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Abstract: 

            Our goal in the present paper is to recall the concept of general fuzzy normed space and 

its basic properties to define the general fuzzy bounded operator as a background to introduce 

the notion general fuzzy norm of a general fuzzy bounded linear operator. After that we proved 

any operator from a general fuzzy normed space into a general complete general fuzzy normed 

space has an extension. Also we prove that a general fuzzy bounded operator on a general 

fuzzy normed space is equivalent to a general fuzzy continuous. Finally different types of fuzzy 

approaches of operators is introduced in order to prove that the general fuzzy normed space 

GFB(V,U) is general complete when U is general complete.  
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1.Introduction."   Zadeh in 1965[1] was the first 

one who introduced the theory of fuzzy set. When 

Katsaras in 1984 [2] studying the notion of fuzzy 

topological vector spaces he was the first researcher 

who studied the notion of fuzzy norm on a linear 

vector space. A fuzzy metric space was also studied 

by Kaleva and Seikkala in 1984 [3]. The fuzzy norm 

on a vector space have been studied by Felbin in 

1992 [4] where Kaleva and Seikkala introduce this 

type of fuzzy metric. Another type of fuzzy metric 

spaces was given by Kramosil and Michalek in [5].   

    Certain type of fuzzy norm on a linear space was 

given by Cheng and Mordeson in 1994 [6] where 

Kramosil and Michalek present this type of fuzzy 

metric. A finite dimensional fuzzy normed space 

was studied by Bag and Samanta in 2003 [7]. 

Saadati and Vaezpour in 2005 [8] where studied 

complete fuzzy normed spaces and proved some 

results. Also Bag and Samanta in 2005 [9] were 

studied fuzzy bounded linear operators on a fuzzy 

normed space.  

    Again Bag and Samanta in 2006 and 2007 [10], 

[11] used the fuzzy normed spaces that introduced 

by Cheng and Mordeson to prove the fixed point 

theorems. The fuzzy topological structure that 

introduced by Cheng and Mordeson of the fuzzy 

normed  space was studied by Sadeqi and Kia in 

2009 [12]. Kider introduced a new fuzzy normed 

space in 2011 [13]. Also he proved this new fuzzy 

normed space has a completion in [14]. The 

properties of fuzzy continuous mapping which was 

defined on a fuzzy normed spaces by Cheng and 

Mordeson was studied by Nadaban in 2015 [15]. 

The concepts of fuzzy norm is developed by a large 

number of researches with different authors have 

been published for reference one may see [ 18, 19, 

20, 19,22, 23, 24, 25]. 

    In this paper first the definition of general fuzzy 

normrd space is recalled and also its basic properties 

in order to define the general fuzzy norm of a 

general fuzzy bounded linear operator from a 

general fuzzy normed space V into another general 

fuzzy normed space U. 

 

 

 

 

 

 

 

 

 

 

2.Basic Properties of General Fuzzy Norm 

Definition 2.1:[10] 

 A binary operation   : [0,1] [0,1] [0,1]  

satisfying   

(1) a b = b  a 

(2) b 1 = b 

(3) a [b  t] = [a  b] t 

(4) if b≤ a and t≤ s then b  t ≤ a  s. 

for all a ,b ,s ,t  [0,1] is called a continuous 

triangular norm [or t-norm].  

Example 2.2:[11] 

(1)Let m⊗ n=m. n for all n, m   [0,1] where m .n is 

multiplication in [0,1]. Then ⊗ is continuous t-

norm. 

(2)Let m⊗ n= m ∧ n for all n, m [0,1] then ⊗ is 

continuous t-norm. 

Remark 2.3:[24] 

(1)for all n > m there is k with n⊗ k ≥m where n, 

m, k  [0,1]. 

(2)there is q with q⊗ q ≥ n where n, q  [0,1]. 

First we need the following definition 

Definition 2.4:[26] 

Let ℝ be a vector a space of real numbers over filed 

ℝ and  ,⊗ be continuous t-norm. A fuzzy set  ℝ 

:ℝ [0, ) is called fuzzy absolute value on ℝ if it 

satisfies  

(A1) 0 ≤   ℝ(n, a) < 1 for all a>0. 

