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1. Introduction
Let A, denote the class of functions f* of the

form:
f(@) =27 + X5 1ap+nZ , peN=
{12,..}; zU), (1.1)

which are analytic in the open unit disk U = {z €
C:|z| < 1}
For two functions f and g are analytic in U, we say
that the function f is subordinate to g in U, written
f < g, if there exists Schwarz function w, analytic
in U with
w(0) = 0 and |w(2)| < 1in U such that f(z) =
g(w(2)),z € U If g is univalent and g(0) = £(0),
then f(u) c g(u) .

If f€A,isgivenby (1.1)and g € A, given by

g(z) =zP + Z bpin 2P*T

n=1
Then Hadamard product (or convolution) is defined
by

D@ =27+ ) Gy bpnz®™

The linear operator ]ﬁ;,’f (a,c):A, — A, defined by
Jib(a,0)f () = 85 (a,c;2) « f(2), (f €

A,z € U),

1.2)

where

A,
@M,ﬁ(a,c z) =
w (@Dn@+Dp(p+1-u+v)y
p p+n
2Pt e T Ot ioom
and

dn

(1.3)

_ { 1 n=20
T ldd+ D@ +2)..(d+n—-1) neN .
Fora € R,c ER\ z,,where z; =
{0,-1,-2,..},0<A<1,u,vERand u—v—
p <1land f € A, .Then linear operator

M“(a ©):A, — A, (see[9]) is defined by

“’“<a Of () = "”“(a c;2) * f(2), (14)
where z/)“’“(a, c; z) is the function defined in terms
of the Hadamard product by the following
condition'

b c;2) Yt (a,c;2) =

—p)-

(a>
(1.5)

z
(1-2)+P
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We can easily find from (1.3) - (1.5) that
“’a(a Of(z) =zP +

Zoo Onp+1-A4+V)n(a+p)n(@+1-p)n
=t (@n@+Dn(@+1-p+v)pn!

ApnzP*™ (1.6)

It is easily verified from (1.6) that
2,5 (a0, 0f (2)) = (@ + L5 (@, Of (2) -

al,h" (a, ©)f (2). (L.7)
Note that the linear operator “’“(a c¢) unifies
many other operators considered earlier. In
particular
1) 02”‘(a ) = Ji(a,c) (see Cho al.[5]).

2) Optx(a a) = pa+p-1
(see Goel and Sohi[6]).
3) IIP'(p+1-21) =af"
(see Srivastava and Aouf[16]).
4) 137 Ya,c) = Jp“(see Hohlov[8]).
5) 13,} “%(a,c) = Lp(a,c)
(see Saition[13]).
6) Opl(p+a1) ]aPaeza> -p
(see Liu an Noor[10]).

The main object of this idea is to find sufficient
conditions for certain normalized analytic functions

f to satisfy:

lpa+1 Ap.a
tl (ac)f(z)+t21 (a,0)f(2)
q:1(2z) < < ) < q(2),

(t1+t2)zP
and
lpa
(a,0)f (2)
v < (B2 <,
where g, (z) and g, (z) are given univalent functions
in U with g, (0)and ¢q,(0) = 1.

2- Preliminaries

In order to prove our subordinations and

superordinations results, we need the following

definition and lemmas .
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Definition 2.1. [11]: Denote by Q the set of all
functions g that are analytic and injective on
U\ E(q), where

U=Uu{ze€dU}, and

E(q) = {( € 0U:lim,_; q(z) = 00} (2.1)
and are such that q¢'(() #0 for (e€dU/
E(q) .

Further let the subclass of Q for which q(O) =a be
denoted by Q(a), Q(0) = Q, and Q(1) =
Lemma 2.1.[1]: Let q(z) be convex univalent
function in U, let « € C.8 € C\ {0} and suppose
that
Re(1+22) > max{0,~Re(2)) .
If p(z) is analytic in U and
ap(z) + Bzp'(2) < aq(z) + fzq’'(2),
then p(z) < q(z) and q is the best dominant.
Lemma 2.2. [3]: Let g be univalent in Uand let @
and Obe analytic in the domain Dcontaining q(U)
with @(w) # 0, when w € q(U).
Set Q(2) = zq’(z)(b(q(z)) and h(z) = H(q(z)) +
Q(z), suppose that

1- Q is starlike univalentin U,

2. Re (gé))) >0, z€U.

If p is analytic in U with p(0) = q(0),p(U) S

D and

B(p(2)) + zp' (2)0(p(2)) < 8(q(2)) +

2q'(2)0(q(2)),

then p < q , and q is the best dominant .
Lemma 2.3.[12]: Let q(z) be convex univalent
in the unit disk U and let 6 and @ be analytic in a
domain D containing q(U). Suppose that

_ p_9'a@)
1 Re{w(q(z))} >0forzeU,

2 —2q'(2)®(q(2)) is starlike univalent in z € U.

