x — 3)%+2,
0,

2.4.3 Cubic B-Spline
We have introduced the cubic B-spline operational
matrix FSa of integration of the fractional order as

follows:
1

JE) = NCFE)
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3
Exa+3 _ 6(X _ 1)a+3 + 9(X _ 2)a+3 _ 6(x _ 3)a+3’

3 Analysis of Collection Method[1]
Define the collocation points x; = a + ihfor
i = 0,1,2,...,ndiscretize the functions:

¢(X) = {¢1 (X), ¢2 (X), ¢3 (X), ety ¢n(x)}

Suppose

n

y(x) = Z cipi(x)

i=1

Put the approximation of y(x) at the point x;in the
DE, we get the function coefficient
matrix ®; ;(x)=®;(x;) and @;;(x) = ®;(x;) The
matrix of coefficients has the dimension nxn. Any
function y(x) which is square integrable in the
interval (0,1) can be expressed as an infinite sum of
Haar wavelet. The above series terminates at finite
terms if y(x) is piecewise constant or can be
approximated as piecewise constant during each
subinterval [1].

3.1 The Quadratic B-Spline Base
Consider the quadratic B-spline Base

S(x) = {Sl (x)! SZ (x)l 53 (x)l ey Sn (x)}
Suppose  y(x) = X7, ¢;s;(x) The general ODE of

[L2] first-order has the following form:
(23] (o5, (O)y' () + a; (DY () = (&), 0 <t <1,(21)

(2,3]
o.w
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subject to the initial condition is y(0) = a..

Problem 3.1

y(t) =y(t) =sin(t) +cos(t), 0<t<1.
subject to the initial condition is y(0) =0, The
coefficients areay(t) =a,;(t) =1 and f(t) =
sin(t) + cos(t) Consider the quadratic B-spline
base, Then, The matrix of coefficients has the
following formula:

Ail' = Sl"(tj) + Sl(t])

0, x < =2
3
Ex"‘+3 —-2<x<-1
3
Ex“+3—6(x—1)“+3, -1<x<0
3
Ex“” —6(x—1)*3 +9(x —2)**3, 0<x<1

0, x>2

(20)
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And b; =sint; + cost; for i,j=1,2,..,n. By
solving the system of coefficients Ac = b we will
obtain the coefficients of approximation where
c=[.1,.2,-.1,.001,4].

3.2 The Haar Wavelet Base

We introduce the Haar wavelet technique for

solving general linear first-order ODEs.

3.2.1 First-Order Linear First-Order ODEs

Consider the following general linear first-order

ODE:

y@®+fOy®) =g®,0<t<af()*0,(23
y(0) = B. (24)

Substituting t = ax in Equation (23) which reduces to

y(x) + af (ax)y(ax) = ag(ax),0 < x <

a,f(x) #0, (25)
y(0) =B. (26)
We assume that y'(x) = Y%, c;h; (x) 27

where ¢;s are Haar coefficients to be determined.
Integrating Equation (27) with respect to x, we get
the following
y(x) =B+ X, cipai(x) (28)
Substituting Equations (27) and (28) in Equation
(25), we get the following system of equation:

Ky cihi(x) + af () (B + Zhey ip1,i(0)) = ag(x)
(29)
Putx = ¢; for j = 1,2,..n.in Equation (29), we
get linear system in which the matrix of coefficients
has the following formula:
A=A +af@)h(t) and b; = ag(t)
for j,i = 1,2,...n By solving the linear system of
coefficients Ac = b we obtain the coefficients of
approximated solution.