(A2)  ℝ(n, a) =1   n= 0 for all a>0. 

(A3)  ℝ(n+m, a+b) ≥  ℝ(n, a)  ℝ(m, b). 

(A4)  ℝ(nm, ab) ≥  ℝ(n, a) ⊗  ℝ(m, b). 

(A5)  ℝ(n, .):[0, ) [0,1] is continuous function 

of t. 

(A6)   m    ℝ(n, a) =1. 

For all m , n  ℝ and for all a, b  [0,1]. Then (ℝ, 

 ℝ,  ,⊗) is called a fuzzy absolute value space. 

Example 2.5:[26] 

Define  ℝ(a, t) = 
 

     
 for all a   ℝ then  ℝ is a 

fuzzy absolute value on ℝ where t   s = t   s and t 

  s = t   s for all t, s    [0, 1] where t   s is the 

ordinary multiplication of t and s. 
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Example  2.6 :[28] 

Define   : ℝ ,0 , )  [0 ,1 ] by   

  (u, a)= {
0                f   a ≤   u 
1               f   a    u   

      

then    is a fuzzy absolute value on ℝ .    is called 

the discrete fuzzy absolute value on ℝ. 

Definition 2.7:[28] 

    Let V be a vector space over the filed ℝ and  ,⊗ 

be a continuous t-norms. A fuzzy set   :V [0, ) is 

called a general fuzzy norm on V if it satisfies the 

following conditions for all u, v V and for all 

  ℝ, s, t   [0, ): 

(G1) 0≤   (u, s)<1 for all s>0. 

(G2)   (u, s)=1     u= 0 for all s>0. 

(G3)   ( u, st) ≥  ℝ( , s) ⊗   (u, t) for all   0 

 ℝ. 

(G4)   (u+ v, s +t) ≥   (u, s)     (v, t). 

(G5)   (u, .) : [0, )   [0,1] is continuous function 

of t. 

(G6)   m     (u ,t) = 1  

Then (V,   , ,⊗) is called a general fuzzy 

normed space. 

Example 2.8:[28] 

   Define   . (u,a)=
 

      
   for all u ℝ .Then 

(ℝ ,  . , ,⊗) is a general fuzzy normed space with   

s  t = s.t and  t⊗ s = t.s for all s ,t  ,0,1-. Then 

  .  is called the standard general fuzzy norm 

induced by the absolute value  .  . 

Example 2.9 :[28] 

If (V,    .   ) is normed space and     .    : V   [0, )  

,0,1- is defined by : 

   .   (u,a) = 
 

          
 then (V,   .    ,  ,⊗ ) is general 

fuzzy normed space where  s t = s ∧ t and  t⊗ s= 

t. s for all t ,s   [0,1]. Then    .    is called the 

standard general fuzzy norm induced by the 

norm    .   . 

Example 2.10 :[28] 

 Let (V,|| .||) be vector space over ℝ,  define 

  (u,t)= {
1                 ‖ ‖   

0                 ‖ ‖ ≥  
      

Where  u   v = u ⊗ v = u∧ v for all u , v  [0,1] 

and u⊗ v= u . v for all u, v  [0,1]. Then    is 

called the discrete general fuzzy norm on V. 

Proposition 2.11:[28] 

   Suppose that (V, ||.||) is a normed space define 

  (u, s)  = 
 

  ‖ ‖
 for all u   V and 0< s. Then (V, 

  , ,⊗) is general  fuzzy normed space where  a 

  b = a ⊗ b = a . b for all a, b   [0,1].  

 

 

 

Lemma 2.12:[28] 

   (u, .) is a nondecreasing function  of t in the 

general fuzzy normed space (V,   , ,⊗) for all u 

 V this means when 0< t <s  implies   (u, t) < 

  (u, s) . 

Remark 2.13:[28] 

   Assume the general fuzzy normed space 

(V,  , ,⊗). Then for any u   V, s>0 ,0<n<1 .  

