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Abstract

In the submitted search ,by making use of Differential operator ,we drive coefficient
bounds and some important properties of the subclass T;(n,p,q,a,1) (p,jEN =
{1,2,..};,q,n € Ny = NU{0};0 < a < p — q) of analytic
and multivalent function with negative coefficients .Distortion property for functions in the class T;(n,p,q, a, 1)
are investigated once by using the composition involving an integral operator and certain fractional calculus

operator and other once by using the composition involving an integral operator and certain fractional calculus
inverse operator .

Keywords. Multivalent function, Coefficient bounds ,Distortion inequality , §- neighbourhood , Differential
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1-Introduction

Let T(j,p) be the class of analytic and multivalent

functions f(z) in the open unit disk

U ={z:z € C:|z| < 1} that defined by
f(2) =27 = B jp 7

0;j,pEN={12,..} . (1)

Let T(j, p) the class consists of function of the form

(ak2

k!
q = ZP~q —_y* . = k—q
f ( ) (p Y Zk:]+p (k—-q)! axz

(a,=20; geNy=NU{0}; p>¢q)
()
The Differential operator for a function in T(j,p) is
define by

D{;l(fq(z)) =

p! n _
o-0° = Zizjsp (k- q)‘( )
(,jEN={12,..}; q,neNo, p>q)
(3)

The operator D was studied by M.K. Aouf [5] and
Altintas et al. [7] , earlier by Owa
[13] ,Yamakawa[9] ,Owa [12] ,Srivastava Owa[4] .
It is easy to see that
n+lrq
Dp™ifi(z) = (p ) @

By using the operator Dyf9(z) Given by (3) ,a

function f(z) belonging to T;(n,p,q,a,2) if and
only if
Dp*(f9(2)) ) '
((1—A)Dg(fq(z))+a DEFL(£4(2) >a (peN;qne

No=NU{0};p>q), (5)

forsome a (0 <a <p)andforall ze U.

Next the following earlier investigations by Osman
Altintas,Huseyin Irmak and H.M.Srivastava [6] ,

when f(z) € T(j, p) we define the § - neighborhood
by

Ns(f) = {g 9€T(p).g(2) =2z" -
Yhe =j+p ka
and Zk=]+p klay
(6)

So that ,obviously ,

Ns(h) ={g9:9 € T(j,p),9(2) = z° -
Dk=j+p by z"
And Yl iiplbil <63 (7)

Where, and in what follows,

h(z) = 2P (k=zj+p;np€eEN;q€EN, =
N u {0}). (8)

we using the familiar operator J., defined by
Bernardi [10], Libera[8] and Srivastave et al. [2] as
follows

Uep)(2) = S [Fte1f(Ddt
T(j,p);c>—-p;p €N),

— bl <6},

(f(2) €
(9)
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and fractional calculus operator D Srivastave [11] ,
Srivastava et al.[3] that known as the form

D (zP) = L@+ p-p (p > —1; ueR)

F(p—p+1) (10)

2-Coefficient Inequalities

We drive sufficient condition for f(z) that defined
by using differential operator .

Theorem 1. Assume that f(z) € T(j,p) . Then
f(2) € Ty(n,p,q,a,2) ifand only if

k— k—
2100 (5" (9 - e (142052 -
1)) st < - 5.0
O<a<p—q;pjEN; q,nENy;p>q)
1

Where

5(p,q) = =

_ {p(p 1..(p—q+1)
r-q)!

(12

Proof. If f(z) € Tj(n,p,q,a, 1) , then

DpI(ri@) _
a- A)D,’J(fq(Z))MD *(ra(2)

Kl k=dynt1,  k-p
R( (p q)' 2k e q)l( P )
p! kK k—q —
(p—-q)! ~Zi= JH+P = q)l( )n[l l+l( )]akzk p

k— q)n+1 Zk-p

e e

l
{ (p q)' Tk =j+p(k— q)'(

kK k—q
(p q)' 2k =j+p(k- q)'( )n[l 1= A(

k-q
(1= 50> B ()" ((E)Ha—a—
k=a\\ K kep
« (p—q)) gy B2

R _ 0 k—q k—q
Since z — 1~ ,we have Zk=j+p(ﬁ)" (—)—

r—q
k-a) _ k-p _
a(l +A<(p_q) 1)) 6k, az P < (1
)8(p,q)
Conversely ,assume that inequality (11) holds
true ,since
R(w) > a ifandonly if | e 20{)| <1
Since
DB (ri(2)
(1-MHDR(fU(2)+A DL (9(2)
Dp*1(si(2)

