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Abstract  

           In the submitted search ,by making use of Differential operator ,we drive coefficient 

bounds and some important properties of the subclass   (         )   (      
*     +          * +        ) of analytic 
and multivalent function with negative coefficients .Distortion property for functions in the class   (         ) 

are investigated once by using the composition  involving an integral operator and certain fractional calculus 

operator and other once by using the composition  involving an integral operator and certain fractional calculus 

inverse operator . 
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1-Introduction  

 Let   (   )  be the class of  analytic and multivalent  

functions   ( ) in the open unit disk 

   *      | |   +  that defined by  

                            ( )     ∑    
    

        (    

        *      +  .                      (1)   

Let  (   ) the class consists of function of the form    

                

  ( )  
  

(   ) 
      ∑

  

(   ) 
    

    
           

  (              * +      )  .                                                   

(2)     

The Differential operator  for a function in  (   ) is 

define by 

 

  
 (  ( ))  
  

(   ) 
     ∑

  

(   ) 
(
   

   
)    

    
       

  (      *     +              ) .                                                          

(3) 

 The operator   
  was studied by M.K. Aouf [5] and 

Altintas et al. [7] , earlier by Owa 

[13] ,Yamakawa[9] ,Owa [12] ,Srivastava Owa[4] . 

It is easy to see that  

    
     ( )  

 

(   )
(  
   ( ))               (4)                      

By using the operator   
   ( ) Given by (3) ,a 

function  ( ) belonging to   (         )  if and 

only if  

                                  

 (
  
   (  ( ))

(   )  
 (  ( ))     

   (  ( ))
*     (         

     * +      ) ,    (5) 

for some    (     ) and for all      . 

 Next the following earlier investigations by Osman 

Altintas,Huseyin Irmak and H.M.Srivastava [6] , 

 

when   ( )   (   ) we define the   - neighborhood 

by 

    ( )  *     (   )  ( )   
  

∑    
    

                                                                                         

    ∑  |     |    
 
     +.                                     

(6) 
 So that ,obviously , 

     ( )  *     (   )  ( )   
  

∑    
    

      

And   ∑ |  |   +
 
       (7) 

 Where, and in what follows, 

   ( )               (                 
  * +).                             (8)    

 we using the familiar operator      defined by 

Bernardi [10], Libera[8] and Srivastave et al. [2] as 

follows  
                                  

(     )( )  
   

  
∫      ( )  
 

 
       ( ( )  

 (   )           ),               (9)  

 

 

 

 

and  fractional calculus operator   
 

 Srivastave [11] , 

Srivastava et al.[3] that known as the form  

  
 (  )  

 (   )

 (     )
          (         )      (10)  

 

2-Coefficient Inequalities 

 We drive sufficient condition for  ( ) that defined  

by using differential operator . 

 

Theorem 1. Assume  that  ( )   (   ) . Then 

 ( )    (         ) if and only if  

       ∑ .
   

   
/
 

*.
   

   
/   (   .

   

   
  

     

 /)+  (   )   (   ) (   )    

(                               )                          
(11) 
 

Where      

 (   )  
  

(   ) 
 *                                                   

 (   )   (     )            
         (12) 

 

 Proof. If    ( )    (         ) , then   

                                    

 (
  
   (  ( ))

(   )  
 (  ( ))     

   (  ( ))
*  

 (

  
(   ) 

 ∑
  

(   ) 
(
   

   
)      

    
     

  
(   ) 

 ∑
  

(   ) 
(
   

   
) ,     .

   

   
/-   

    
     

)   

                                   

,  

  
(   ) 

 ∑
  

(   ) 
(
   

   
)      

    
     

  
(   ) 

 ∑
  

(   ) 
(
   

   
) ,     .

   

   
/-   

    
     

 -    

                                  

(   )
  

(   ) 
 ∑ (

   

   
) (.

   

   
/        

     

  .
   

   
/)

  

(   ) 
   

    , 

Since        ,we have   ∑ (
   

   
) ..

   

   
/   

     

 (   (.
   

   
/   )+/ (   )   

    (  

 ) (   )      
Conversely ,assume that inequality (11) holds 

true ,since  

  ( )      if and only if  |
   

  (    )
|     

Since 

                        |

  
   (  ( ))

(   )  
 (  ( ))     

   (  ( ))
  

  
   (  ( ))

(   )  
 (  ( ))     

   (  ( ))
 (    )

|  
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(
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  .
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∑ (

   

   
) ,.