3.3 Fractional Differential equations with Haar
Base

We will introduce the Haar wavelet technique for
solving FrDEs

Problem 3.2. Consider the general fractional-order
linear DE

yi(t) +A() + By () = C(®)
0<tsagn-—-1<a<n (30)
subject to initial conditions y;(0) = a; for
j=0,1,2,..,n-1 where A(t),B(t) and C(t) are given
functions , a’;s are arbitrary constants and o is a
parameter describing the order of the fractional
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derivative. The general response expression contains
a parameter describing the order of the fractional
derivative that can be varied to obtain various
responses. Substituting t = ax in Equation (27)
which reduces to

y*(ax) + aA(ax) + aB(ax)y(ax) = aC(ax)

0<x<Ln-1<a<n (31)
y;(0) = a;
We assume that y'*(x) = Y5, c;h;(x) (32)

If a= % ,integrating Equation (28) once, we get
y(x) = ay+ Xl CiFH%,i(x) (33)
Substituting Equations (32) and (33) in Equation
(31), we get

k

k
Z cihi(x) — aA(x) — aB(x) (ao + Z cl-FHli(x) >
i=1 z

i=1
=aC(x)
If a = Z ,integrating Equation (28) once, we get

1
y2(x) = a; + X, ¢;FH1,(x) (34)
>
And
y(x) = ag+a;x + Xi, ciFHs (x) (35)
:

Substituting Equations (32) and (35) in Equation
(31), we get

Yk cihi(x) — aA(x) — aB(x) (ao +a;x+
(36)
in Equation (35) in

Sy eiFHy, () ) = aC(x)
Put x =t forj =1,2,..,n.
case a = %,or in Equation (35) in case a =§ ,we
get the linear system in which the matrix of
coefficients has the following formula:

Aj; = hi(t;) + aB(t;)FH, (t;)
and

b; = c(t]-) + aA(tl-) —aaoB(t;)

for i,j = 1,2,...,n. By solving the linear system of
coefficients, we obtain the coefficients of
approximated solution y(t)of Equation (31).

3.4 Fractional Differential equations with B-
Spline Base

We will introduce the B-spline technique for solving
FrDE (31). Consider the quadratic B-spline base

S(x) = {Sl (x), SZ (x)! S3 (x)! ey Sn(x)}
Suppose  y(x) = X, ¢S5 (x)

We assume that y*#(x) = Y&, ¢;s;(x) (37)
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If a =% ,integrating Equation (37) once, we get
y(x) =ag+ Zf:iCiFS%,i(x) (38)

Substituting Equations (37) and (38) in Equation
(31), we get

k k
Z ¢;S;(x) — aA(x) — aB(x) (ao + Z ciFS1 .(x) >
i=1 2!

i=1
=aC(x)
If a =; ,integrating Equation (31) once, we get
y(x) = ag+a;x + X, ciFFSs (x) (39)
>

Substituting Equations (32) and (39) in Equation
(31), we get

Yk ¢Si(x) — aA(x) — aB(x) (ao +ax+
B GiFSs (1) ) = aC o)
Put x=t; forj=12,..,n

(36)
in Equation (39) in
case a =§,or in Equation (35) in case «a =% ,we

get the linear system in which the matrix of
coefficients has the following formula:

Aij = h'l(t]) + aB(t])FSa'l(t])

and

b; = c(tj) + aA(tj) —aagB(t))
for i,j = 1,2,...,n. By solving the linear system of
coefficients, we obtain the coefficients of

approximated solution y(t)of Equation (31).

4 Lane-Emden Fractional Differential Equation
We generalize the definition of Lane- Emden
equations up to fractional order as following:

k
Dey(©) + o PPy + f(6,y) = 9(©)

0<t<1, k>0. (40)
with the initial condition y(0) = 4;y,(0) = B
where 1 <a<2;0<pB<1 and AB are
constants

and f(t;y) is a continuous real-valued function and
g(t;y) € [0,1]: The theory of singular boundary
value problems has become an important area of
investigation in the past three decades. One of the
equations describing this type is the Lane-Emden
equation. Lane-Emden type equations, first
published by Homer Lane (1870), and further
explored in detail by Emden [6], represents such
phenomena and having significant applications, is a
second-order ODE with an arbitrary index, known
as the polytropic index, involved in one of its terms.
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The Lane-Emden equation describes a variety of
phenomena in  physics and  astrophysics.
Mechee&Senu[18] imposed the Lane-Emden DE of
fractional order and the approximate solution is
obtained by employing the method of power series
and a numerical solution is established by the least
squares method
for these equations. Mechee&Senu[17] approximate
the solution of DE by employing the method of
power series and the numerical solution is
established by collection method.

