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1-Introduction :

Let H=H(U) be the class of analytic functions in
the open unit disk U={ze€ C:|z| <1}.For n a
positive number additionally a € C. Let H[a, n] be
the subclass of H entailing of functions of the form:

f(z)y=a+a,z"+
apy zZM+ . (@aecC). (1.1)
Too, let A be the subclass of H entailing of
functions of the form:

f(2)=z+33,a z¥.
(1.2)
Let f,g € H. The function f is said to be
subordinate to g, or g is said to be subordinate to f,
if there exists a Schwarz function w analytic in U
withw(0) = 0 and |w(z)| <1 ( z € U), to such an
extent that f(z) = g(w(z)), In such a case we
compose f<gorf(z)<g(z)(zel). If g is
univalent function in U, then f < g if and only if
f(0) =g(0) and f(U) = g(U).
Let phe€ Hand Y(r,§,t,z): CCxU—- C. If p
and  Y(p(z),zp'(2),z%p" (z); z) are  univalent
functions in U and if p fulfills the second-order
differential superordination.
h(z) < Y(p(2),2p'(2),2°p" (2); 2),
(1.3)
then p is called a result of the differential
superordination (1.3).  ( If f is subordinate to g,
then g is superordinate to f) . An analytic function g
is called a subordinant of (1.3) , if q < p for very the
functions p filling (1.3).
An univalent subordinant g that fulfills q < g for all
the subordinants g of (1.3) is called the best
subordinant. Miller and Mocanu [5] have gotten
conditions on the functions h, q and g for which the
accompanying ramifications holds:

h(z) < Y(p(2),2p'(2),2°p" (2); z) -

q(2) < p(2). (1.4)

For f € A ,Al-shagsi [2]
following integral operator:
Fof(2) = (1 +0)°@s(c; 2) * f(2)

e
BEYO) Jo t (log D)t f(tz) dt, (c >

0,6 >1andz € U).(1.5)
We also note that the operator F2f(z)
characterized by (1.5) can be communicated by the
arrangement development as pursues:

Ff(2) = 2+ B, () Paizt.

(1.6)

In addition, from (1.6), it pursues that

2(FY' f(2)) = (c + DFf(2) — cFEH' f ().

1.7

Ali et al.[1] gotten adequate conditions for certain
standardized scientific capacities to satisfy

zf'(z)
f(@

defined the

q:(2) < < qx(2),
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where g,and q,are given univalent functions in U
with q,(0) = q,(0) = 1. Additionally, Tuneski [9]
acquired adequate conditions for starlikeness of f in

"' @f @)
.Recently,
(' (2)? y

Shanmugam et al.[7,8], Goyal et al .[4] also gotten
sandwich consequences for certain classes of
analytic functions.

The principle question of the present paper is to

relations of the amount

discover  adequate  conditions  for  certain
standardized systematic capacities f to fulfill:
i
0@ < LD < q,(),
and
S @)+1-t) Fif(2)
4 (@) < (FELOODFRT D2 g, o),

A

wherever ¢, and g, are known univalent functions in
U with q;(0)= g»(0)= 1.

2-Preliminaries :

With the end goal to demonstrate our subordination
and superordination result , we require the
accompanying definition and lemmas.

Definition 2.1 [5] : Denote by Q the set of all
functions f that are analytic and injective on
U\ E(f), where
E(f) = {£€dU:
(2.1)

and are such that (&) #£0 for E€0U \ E(f).

Lemma 2.1 [5] : Let g be univalent in the unit disk
U and let 6 and @be analytic in a domain D
containing q(U) with @(w) # 0 when w € q(U).

1imz—>£f(z) = OO}

Set Q@) = zq'(2)8(q(z)) and h(z) =
8(a(2)) + Q).
Suppose that

0] Q(z) is starlike univalent in U,

(ii) Re {Zg((?} >0 forz € U.
If p is analytic in U with p(0) = q(0),p(U) c
D and
8(p(@) + zp'(@0(p(2)) < 8(a(@)) +
2q'(2)0(q(z) (22

then p < q and q is the best dominant of (2.2).
Lemma 2.2 [6]: Let g be convex univalent in
function in U and let « € C, B € C /{0} with

zq" (2)

Re(1 +~os (B)).
If p is analytic in U, and

ap(z) + Bzp’(z) < aq(z) + Bzq'(2),

(2.3)
thenp <q
(2.3).

—) > max(0, -

and q is the best dominant of
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Lemma 2.3 [6]: Let g be convex univalent in U and
let B €C , further assume that Re (B) >0 . If
P € H[q(0)] n Q and p(z) + Bzp'(z) is univalent in
U, then
q(z) + Bzq'(z) < p(z) + Bzp'(2),
(2.4)
which implies that g < p
subordinant of (2.4).
Lemma 2.4 [3]: Let g be convex univalent in the
unit disk U and let 6 and @ be analytic in domain D
containing g (U) . Suppose that
. 0'(q(2))
() Re{(b(q(z))}> oforzeU,
(i) Qz) = Zq’(z)(b(q(z)) is starlike

and g is the best

univalent in U.
If
p € H[q(0), 1] n Q with p(U)
c D,6(p(2)) + zp'(2) ®p(2)
is univalent in U and

8(a(@) +29'(@)8(a(@) < 8(p(2)) +

zp' (2)@(p(2), (2.5)
theng <p and q is the best subordination of
(2.5).