1-If   (u, s)≥(1 n ) we can find 0< t< s with 

  (u ,t)> (1 n). 

2- If   (u, s)≥(1 n ) we can find 0< s< t with 

  (u ,t)> (1 n). 

Definition 2.14:[28] 

  If (V,  , ,⊗) is a general fuzzy normed space. 

Then GFB(u ,n ,s) = {  

m  V:    (u m, s)>(1 n) } is called a general 

fuzzy open ball with center u V radius n and s>0 

and GFB[ u, n ,s] = {m  V :   (u m ,s ) ≥ (1 n)} 

is called a general fuzzy closed ball with center 

u V radius n and s>0. 

Definition 2.15:[28] 

    Suppose that (V,    , ,⊗) is a general fuzzy 

normed space and M  V. Then M is called a 

general fuzzy open if for any u   M we can find 0< 

n<1, s>0 with FB( u, n, t)   M . A subset W   V is 

called a general fuzzy closed set if    is a general 

fuzzy open. 

Definition 2.16:[28] 

    Suppose that (V,  , ,⊗) is a general fuzzy 

normed space. A sequence (  ) in V is said to be 

general fuzzy approaches to u if every 0 <   < 1 

and 0< s there is N     such that   (    – u , s) > (1 

  ) for every  n≥ N. If (   )   is general fuzzy 

approaches to the fuzzy limit u we write   m     = 

u or        u. Also    m     (     u, s) = 1 if and 

only if (   ) is general fuzzy approaches to u. 

Definition 2.17:[28] 

Suppose that ( ,   , ,⊗) is a general fuzzy 

normed space. A sequence (v ) in V is called a 

general Cauchy sequence if for each 0    

1  ,   0 there exists a positive number N     such 

that    ,v  v , t-  (1  r) for a   m , n ≥  . 

Definition 2.18:[28] 

    Let (V,  , ,⊗)  be a general fuzzy normed 

space and let M  V. Then the general closure of M 

is denote by   ̅̅ ̅̅  or GCL(M) is smallest general 

fuzzy closed set contains M . 
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Definition 2.19:[28] 

    Suppose that (V,  , ,⊗)  is a general fuzzy 

normed space and let M  V. Then M   is said to be 

general fuzzy dense in V if    ̅̅ ̅̅  = V 

Lemma 2.20:[28] 

   If (V,  , ,⊗)  is a general fuzzy normed space 

and let M   V. Then m     ̅̅ ̅̅   if and only if we can 

find (m ) in M such that m  m. 

Definition 2.21:[28] 

   Suppose that (V,  , ,⊗)  is a general fuzzy 

normed space A sequence (v ) in V is called a 

general Cauchy sequence if for each 0    

1  ,   0 we can find  N     with   [v  v , t]  

(1  r) for all j, k≥N. 

Definition 2.22:[28] 

    Let (V,  , ,⊗) be a general fuzzy normed 

space. A sequence (   ) is said to be general fuzzy 

bounded if there exists 0< q <1 such that    (    , 

s) >(1 q) for all s>0 and n  . 

Definition 2.23 :[28] 

    Let (V,  ,  ,⊗)and (U,  ,  ,⊗ ) be two 

general fuzzy normed spaces the operator S: V  U 

is called general fuzzy continuous at     V for 

every s>0 and every 0 <   < 1 there exist t and there 

exists   such that for all v V with   ,v  v , s-  

(1   )  we have   , (v)   (v ), t-  (1   ) if S 

is fuzzy continuous at each point  v V  then S  is 

said to be general fuzzy continuous . 

Theorem 2.24:[28] 

    Suppose that ( ,   ,  .⊗) and  ( ,   , ,⊗) are 

general fuzzy normed spaces. Then        is a 

general fuzzy continuous at u   V if and only if 

u  u in V implies  (u )  S(u) in U. 