   

   
/  .
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(   ) 
   

    
     

  (   )
  

(   ) 
 ∑ (

   

   
) 0           .

   

   
/*       +1 

  

(   ) 
   

    
     

                                     

                                        . 

 

Putting             and     in Theorem 

1,we have the following corollary : 

 

 

Corollary 1 . Let the function  ( )   (   ) . Then 

 ( )   (   ) if and only if  

∑
 

 
0
 

 
  1    (   )

 
                (    

      )  . 
   Not that this result obtained by Salagean et al[1] .                                                                              

  

Corollary 2. Assume that the function  ( ) defined 

by (2) be in the class   (         ) .Then  

    ∑  (   )   
(   ) (   )

.
 

   
  /

 
(.

 

   
(    )/ (   ))

 
                                                     

(13) 

  (                              ) . 
The result is sharp for the function  ( ) given by  

          

 ( )  
   

(

 
 (   ) (   )

.
   

   
/
 
..
   

   
/  (   (.

   

   
/  )+/ (   )

)

 
 
    (    

                        ) .     (14)  

 

3-Extreme points  

Theorem 2. Let   ( )   
  and   ( )   

  

(

 
 (   ) (   )

.
   

   
/
 
..
   

   
/  (   (.

   

   
/  )+/ (   )

)

 
 
   , 

for          and      . Then  ( )  
  (         ) if and only if it is of the form 

   ( )  ∑     ( )
 
     ,where      for all 

      and  ∑      
 
    

 

Proof . Suppose that       ( )  ∑     ( )
 
     

    ( )  ∑     ( )
 
       

       ∑ (      )   〖    (((  
 ) (   )) (((   ) (   ))   (((   ) (  
 ))   (   (((   ) (   ))  

 ))) (   )))     〗 . 

 

 

Then ∑ .
   

   
/
 

..
   

   
/   (   

      

 (.
   

   
/  

 )+/ (   )  

[
 
 
 
 

(   ) (   )

.
   

   
/
 
..
   

   
/  (   (.

   

   
/  )+/ (   )

]
 
 
 
 

 

   ∑   (   ) (   )
 
       

   (    )(   ) (   ) 

 (   ) (   )  . 
Thus ,it follows from Theorem (1) that  ( )  
  (         ) . 

Conversely ,suppose that  ( )  
  (         ) ,since 

                                             

   
(   ) (   )

.
 

   
  /

 
0
 

   
(    ) (   )1 (     )

          . 

We define 

                                              

   

.
   

   
/
 
..
   

   
/  (   (.

   

   
/  )+/ (   )  

(   ) (   )
       

  (     ) . 
And       ∑   

 
        by simple 

calculation ,we get  

 ( )     ∑    
  

       
   

 ∑

(

 
 
 
 

(   ) (   )

.
   
   

/
 

..
   
   

/   (   (.
   
   

/   )+/ (   )

)

 
 
 
 

   
 

 

     

 

                                                    
  

∑    ( )
 
      .  

 Thus we get the result . 

 

4-Neighbouhoods for the function class 

  (         ) 

In this section ,we conclude the neighborhood 

properties for each of the following slightly mutated 

function in the class   (           ) .Our first 

implication relation including the  - neighbourhood  

  ( )  is given below in the following Theorem . 

Theorem 3. If   ( ) belonging to  

  (         ) ,then 

   (         )    ( ) .            (15)                                              

 Where  ( ) is defined as (8) and  

                                            

   
(   ) (   )

.
 

   
  /

 
((

 

   
(    )) (   )+
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 Proof . For  ( )   (   ) ,Theorem 

(1) ,immediately yields . 

   .
 

   
  /

 

((
 

   
(    ))  (   )+ (  

   )∑    (   ) (   )
 
      , 

  so that                        (     )∑     
 
     

(
(   ) (   )

.
 

   
  /

 
((

 

   
(    )) (   )+

, . 

Thus ,we have 

                                        ∑     
 
     

(   ) (   )

.
 

   
  /

 
((

 

   
(    )) (   )+ (     )

    . 

This complete the proof . 