3- Subordination Consequences :

Theorem 3.1 : Let q be convex univalent function
in U with q0)=1, 0%e C,x >0also,
assume that q satisfies:

zq'' (z) A
Re(1 +%7.2) > max(0, — Re ()

If f € A satisfies the subordination

(1-%(c+1D) (%)X +

F*1f () A Fef () v
wie+ D () (F52) < 9@ + Y29 @),
(3.2)

then

(FU9) <qw, @3

and q is the best dominant of (3.2).
Proof : Characterize the capacity p by

po+1 A

= (LY @9
Differentiating (3.4) with
logarithmically, we get
' (@) _ 4 (2F @) )
p(2) _}\( FaHf(2) 1) (35)
Presently , in perspective of (1.7), we get the
accompanying subordination

(3.1)

admiration to z

') _ (C< RfG) 1)
@ )
F2f (2)
<F€+1f(z) - 1)) ’
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1)+
Fof@
(FE“f(z) 1>)'
The subordination (3.2) from the speculation moves
toward becoming

vy vy
p(2) + 52p'(2) < q(2) + 5-29'(2).
An request of Lemma 2.2 with g = % and a=1,
we get (3,3)
Putting q(z) = (1—3) in Theorem 3.1 ,we get the

1
following
Corollary 3.1 : Let0 # W € C,A > 0 also

Re {1+ 2} > max{0, —Re(3)}.
If f € A satisfies the subordination

8+1 A
(1-W(c+1D) (—F° Zf(z))

A
zp’ (2) _ (F'(S;Hf(z)) (C( Ff(2) _
A z Fot1f(z)

+ ¥(c
F*f(2)\" [ FSf(2)
“)( 2 ) (Ff?“f(Z))
1—22+2%z
A-22 |

then

F* 1)\ (1+z
< z ) = <1 - Z)'
and q(z) = (g) is the best dominant.
Theorem 3.2 : Let g be convex univalent function in
U with q(0) =1,q(z) # 0(z € U) furthermore,
accept that q fulfills

A, 24"
Re (1 s e )y>0, (3.6)

where W € C/{0},A>0andz € U.
Supposing that -Wzq'(z)is starlike
function in U, if f € A fulfills:

O, 8,c,¥;z) < Aq(z) — ¥zq'(2),
(3.7

where @(A,6,c,¥;z) =

N (tF?“f(z)+(1—t>F§f(z))A B

univalent

z

YA
(tF§f<z>+(1—t)F§-1f(z) _ 1)
tF+1£(2)+(1-)FEf(2) '
then
(tF?“f(z)+(1—t)F§f(z))"‘ <q()

Z

v <tF€’“f(Z) +(1- t)FS’f(Z)>A

(3.8)

(3.9
and q(2)is the best dominant of (3.7).
Proof: Express the function p by

p(z) = (tF*é“f(z)+(1—t)1=§f(z))A

(3.10)

by setting :
O(w) =Aw and @(w) = —¥,w # 0.
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We see that 6(w) is analytic in C, @(w) is analytic
in C/{0} and soon @(w) =+ 0,w € C* .
Too, we get
Q(z) =1zq'(2)9q(2)
and

h(z) = 6q(z) + Q(2) = Aq(z) — ¥zq'(2).

It is clear that Q(z)is starlike univalent inU,
Re () _ Rept ——+ 2472y,
Q@) q'(2)

By a straightforword computatlon ,
obtainAp(z) —W¥zp'(z) = 0, 8,¢c, ¥;z), (3.11)
where @(}, 8, ¢, W; z) is given by (3.8).
From (3.7) and (3.11), we have
Ap(z)— Wzp'(z) < Mq(z) —¥zq'(2).
(3.12)

0, by Lemma 2.1, we become p(z) < q(z). By

using (3.10) , we get the result .
Putting q(z) = igz (-1 <B<A<1) in Theorem
3.2, we obtain the next corollary :

Corollary3.2 : Let-1 < B < A < 1 while

Re {1 — £}>0
(1+Bz)

where ¥ € C/{0} and z € U, if f € A contents
1+Az A-B
QSO\' 8¢, Z) =< ( A (1+Bz) - ¥z (1+Bz)2)'
and @(, 8, ¢, ¥; z) is given by (3.8),
1+ Az
1+ Bz

(tF§+1 f(@)+ (1 - OFf(2)

A

)<
Z
. 1+Az .

while q(z)- TiBa

4-Superordination Consequences :

Theorem 4.1: Let g be convex univalent function in

U with q(0)=1,A>0andRe{¥} > 0. Letf €

A satisfies

(22)" e npg), 1100

and

(1-w(c+ 1))( f(z)) +
Fef(z)