Definition 2.25:[28] 

    Suppose that ( ,   , ,⊗)and ( ,   , ,⊗ ) are 

general fuzzy normed spaces. Let T      then T 

is called uniformly general fuzzy continuous if 

for t  0 and for every 0    1 there is β and 

there is s  0 with   ,T(v)  T(u), t-  (1   ) 

whenever   ,v  u , s-  (1  β) for all v, u   V. 

Theorem 2.26:[28] 

   Suppose that ( ,   , ,⊗) and ( ,   , ,⊗ ) are 

two general fuzzy normed spaces. Let T   U be 

uniformly general fuzzy continuous operator. If (u ) 

is a general Cauchy sequence in V then (T(u )) is a 

general Cauchy sequence in U. 

 

 

 

 

 

 

Definition 2.27:[28] 

     Suppose that ( ,   , ,⊗) is a general fuzzy 

normed space. Then V is called a general complete 

if every general Cauchy sequence in V is general 

fuzzy approaches to a vector in V. 

3.General Fuzzy Bounded Linear Operator 

Definition 3.1 : 

Suppose that ( ,   ,  ,  )  and ( ,   ,  ,  ) are 

two general fuzzy normed spaces. The operator 

   ( )  U is called general fuzzy bounded if we 

can find  , 0    1 with 

   ( v , t) ≥ (1   )  . . . . (3.1)  

 for each v   ( ) and t  0  

Notation :  

Suppose that ( ,   ,  ,  )and ( ,   ,  ,  )are a 

general fuzzy normed spaces. Put GFB(V,U) = 

{S:V U:   ( v , t) ≥ (1   )} with 0    1 

Proposition 3.2: 

If ( ,   ,  , ) is a general fuzzy normed space. 

Then the sum of any two general fuzzy bounded 

subset of V is again general fuzzy bounded also the 

scalar multiple of any general fuzzy bounded subset 

of V by a real number is again a general fuzzy 

bounded.  

Proof : 

Suppose that A   V, B   V are general fuzzy 

bounded we will prove that A + B and  A are 

general fuzzy bounded for every   0. By our 

assumption A and B are general fuzzy bounded so 

there is p , 0    1 and q , 0    1 such that  

  (a, t) ≥ (1  p) for all a    and   0 also 

  (b, s) ≥ (1  q) for all     and   0. Now 

  

  (a  b, t  s) ≥   ( ,  )   (b, s) 

                            ≥ (1  p)  (1  q) 

Put (1  p) (1  q) ≥ (1  r) for some r, 0    

1 

Hence   (a  b, t  s) ≥ (1  r) so A + B  is 

general fuzzy bounded. Similarly   ( a, ts)  

 ℝ( , t)    (a, s)) put  ℝ( , t)=(1  ). Now 

choose 0    1 with that (1  )   (1  p) ≥ 

(1  ). Thus   ( a, ts) ≥ (1  ). Hence  A is 

general fuzzy bounded 

Lemma 3.3 : 

Suppose that ( ,   ,  , ) and ( ,   ,  , ) are two 

general fuzzy normed spaces then T  T    GFB(V, 

U) and  T   GFB(V, U) for all T , T   GFB(V, U) 

and 0       . 
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Proof : 

Let    and    be general fuzzy bounded  linear 

operator then there is 0<    < 1 and 0 <    < 1 such 

that   (  (v) ,t) ≥ (1    ) and   (  (v) ,t) ≥ (1   ) 

for any v   D(  )   (  ) and any s , t > 0 . 

 Now  

  (     )(v) ,t +s) =  (  ( )    ( )) ,t+ s) 

                            ≥   (  ( ),  )    (  ( ),  ) 

                            ≥ (1    )  (1    ) 

Choose r, 0 < r < 1 such that 

 (1    )  (1    ) ≥ (1 – r) 

Hence   [(     )(v) ,t +s] > (1 – r)  

Thus        is general fuzzy bounded operator. 

Also 

  (  ,    ) =  ℝ( , t)    (T, s))let  ℝ( , t)=(1  ) 

and   (T, s) ≥  

(1  p). Now choose 0    1 with that (1  )   

(1  p) ≥ (1  ). 