5 Analysis of the Method of Solution Lane-
Emden of Fractional Order

Berwal et al. [3] studied the solution of DEs based
on Haar operational matrix, Sahoo[23]
studied the solution of DEs using Haar wavelet
collocation method, Shi et al. [25] studied the
10numerical solution of DEs by using Haar
wavelets, Chen [5] used Haar wavelet approach
toODEs, Li & Hu [16] solved the fractional Riccati
DEs using Haar wavelet while Saeedi et al. [22]
introduced an operational Haar wavelet method for
solving fractional Volterra integral
equations, Lepik[15] solved fractional integral
equations by the Haar wavelet method, Saeed
&Rehman[20] used Haar wavelet-quasi linearization
technique for fractional nonlinear DEs,Lepik[15]
solved the fractional integral equations by the Haar
wavelet method, Wang et al. [28] used Haar wavelet
method for solving fractional PDEs numerically. In

L y(t) and

tat+2

DW(t) = ah(t) =

Equation (40), consider a >b, f(t,y) =

git)y=0 However,

iz cihi(x) and

, DWW (t) = (I1*PD*)W (t) + WP (0)
= aP* Fh(t) + WE(0)

W) = (D)W (t) + W(0)
=aP*h(t) + A
Hence,
k
ah(t) + ta—_Bap“_ﬁh(t) + WFP(0) + ap®h(t) + A
= ch(t)
If we consider a = gand B= %we solve the system
obtainthe

of  equations to coefficients

(€0» €1, Cqy ooy Crp)-
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6 Comparison Study Using Numerical Collection
Method

Collocation method for solving DEs is one of the
most powerful approximated methods. This
method has its basis upon approximate the solution
of FrDEs by a series of complete sequence of
functions, a sequence of linearly independent
functions which has no non-zero function
perpendicular to this sequence of functions. In
general, y(t) is approximated by Mechee&Senu [17]

y() = Xizq a:6;(x) (41)
where q;for i = 0,1,2,..,nare an arbitrary
constants to be evaluated and e;for i =

0,1,2, ..., naregiven set of functions. Therefore, the
problem in Equation (40) of evaluating y(t) is
approximated by (42) then, is reduced to the
problem of evaluating the coefficients for . i =
0,1,2,...,n Let {t;, t,, ..., t, }is a partition to interval
[0,1] and &= jhandh = ~
the comparison of absolute errors of the problem
using numerical collection method with polynomial
basis and Haar wavelet basis.

nand j= 0,1,2,..,n See

7 Discussion and Conclusion

The numerical solutions of ordinary differential
equations of fractional order using Haar wavelet
and B-spline bases have been studied. Haar wavelet
technique is used to approximate the solution of the
differential equations. The algorithm of collection
method is updated for using the two basis. An
application of Lane-Emden has been studied
numerically. The numerical results have clearly
shown the advantage and the efficiency of the
modified method in terms of accuracy and
computational time.
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Table 1: Absolute Errors of Examplel Using
Numerical Collection Method with (a) Polynomial
Basis (b) Haar wavelet Basis
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0 0.25 0.5 0.75 1
5 0 1.3345%-3 00015 5.0673¢3 3.6330e3
0 131le-3 00005  5.0683¢-3 3.6229-3
10 0 1.3232-5 2.6342e-3  1.5634e-6  4.1443¢-5
0 1.3210e-5 2.1212e-5 1.234le-6  4.0101le-3
50 0 2.3416e-7 1.6611e-7  5.1126e-7 2.1233e-7
0 2.1414e-7 1.2211e-7 5.2233e-7  2.1266e-7
100 0 4.9383-8 3.4453e-8 5.0347¢-8 6.4332¢-7
0 4912le-8 3.4564e-8 5.011le-8 6.4222¢-7
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