Pt r\t [ R
Ye+D ( ) (F§+1f(z))’

exist unlvalent inU.If

q(z) + —zq '@ <(1-¥(c+1D) ( f(Z)) +

= —Wzq'(2),

we

Fr@

F5+1f(z)
we+ 1) (" ) (e, @y
then
2+ \*
i@ < (L2), @
and q is the best subordinant of (4.1).
Proof: Express the function p by
b = (EL2) g
Differentiating  (4.3) with respect to z

logarithmically , we get
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zp’(z) _
p(2)

=)
(4.4)

After some computations and using (1.7)
(4.4), we obtain

5+ A
(1-¥(+1D) (@)
+¥(c

8+1
1) <Fc f@

Z

<z(F§+1f(z>)’
F&*1f(2)

, from

MR ()
. FEHif(2)
=p(2) + % 2p'(2),

and now , by using Lemma 2.3, we get the desired
result .

Putting q(z) = g in Theorem 4.1 , we acquire the

accompanying corollary :
Corollary 4.1: Let A >0 and Re {¥} > 0
A satisfies:

Fo+1 A
(*L2) en@aina
and

(1-W(c+1) (—“) +

A
Fetif(2) Fér(z2)
Wle+ 1)( ) (nglf(Z))’

be univalent in U f

1—zz+2;z <
(1-2)?
(1—‘P(c+1))( f(z)) +
Féf (@)

F+r(2)\ [ B2
Wle+ 1)< ) <F§+1f(z))’

then

Iffe

F*'f (2)

Z

(1 + z> ( )7‘
< )

1—-z

and q(z) = E is the best subordinant.

Theorem 4.2: Let g be convex univalent function in
U with q(0) = 1, also, accept that q fulfills

Re (1@ > g, (4.5)
wheren € C/{0} and z€ U.

Assume that - Wzq'(z) is starlike univalent function
inU, let f € A satisfies

5+1 —t)F8
£ f(Z)+Z(1 t)Fcf(Z)) € H[q(0),1] nQ,

and @(A, 8, ¢, W; z) is univalent function in U , where
B(A, 8,c,¥; z) is given by (3.8). If

A(z) — Yzq'(z) < 8(A, 6,¢,¥; 2), (4.6)
then
5 —oF F(\
q(2) < <th+1f(Z)+Z(1 DFSf( )) _ “.7)
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and q is the best subordinant of (4.6).
Proof: Express the function p by

S+1 _\rd A
p(z) = (th f(@)+1 t)Fcf(Z)) ,

Z

(4.8)

by setting

6(w) = Aw and Po(w)= -¥ ,w =0,

we see that 8(w) is analytic in C, @(w) is analytic
inC*andthat @(w) #0 ,we C*.Too, we get
Q(2) = zq'(2)0q(z) = —¥zq'(2).

It is clear that Q(z)is starlike univalent function in

U,
0'(q(z
Re {a((c?((z))))}

e[,

By a straightforword computation ,we obtain
O, 6,c,¥;z) = Ap(z) —Yzp'(2),
(4.9
where @(4, 8, ¢, W; z)is given by (3.8).
From (4.6) and (4.9) , we have
Aq(z) — Wzq'(z) < Ap(z) — ¥p'(2)

(4.10)

So , by Lemma 2.4, we become q(z) < p(z). By
using (4.8), we get the outcome.

5-Sandwich Consequences :

Concluding the consequences of differential
subordination and superordination we arrive at the
next "sandwich consequence".

Theorem 5.1 : Let g; be convex univalent function
in U with g(0)=1,Re {¥}>0 and let g, be
univalent in U ,q,(0)=1 and fulfills (3,1), let
f € A satisfies :

A
F*r(z)
(=L2) enpalng,
and

8+ A
(1-¥(+1D) (@)
+Y¥(c

5+ T
+1) (Fc 1f(Z)> ( E:{(Z) )
z Ferf(@)

be univalentin U . If

91(2) +§ zq',(z) < (1 -¥(c+1)) (Fg“f(Z))}‘ +

zZ
we+ 1 () () <

v,
q2(z) + 7 24 ,(z),then

F§+1 A

0@ < (L) <00,
and q;andq,are correspondingly
subordinant and the best dominant .
Theorem 5.2: Let g; be convex univalent function
in U with gq,(0)=1, and fulfills (4.5), let g, be

the best

100

Waggas .G//Sarah .A

univalent function in U g,(0)=1, satisfies (3.6), let
f € A satisfies

tFO1£(2) + (1 — OFSF(2)\

< ¢ f(2) i )J(Z)) €H[11]NQ.
And @, 8,c,¥;z) is univalent in U . Where
@, 8,¢c,¥;z)is given by (3.8) If Aq:(z) —

¥zq',(z) < 0(A, 8,¢,¥;2) < Aqx(z) — Yzq',(2)

then
5+ RS A
0(2) < (tFC 1f(z) + 21 t)FCf(Z)> <0,

In addition q,and q, are correspondingly , the best
subordinant and the best dominant .
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