 Hence    (  ,    ) ≥ (1  ).Thus  T is general 

fuzzy bounded 

Theorem 3.4: 

     Suppose that ( ,   ,  , ) and ( ,   ,  , )  are 

two general fuzzy normed spaces. Put   G(T, t) = 

      ( )  (  ,  ) for all T   GFB(V, U), t  0. 

Then [   ( ,  ),  , , ]  is general fuzzy normed 

space. 

Proof : 

(G1)Since 0≤   (  ,  ) < 1with all v   ( ) and 

  0 so 0 ≤   (T, t) < 1 for all t>0 

(G2) For all t  0,  (T, t)  1   

 nf   ( )  (Tv, t)=1    (Tv, t)=1 

    T(v) = 0 for all v   (T)     0  

(G3) For all 0      we have 

  ( T, ts)   nf   ( )  ( T, ts)  

                 ≥  nf   ( ) ℝ( , t)   (T, s)  

                 = ℝ( , t)  nf   ( )  (T, s)  

                 = ℝ( , t)  (T, s) 

(G4)  (T  T  , t  s)= 

 nf      (  )  ((  )
((T  T )(v) , t  s)                                                            

  =  nf      (  )  ((  )
(T (v)  T (v), t  s)                                                           

≥  nf       (  )
(T v, t)  nf       (  )

(T v, s) 

     =  (T , t)   (T  , s) 

(G5) Let (t ) be a sequence in [0,  ) with t  t   

[0,  ) then  

  (Tv , t )     (Tv , t) so  (T, t )   (T, t)  that 

is  (T, ) is a continuous.  

(G6)   m    (T, t)    m    nf   (Tv, t)  

  nf   m     (Tv , t )  1 

 

 

 

Hence (   ( ,  ),  , , )  is general fuzzy normed 

space. 

Note 3.5 : 

We can rewrite 3.1 by : 

  ( v , t) ≥  ( , t)………………(3.2) 

Example 3.6 : 

Let V be that vector space of all polynomials on 

C[0,1] with 

 ‖v‖  max v(x)  , x  ,0,1-. Let  

  (v, t)   {
1       f  ‖v‖   
0      f  ‖v‖ ≥ t

  

Then by example  2.10 ( ,   ,  , ) is a general 

fuzzy normed space.  

 Let T      be defined by  

T,v(x)-  v́(x)  then T is linear. Let v (x)  x
   

indeed ‖v ‖  1  so  

  ,T(v ), t-  2
1            n   
0             t ≤ n

 

Hence there is no   , 0    1  satisfies the 

inquality    

   (T(v) , t ) ≥ (1  c). Therefore T is not general 

fuzzy bounded. 

Theorem 3.7 :    

Suppose that ( ,   ,  , ) and ( ,   ,  , ) are 

general fuzzy normed spaces with U is a general 

complete. Assume that T  (T)  U be a linear 

operator and a general fuzzy bounded. Then T has an 

extension S: (T)̅̅ ̅̅ ̅̅    with   is linear and general 

fuzzy bounded such that  (T, t)   ( , t) for all 

t  0 . 

Proof: 

Suppose that v    (T) ̅̅ ̅̅ ̅̅ ̅̅  then by Lemma 2.22 there 

is (v ) in D(T) such that  

v  v. But T is linear and general fuzzy bounded we 

have    (T(v), t) ≥ (1  r)  

for all v   (T) and   0 where r, 0    1. Now  

   , T v  T v  , t-     , T(v  v ) , t -   

≥ (1   )   

Thus (T(v )) is general Cauchy sequence in U but 

by our assumption U is general complete so that 

(T(v )) fuzzy approaches to u   U. Define S(v)=u.  