DR ADEF I (FaGy T 2
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Then e (ki)n (ki) —al1+
_ (A-DDFF(F1(2)~(1-1) DR(FU(2)) k=j+p \p_4 Iy
T |a+a-2a)DP (FI@)+(1-2a)-A(1-2) DR (fU(2))

| -T2 Jﬂ,(k"'q),(" otynot_p(K20) 4 pjagatP | A <(ﬁ) -

— k— k—
o q),u a)+2k_,+p<k q),( Sy 2a+a-2al- 1—p—q—/1( ")+zm1( N P|

[
I

T 2(1-a) =

I 1+p(k q)n[(}; Z) l(’; g) 1+A](k q)‘u"zk Y 1)) 5(k; Q)(Uk

1
(1-a)8(p.9) i
PR Rl (e sw(¢) o

o ' = Yk=j+p 01 —)8(p, q)
Putting j =1,n=1,g=0and A =0 in Theorem =(1-w,)1—a)d@ q)

1,we have the following corollary : < (1 - a)s(p,q)
Thus it follows from Theorem (1) that f(z) €

Corollary 1 . Let the function f(z) € T(j,p) . Then T p,q,2,2) .
£(2) € C(p, ) if and only if 7(:,cEnver'ser » ,SUppose that f(2) €
j N S PR VSInce
St [ aa < - O<a< e
pP;PEN) . (1-0)5(@,a) > i
Not that this result obtained by Salagean et al[1] . e < (_'+1) [ (1-a)+(1-@)|5Gi+p.a) kzjtp.
) . We define
Corollary 2. Assume that the function f(z) defined
by (2) be inthe class T;(n,p, q, @, ) .Then o] .
—-q —-q -9
Sy 60k, )2 < — n(l—;l)t?(l’ﬂ) (=) ((ﬁ)—a<1+l<(ﬁ)—1>>>6(k.lﬂ
(ﬁu) <(ﬁ(1—a2))+(1—a)) Wy = FEpnY T a
(13) (k=j+p).
(k=j+p;p,jEN;q,nENy; p>q). And wp, =1—=Y 4 0k by  simple
The result is sharp for the function f(z) given by calculation ,we get
f(2) = 2P = i jip 2"
f@) = g
70—
S (1 - a)8(p,q) .
— Wiz
- (1-2)8(.q9) 2 (k>j+ k=r+p (H) ((H) <1+,1((k Z) )))6(k,q)
k— k— k—
(k=a) ((ﬁ)_a<1+a((ﬁ)_1))>a<k.q> — w77 —
pipjEN;qnEN;p>q). (14) Yi—jap Oif (2) -
Thus we get the result .
3-Extreme points
Theorem 2. Let f,(z) =2zP and fi(z) = zP — 4-Neighbouhoods  for the function class
T;(n,p,q,a,2)
s In this section ,we conclude the neighborhood
(1-2)dp.a) AR properties for each of the following slightly mutated
(};%Z) (C%Z)_“(”’1((’;%2)_1)))5(""1) funct_lon_ in the_ cla_ss T]-(_n, p.q, A, y_) .Our first
implication relation including the - neighbourhood
for k=j+p and p>q . Then f(z) € Ng(h) is given below in the following Theorem .
Tj(n,p,q, &, 4) if and only if it is of the form Theorem 3. If f(z) belonging to
f(2) = Xi=p wifi(z) where w, =0 for all Ti(n,p,q,a, 1) then
k>=j+pand ¥, w, = 1. Ti(n,p,q,a,4) € Ns(h) . (15)

Where h(z) is defined as (8) and
Proof . Suppose that f(2) = Xi=p wifi(2) =
Oy fp(2) + iz jup Orfi(2) 5= —— (l_fx)ts(p'q)
=z p+ Y (k=j+p)io [w_k (11— (p]Tq"'l) <(ﬁ(1—al))+(1—a))
)8, )/ (((k=a)/(p—a))"n ((k—aq)/( -
D) —a@+A(((k=q)/(p—q)) -
DNk, q))) 2k ]
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Proof . For f(z)€T(,p)  Theorem _ 8 G+ Lg+1) lgu-en+a-ol
(1) ,immediately yields . <(,- ) (la+1) ((ﬁ(l - a/l)) +a- a)>> G+p)! - (- 5, 0)G +p - 9!
Joo0Y (- — ; -
(Vﬂ+1)<QFJ1 a@>+(1 a050+ =p—vy
P, ) Xi=jip < (1 —a)d(p.q) , Provided that y is given properly by (16) .Thus we
so that 85U+ 0@ Xk=jip kar < have f(z) € T;(n,p,q,a,,y) forevery y given
by (16).This obviously completes the proof of
(1-0)8(p.9) Theorem (4).