 A function  ( )   (   ) is said to be in the class  

  (           ) if there exists another function 

 ( )    (           ) such that 

   |
 ( )

 ( )
  |         (          ).  

 

 Theorem 4. Let  ( )    (           )  .Suppose 

also that  

                                     

  
  

 

   
[

(   ) .
 

   
  /

 
((

 

   
(    )) (   )+

.
 

   
  /

 
((

 

   
(    )) (   )+(   )   (   ) (   )(     ) 

] 

        (16)  
Then  

                                        ( )    (           )  

 Proof . Suppose that  ( )    ( ) ,we then find 

from (6) that   

   ∑  |     |    
 
       

 Which readily implies the following coefficient 

inequality 

   ∑ |     |  
 

(   )
  

         , (          ) 

 Next ,since  ( )    (         ) ,we have  

  ∑    
(   ) (   )((     ) )

.
 

   
  /

 
((

 

   
(    )) (   )+(   ) 

 
      

 So that 

   |
 ( )

 ( )
  |  

∑ |     | 
 
     

  ∑   
 
     

 

     
 

(   )
 

(

 
  

  
(   ) (   )(     ) 

(
 
     *

 
((

 
   

(    )) (   )+(   ) 

)

 
 

 

                                                            

 

 

 

 

 

 

 

  
   (   ) .

 
     /

 

0
 

   
(    )  (   )1

.(   ) .
 

     /
 

((
 

   
(    ))  (   )+/ (   )  ((   ) (   ))(     ) 

 

             

 

Provided that     is given properly by (16) .Thus we 

have  ( )    (           )  for every   given  

by (16).This obviously completes the proof of 

Theorem (4). 

 

5- Properties involving the operator        and   
 
   

Lemma 1.[6] let the function   ( )   (   ),then  

  
 
(     ( ) )  

 (   )

 (     )
     ∑ .

(   ) (   )

(   ) (     )
/    

      
      

   (               )                         (17) 

 

 And 

      .  
 
 ( )/  

(   ) (   )

(     ) (     )
     

∑ .
(   ) (   )

(     ) (     )
/    

      
      

  (                    )                       (18) 

 

 Provided   that there are  no zeros appear in the 

denominators in (17) and (18) .This in general ,the 

operators 

      and   
 

  are non-commutative .  

 So as to give growth and distortion properties for 

functions in the class   (         ) including the 

operators      and   
 

 ,we find it to be convenient to 

use the order operation exhibited by (18) and (19) as 

we shown in the following Theorems . 

 

Theorem 5 .If  ( ) is in the class   (         ), 

then  

                  

{
 (   )

 (     )
 

(
(   ) (     )(   ) (   )

(     ) (       ).
 

   
  /

 
((

 

   
(    )) (   )+

, | | } | |    

|  
  
(     ( ) )|  

                              

 

{
 (   )

 (     )
 

(
(   ) (     )(   ) (   )

(     ) (       ).
 

   
  /

 
((

 

   
(    )) (   )+

, | | } | |    
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 (                           
                       )      
(19)                                    

 

The result is sharp for the function give  by   

    ( ( ))  

   (
(   )(   ) (   )

(     ).
 

   
  /

 
.
 

   
(    ) (   )/

+                  

(20) 
 

Proof . It follows from Theorem (1) that  
  

.
 

   
  /

 

((
 

   
(    ))  (   )+  (     )∑    

 
     

                                             

∑ [
   

   
]

 

((
   

   
*   .   ((

   

   
*   +/, (   )  

 

     

 

                                             

   (   ) (   )  . 
 

 Which readily yields  

 

∑    
 
     

 
(   ) (   )

.
 

   
  /

 
((

 

   
(    )) (   )+ (     )

           .                     

(21) 
  

Assumed that the function  defined in   by  

  ( )  .
 (     )

 (   )
/      

  
(     ( ) )            

      ∑ .
(   ) (     ) (   )

(   ) (   ) (     )
/    

    
      

    (   )     ∑  ( )   
      

       (   ) ,             

(22) 

 

if we set              ( )  
(   ) (     ) (   )

(   ) (   ) (     )
      (  

         )  .                                               (23)            

 

 Then it is easily seen that  ( )  is decreasing 

function of   when     ,and hence  

                           ( )   (   )  
(   ) (     ) (     )

(     ) (   ) (       )
       (              

 )) .    (24)  

 Where  

                    
  
(     ( ) )    

     

(
(   ) (     ) (     )(   ) (   )

(     ) (   ) (       ).
 