Let v  v and w  v then y  v where (y )  

(v  , w , v  , w ,   ). Hence (Ty ) fuzzy 

approaches and (Tv ) and (Tw ) the two 

subsequences of (Ty ) will has equal limit. Hence S 

is well defined for any v   (T) ̅̅ ̅̅ ̅̅ ̅̅ . S linear is clear 

also S(d)=T(d) for every d   (T) thus S is an 

extension of T. 
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Now we have    ,T v  , t- ≥   (T, t) let n     then 

Tv   (v)  u thus we obtain   , v , t - ≥

 (T, t).  ence S is general fuzzy bounded and 

 , , t- ≥  ,T, t-   but  , , t- ≤  ,T, t- by the 

definition of general fuzzy. Together we have 

 ,  , t -   , T, t -  

Theorem 3.8 :  

If ( ,   ,  , )and ( ,   ,  , ) are general fuzzy 

normed spaces and let T: (T)  U be a linear 

operator where  (T)  V. Then T is general fuzzy 

continuous if and only if T is general fuzzy bounded. 

Proof : 

Let T be general fuzzy bounded and let   , 0    

1 be given and t  0 then for every z   (T) we 

have    ,Tz , t- ≥ (1   ). Now let y   (T) then 

for any choice of 0  r 1 with   ,x  y, s- ≥

(1  r) which implies that 

   ,Tx  Ty, t-    ,T(x  y) , t- ≥ (1   ). Thus 

T is general fuzzy continuous at x. Hence T is 

general fuzzy continuous.  

For the Converse let T be a general fuzzy continuous 

at any point x   (T). Then given    , 0    1  and 

t  0  there is r, 0    1  and s  0 with   ,Tx  

Ty, t-  (1   ) for all y   (T) satisfying  

  ,y  x, s-  (1  r).  Take any   0   V and set 

y  x  z , hence for all t  0  

   (Tz , t)    ,T(y  x), t- 

                =  ,Ty  Tx, t-  (1   ). 

Thus T is general fuzzy bounded . 

Corollary 3.9 : 

Suppose that ( ,   ,  , )and ( ,   ,  , ) are two 

general fuzzy normed spaces with T  (T)  U is a 

linear operator where  (T)  V. If T is a general 

fuzzy continuous at an arbitrary vector v   (T) then 

T is general fuzzy continuous.  

Proof :-  

Assume that T is fuzzy continuous at v   (T) then 

by Theorem 3.8, T is general fuzzy bounded which 

implies that T is a general fuzzy continuous. 

Theorem 3.10:  

Suppose that ( ,   ,  , ) and ( ,   ,  , ) are two 

general fuzzy normed spaces and assume that 

T:V U is a general fuzzy bounded operator. Then  

1)v  v [where v , v   (T)]  implies 

 Tv  Tv 

2) The kernel of T N(T) is general closed . 

 

 

 

 

 

 

Proof : 

Since T is general fuzzy bounded then there is 

r, 0    1 such that  

  ,T(v), t- ≥ (1  r) for each v   (T) and t  0. 

Now  

  ,Tv  Tv , t-    ,T(v  v), t- ≥ (1  r). 

Therefore Tv  Tv.  

2)  Let v   (T) ̅̅ ̅̅ ̅̅ ̅̅   then we can find (v ) in N(T) 

with v  v.  

Hence Tv  Tv by part (1) . Also T(v)=0 since 

T(v )  0 so that v   (T). Since v   (T) ̅̅ ̅̅ ̅̅ ̅̅   was 

arbitrary so N(T) is general closed. 

Definition 3.11 :  

Suppose that ( ,   ,  , ) is a general fuzzy normed 

space and (ℝ,  ℝ,  ,⊗)  is fuzzy absolute value 

space (ℝ,  ℝ,  ,⊗). Then a linear function f:V ℝ  

is called general fuzzy bounded if there exists     

(0, 1) with  ℝ,f(v), t- ≥ (1   )  for any v   (f), 

t  0. Furthermore, the fuzzy norm of f is 

  (f, t)   nf  ℝ(f(v), t)  

and  ℝ(f(v), t) ≥ L(f, t). 

The proof of the next results follows directly from 

Theorem 3.8 

Corollary 3.12 :                                                           

Suppose that ( ,   ,  , ) is a general fuzzy normed 

space and (ℝ,  ℝ,  ,⊗)  is fuzzy absolute value 

space. Then a linear function f:V ℝ  with  (f)   

V is general fuzzy bounded if and only f is general 

fuzzy continuous. 