(ﬁ+1)n<<#(1—aﬂ)>+(1—a))

5- Properties involving the operator J, and DY
Thus ,we have ;

Lemma 1.[6] let the function f(z) € T(j,p),then

Yi=jsp kar < u _
(1-a)8(p.9) =5 Dlg((]c,pf(z) ) =
: nl/ ; 1=0. p+1) pp _ g ( (c+p)r(k+1) ) Sk
Cs) ((/Tq“_“’”)+“‘”)“”p’” r(p=pc+1) k=10 \(ertorGe—en))
(LER;c>-p;j,pEN) (17)

This complete the proof .
A function f(z) € T(j,p) is said to be in the class

Ti(n,p,q,a, A, y) if there exists another function And u @) oy
9(2) € T,n,p, 4, A,7) such th Jeo (DEF @) = o e "
o c+p)r(k+1 —
(LER; c>—-p;j,pEN) (18)
Theorem 4. Let g(z) € Tj(n,p,q,a,A,y) .Suppose
also that Provided that there are no zeros appear in the
denominators in (17) and (18) .This in general ,the

y = operators
p— Jep and D! are non-commutative .

(j+p)!(L+1)n<<L(1—aA)>+(1—d)> So as to _give growth and distortion proper’gies for
8 p—a b= functions in the class T;(n,p,q,a, 1) including the

j+p (ﬁﬂ)n((ﬁ(l_m%(1_a)>(j+p)!_(1_a)5(p_q)(j+p_q)! operators J., and D4 ,we find it to be convenient to
use the order operation exhibited by (18) and (19) as

Then(l6) we shown in the following Theorems .

Ns(g) € Tj(n,p,q, @, 4,v)

Theorem 5 .If is in the class T;(n,p,q, a, 1),
Proof . Suppose that f(z) € Ns(g) ,we then find @ j(up.q, @)

then
from (6) that
Zi=jipklag — bl <6
_Whlch_ readily implies the following coefficient re+n
inequality 5 rp—p+1)
Yicjeplar — bl <z (,p EN;p>q)
Next ,since g(2) € T:(n, p, q, @, 1) ,we have ,
R TP DT ReD) 2/ 1z|PH <
k=j+p Pk = ; ; ; ) _
(p]Tq+1)n<<pJTq(1‘“’1))’“(1‘“))0*”)1 (]_4:)+c)1’(]+p+#+1)(p_q+1) (<p_q(1 axl)>+(1 a)>
So that |Dz (]C,pf(z) )|
f@ | Ske japlak=bkl
9@) 1-53 1 b =
/ \ r(p+1)
< 98 1 r(p—p+1)
= G+p) | 1-— Tgl—a)_t?(p.q)(ﬁp—q)!
(55+1) ((z)]Tq(l—al)>+(1—a))(j+p)!
(c+p)r(+p+1)(1-a)8(p,q) |z|J b |z|PHH
(j+p+c)F(j+p+u+1)(%_‘q+1)n(<ﬁ(1—al)>+(1—rx)>
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(zeU;0fa<p—q; u>0;n,q€
No; j,p€EN,c>-p;p>q)

(19)

The result is sharp for the function give by

Jep(f(2)) =

4P _ (f:+p)(711—a}6(p.q) 2P
(j+p+c)(p]Tq+1) (p]Tq(l—al)+(1—a))

(20)

Proof . It follows from Theorem (1) that

(L + 1)" ((ﬁ(l — aﬂ)) +(1- a)) SU+0,0) Xiejup W <

R

sU-a)d@q) -

=

k=j+p

Which readily yields

Zloiozj+p ak S
(1-a)8(p.q)

(ﬁ+1)n<<#(1—al))+(1—a)>5(j+p,q)
(21)

Assumed that the function defined in U by
F( ) _ (F(p+u+1)) _,,LD u(]c,pf(z))

T'(p+1)
(p+o)T(p+u+1)T(k+1) k
=zP — .
2% = Yk=jp ((k+c)l"(p+1)l"(k+u+1))

=8, 77" = it jp 0 (a2 (z€U)
(22)
. (p+c)T(p+pu+1)T(k+1)
it we set H(k) T (k+OT(p+DT(k+pu+1) (k =
j+pjpEN) . (23)

Then it is easily seen that 6(k)

function of k when u > 0 ,and hence
0<Ok)<0(+p)=

(P+AT(p+p+ DI (j+p+1) . .