   
  /

 
((

 

   
(    )) (   )+ (     )

,   
                  

                                                          

 By using (21) and (24), we deduce that  

| |   (   )| |   ∑   
 
      | ( )|                                                   

                                    

| |   (   )| |   ∑   
 
              

 

 

 

That is                     
| |  

(
(   ) (     ) (     )(   ) (   )

(     ) (   ) (       ).
 

   
  /

 
((

 

   
(    )) (   )+ (     )

, | |    

| ( )|   

                                
| |  

(
(   ) (     ) (     )(   ) (   )

(     ) (   ) (       ).
 

   
  /

 
((

 

   
(    )) (   )+ (     )

, | |     

 Which yields inequality (19) 

 Theorem 6 .If   ( ) is in    (         ), then  

                         

{
 (   )

 (     )
 

(
(   ) (     )(   ) (   )

(     ) (       ).
 

   
  /

 
((

 

   
(    )) (   )+

, | | } | |    

|  
 
(     

 ( ) )| 

                                
 

{
 (   )

 (     )
 

(
(   ) (     )(   ) (   )

(     ) (       ).
 

   
  /

 
((

 

   
(    )) (   )+

, | | } | |    

 (                             
           ) .          (25)                                    

                     

The result is sharp for the function give  by (20) . 

 

Proof . It follows from Theorem (1) that  

            

∑     
 
     

 
(   )(   ) (   )

.
 

   
  /

 
((

 

   
(    )) (   )+ (     )

     (    

             )  ,      (26) 

suppose that the function defined in   as follows  

  ( )  
 (     )

 (   )
    

 
(     ( ) )   

                                      

    ∑ .
(   ) (     ) ( )

(   ) (   ) (     )
/     

    
      

                                      

    ∑  ( )    
    

               (   )    ,                                                     

(27) 
     

 if we set         ( )  
(   ) (     ) ( )

(   ) (   ) (     )
      (  

               )  .                               (28)           

 Then it is easily seen that  ( )  is decreasing 

function of   when     ,and hence  
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    ( )   (   )  
(   ) (     ) (   )

(     ) (   ) (       )
     

(                    ) .    (29)          

                      

By using (26) and (29), we deduce that  

| |   (   )| |   ∑    
 
      | ( )|                              

                 | |   (   )| |   ∑    
 
              

That is              

| |  

(
(   ) (     ) (     )(   ) (   )

(     ) (   ) (       ).
 

   
  /

 
((

 

   
(    )) (   )+

, | |    

| ( )|   

                         

| |  

(
(   ) (     ) (     )(   ) (   )

(     ) (   ) (       ).
 

   
  /

 
((

 

   
(    )) (   )+

, | |    

. 
Which yields inequality (25) . 
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 حول اصناف الدوال التحليلية المتعددة التكافوء
 المعرفة بواسطة المؤثر التفاضلي للمشتقة من الرتبة الاولى

 
 

 زينب عودة اثبينة             قاسم عبدالحميد جاسم
 قسم الرياضيات                 قسم الرياضيات                                
 كلية العلوم          كلية التربية                                              
 جامعة بغداد                   جامعة القادسية                                 

 

 المستخلص :
 

ذوال انتحهيهيت انمتعذدة نبعض انخىاص انمهمت  وجذنا حذود انمعامم , , انمقذو  .وباستخذاو انعامم انتفاضهيفي انبحث 

𝑝 𝑗)حيث 𝑇𝑗(𝑛 𝑝 𝑞 𝛼 𝜆) نجزئيا سانبه نهصنفانتكافىء نمعاملاث   𝑁  *     + 𝑞 𝑛  𝑁  𝑁  
* +   𝛼  𝑝  𝑞) انعامم انتفاضهي وانعامم  نانمتضمخاصيت اننشىء نتهك انذوال باستخذاو انتركيب  نذوال .قذمنا

  .  انمعكىس انعامم انتفاضهي وانعامم انكسري انحسابي نانمتضمانتركيب مرة ومرة اخري استخذمنا  انكسري انحسابي
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