Definition 3.13 : 

Suppose that ( ,   ,  , ) is a general fuzzy normed 

space. Then GFB(V, ℝ) = { f:V ℝ : f is general 

fuzzy bounded linear } forms a general fuzzy normed 

space with general fuzzy norm defined by    (f, t)  

 nf  ℝ (f(v), t)  which is said to be the general fuzzy 

dual space of V.  

Definition 3.14:  

Suppose that ( ,   ,  , ) is  general fuzzy normed 

space. A sequence (v ) in V is  general fuzzy 

weakly approaches  if we can find v   V with every 

h   GFB(V,ℝ)    m
   
h(v )  h(v). This is written 

v  
  v the element v is said to be the weak limit to 

(v ) and  (v )  is said to be general  fuzzy 

approaches weakly to  v. 

 

 

 

 

 

Jehad .R/ Manar .N 



 

108 

 

Journal of AL-Qadisiyah for computer science and mathematics     Vol.11   No.1   Year  2019 

ISSN (Print): 2074 – 0204       ISSN (Online): 2521 –  3504 

 

 

 

Theorem 3.15: 

Suppose that ( ,   ,  , ) is a general fuzzy normed 

space and  (v ) is in V.   

1. If v  v then  v  
 v . 

2. v  
  v implies  v  v when dimension of V is 

finite.  

Proof: 

1.Since v  v so for given t  0,    (0, 1) there is 

N    with  

  ,v  v, t-  (1   ) for all  ≥   . Now for 

every f     ( ,  )  

 ℝ,f(v )  f(v), t-    ℝ[f(v –  v), t] ≥   ,f, t-. Put 

 ,f, t-  (1   )  

Hence  ℝ,f(v )  f(v), t-  (1   ). This shows that 

v  
 v. 

2.Suppose that v  
 v and dimV=m let 

*e , e ,  . . e + be a basis for V so v     
( )e  

    
( )e         

( )e  and  

 v                . .        . But f(v )  

f(v) for every f   GFB(V,ℝ) put f , f ,  . , f  

by f (e )  1and  f (e )  0 when    . 

Then f (v )     
( )

 and f (v)     hence f (v )  

f (v) implies   
( )     .  

Now for n ≥N 

   ,v  v, ts-     ,∑.   
( )
    / e ,   -

 

   

  

              ≥  ℝ[  
( )    , s]     0e ,

 

 
 1    

 ℝ[  
( )    , s]     0e ,

 

 
 1       

  ℝ[  
( )    , s]     0e ,

 

 
 1. 

Put  ℝ[  
( )    , s]  (1  r ) and   0e ,

 

 
 1  

(1  q ).Choose  r ,0 < r <1 with  

(1  r )  (1  q )  (1  r )  (1  q )   … 

 (1  r )  (1  q )  (1   ) 

Hence   ,v  v, t-  (1   ) for all n≥  . 

Therefore  v  v 

Definition 3.16:   

Suppose that ( ,   ,  , ) and ( ,   ,  , ) are two 

general fuzzy normed spaces. A sequence  (T )  of 

operators  T    GFB(V, U) is said to be: 

1.Uniformly operator general fuzzy approaches  if 

there is T  GFB(V, U)   

G[   T, t]  1 as n  . 

 2.Strong operator general fuzzy approaches  

if (T v)  general fuzzy approaches in U for every v   

V. 

 

 

 

3.Weakly operator general  fuzzy approaches  if 

(T v) general fuzzy approaches  weakly in U for 

every  v   V. 

Definition 3.17: 

Suppose that ( ,   ,  , ) is a general fuzzy normed 

space. A sequence (h ) with  h     ( ,ℝ) is 

called  

1)Strong general fuzzy approaches  in the general 

fuzzy norm on GFB(V, ℝ) that is  h    FB(V, ℝ)  

with  ,h  h, t-  1 for a    

t  0  this written h   h  

2)Weak general fuzzy approaches  in the  fuzzy 

absolute value on ℝ that is h   GFB(V, ℝ) 

with  h (v)  h(v) for every v   V  written by  

  m   h (v) = h(v).  