(+p+OT(P+DI(+p+ut1) >-p:n>0jpe

N)). (24)

Where

is decreasing

Dz_u(]c,pf(z) ) =

P+

@+Or @+p+Dr(j+p+1)(1-a)5(®.9)

asz+p+u
7
Up+r(p+DrGp+u+D(31+1) ((p’fq(l—al))+(1—a)>5(j+p.q)

By using (21) and (24), we deduce that
|zIP — 0 + )|zl "P X jup ax < [F(2)] <

|zIP + 0G + ) zl*P X i

Zainab .O/ Kassim .A

That is
|z|P —
P+ P+u+ I (j+p+1)(1-a)8(p.q) |z]J*P <
(j+p+c)1"(p+1)F(j+p+;4+1)(p+'q+1)n<<p+'q(1—al)>+(1—a))6(j+p,q)
IF(2)| <
|z|P +
(p+o)l (p+u+Dr(+p+1)(A-a)8(p.q) |Z|j+p
(i+p+C)F(p+1)F(i+p+u+1)(p%'q+l)n(<p%'q(1—al))+(1—a))5(1'+p,q)
Which yields inequality (19)
Theorem 6 .If f(z) isin T;(n,p,q,a, 1), then
rp+1)
r(p—p+1)
(c+p)r(j+p+1)(1-a)5(p,q) |Z|] |Z|p—ﬂ <
(j+p+c)1"(j+p—/1+1)(#_.q+1)n(<p;_'q(1—a}t)>+(1—a)>
|D5(]c,pfq(z) )l
<
I'(p+1)
I(p- u+1)
(c+p)T(j+p+1)(1-a)8(p.q) |Z|] |Z|p—u

84

(j+p+c)F(j+p+u+1)(p#_'tzﬂ)"((p;_"z(l_a,l))ﬂka))
zeU;0<a<p—-q0<u<1;nq€Ny;jp€
N,c>-pip>q). (25)
The result is sharp for the function give by (20) .

Proof . It follows from Theorem (1) that

Zl’?:j+p kak S
(+p)(1-a)6(p,q) ©
(L.{_
p-q

1)"((ﬁm—aa))m—a))a(ﬂp.q)
p:0<u<1l;j,peN), (26)
suppose that the function defined in U as follows
I )
G(2) = "2 20DL (Jop f (2))

T'(p+1)

<a<

(p+o)r (p—p+1)r(k)

=P _y® k
zP — Y jip ((k+c)1"(p+1)1"(k u+1)) Az

= zP = ¥ jp 9 (K ka, z* (z€eU) ’
@7)

_ P+r(p-p+1r(k)

if we set ﬁ(k) - (k+c) (p+1)r(k—p+1) (k =
j+p;0<u<1;j,peN) . (28)

Then it is easily seen that 9(k)
function of k when u < 1 ,and hence

is decreasing
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. (p+o)r (p—p+1)r(j+p)
< =
0 <90k) <9G +p) (+p+o)r(p+)r(j+p-p+1)

(c>-p;p,JEN;0<Su<1). (29

By using (26) and (29), we deduce that
|2IP =9 + )|zl *P T jip kay < |F(2)] <
2P + 9 + )|z P T jup kax
That is
|Z|P —

(c+p)T(p—pu+ VI (+p+1)(1-a)5(p.q)

ie)'((
G+p+Orp+DI(+p-p+1)(51+1) <<ﬁ(1—a/1))+(1—a)

IF(2)| <
|z|P +

(c+p)T(p—u+ VI (+p+1)(1-a)5(p.q9)

Jj "M
(j+p+c)F(p+1)F(j+p—/.t+1)(ﬁ+1) ((H(l—al))+(1—a)>

Which yields inequality (25) .
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a3y daala Al daals
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®0,jEN={12,..};qn €Ny =NU&a Tj(n,p,q a ) cdiall 4allu cdalaad ¢ gl
Saladl g Al Jalad) Gpanaiall cuS il aladicly J) gal) Al ¢ gdil) Luald Uadd, JI98{0};0 < a <p—q)

. ousSral) bual) (5 sl Jaladl g Al Jalad) Gadaial) quS il Ladsia o 3/ 5 s g 5 pa buad) 5 sl
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