Theorem 3.18 :                                                                                    

 Suppose that ( ,   ,  , ) and  ( ,   ,  , ) are 

two general fuzzy normed spaces. Then GFB(V, U) 

is general complete when U is general complete. 

Proof : 

Let (T ) be a general Cauchy sequence in GFB(V, 

U) . Hence for every   , 0    1,  t  0  there is a 

number N with   ,T  T , t- 

≥ (1   ) for all m, n ≥N.  

 Now for v   V and m, n ≥N we have by Remark 3.5 

   ,T v  T v, t- ≥   ,(T  T )(v), t-  (1  

 )……(3.3)                                                          

Now for any fixed v and given   , 0    1 and we 

have from (3.3)  

   ,T v  T v, t-  (1    ) so that (T v) is a 

general Cauchy sequence in U but U is general 

complete hence (T v) fuzzy approaches to u   U that 

is  T v  u .  The vector u depends on v    this 

defines an operator T     defined by T(v)=u. The 

operator T is linear since  

T, x   z-    m   T , x   z-   

            =    m   T x     m   T z    

                         T(x)    T(z)                             

We will prove that T is general fuzzy bounded 

and T  T since (3.3) is satisfied for all m ≥N 

and T v  Tv we may let m    we have from  

(3.3) for every n ≥   and t  0  where for all v 

  V we obtain 

  ,(T  T)(v), t- 

                 ,T v    m   T v, t-   

               m     ,(T  T )(v), t-  

            (1   )…….(3.4)  

Thus (T  T) with n ≥N is general fuzzy 

bounded linear but T  is general fuzzy bounded  
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so T  T  (T  T) is general fuzzy bounded 

that is T   GFB(V, U)  also from (2.4) we obtain 

by taking  the infimum for all v  

 (T  T, t) ≥ (1   ). for all n ≥N and t  0 

that is T  T. 

The proof of the next result follows immediately 

from Theorem 3.18  

 Corollary 3.19 : 

Suppose that ( ,   ,  , ) is a general fuzzy normed 

space and (ℝ,  ℝ,  ,⊗)  is fuzzy absolute value 

space. Then GFB(V, ℝ) is general complete if (ℝ, 

 ℝ,  ,⊗) is general complete.  
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GFB(V, U) خواص الفضاء 
 

 منار ناجي غايب  جهاد رمضان خضر                
 فرع الرياضيات وتطبيقات الحاسوب/  قسم العلوم التطبيقية/  الجامعة التكنولوجية

 

 
 
 

 المستخلص
ستخدام مفاهٌم الفضاء القٌاسً الضبابً العام وخواصه الاساسٌة لتعرٌف التقٌد هدفنا فً هذا البحث هو ا           

الضبابً العام للمؤثرات كمقدمة لتقدٌم مفهوم القٌاس الضبابً العام  لمؤثر خطً مقٌد ضبابٌا عاما بعد ذلك برهنا ان 

ك توسٌع. كذلك برهنا المؤثر اي مؤثر من فضاء القٌاس الضباًٌ العام الى فضاء القٌاس الضبابً كامل عام ٌمتل

المقٌد ضبابٌا  العام المعرف على فضاء القٌاس الضبابً العام ٌكافًء الاستمرارٌة العامة. واخٌرانواع مختلفة من 

ٌكون كامل     GFB(V,U)التقارب الضبابً للمؤثرات تم تقدٌمها لغرض برهان ان فضاء القٌاس الضبابً العام 

  كامل عام. Uعام متى ماكان 

 
 , المؤثرات المستمرة الضبابٌة العامة, المؤثرات المقٌدة  GFB(V,U)فضاء القٌاس الضبابً العام ات المفتاحية:الكلم

 ضبابٌا العامة, فضاء القٌاس الضبابً العام.
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