If pe?[q(0),1]nQ, with pU)<cD, and
8(p(2)) + zp' (2)0(p(2)) is univalent in U , and
0(q(2)) +2q'(2)8(q(2)) < 6(p(2)) +
zp'(2)8(p(2)),

then g < p, and q is the best subordinant.
Lemma 2.4.[12]:Let q(z) be convex univalent
in U and q(0) = 1. Let B € C, that Re(B) > 0. If
p(z) € H[q(0),1]nQ and  p(z) + Bzp'(2) is
univalent in U, then

q(z) + fzq'(2z) < p(z) + Bzp'(2),

which implies that q(z) < p(z) and q(z) is the best
subordinant.

22)
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3-Subordination Results

Theorem 3.1.Let q(z) be convex univalent in U
with q(0) = 1,n,6 € C\ {0}. Suppose that

zq''(2) )

Re (1 + @ ) > max {O, —Re (;)} (3.1)
If f € W is satisfies the subordination

G(z) <q(2) + gzq’(z), 3.2)
where

Apa+1 Ap.a
[ty (@) f @+t (a0)f(2)

G(2) = ( (t1+t)zP ) X

Pt—t2@) 15 (a,0)f (2)(@) +(t—tya+trp—pty)
1+7

¢ Iﬁﬁ a0 f @+ (a0 f (2)

ﬁ,]};,a+1(a Of @)+ (tra— tlp)l}‘p atz c)f(z))) , (3.3)

tllap a+1(a C)f(Z)"'tZIu,g a(a,C)f(Z)

I

then

Apa+1

WD @0 f @)+l (@) f (2)

(t1+t2)zP
and g (z) is the best dominant.
Proof: Define a function k(z) by

k(Z) _ <t11/1pa+1(a C)f(z)+t21/1pu(a c)f(Z)) ' (3.5)

(t1+t2)zP

2

) <q(2), (34)

then the function k(z) is analytic in Uand q(0) = 1,
therefore,differentiating (3.5) logarithmically with
respect to z and using the identity (1.7) in the
resulting equation,

G(z) = <tllﬁ:g'“+l(a'c)f @+t2105 (@,0)f (z)) X

(t1+t2)zP
< 147 <<prz—rzo;)zﬁ;%,"“<a.c>f<z)<z)+(tz—r1a+tzp—pt1)
LD @0 f (2)+1 D (a,0f (2)
Ly @@+ ta-tpnE C)f(Z))>
t Iﬁg a+1(a,c)f(z)+t21!'},§a(a,c)f(z)

Thus the subordination (3.2 ) is equivalent to

k(z) +32k'(2) < q(2) + 724 (2).
An application of Lemma (2.1) with B =g
a =1, we obtain (3.4).
Taking  q(z) = 1:;‘ (-1<B<A<1), in
Theorem (3.1), we obtain the following Corollary.
Corollary 3.1. Let n6€eC\{0}and (-1 <
B < A < 1).Suppose that

Re (+-22) > max {0, Re (n)}

If feW is satisfy the following subordination
condition:
1+4z n (A-B)z
G(2) < 1+Bz 6 (1+Bz2)?’
where G (z) given by (3.3), then

s
<t TP @O F @)+ 61 (a, c)f(z))

and

1+Az
1+Bz

)

(t1+t2)zP

Taking A =1 and B = —1 in Corollary (3.1), we
get following result.
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Corollary 3.2. Let 7,6 € C\ {0}and suppose
that
Re (g) > max{0, —Re (S)} .

If f € W is satisfy the following subordination
6(2) < 1+z 4 n 2z
227 5(1—-2)2"

where
G(z)given by (3.3), then

5
(t AP @O f D)+ 108 a, c)f(z)>

(t1+t3)zP 1-z
1+z .
and — |s the best dominant.
Theorem 3.2. Let g(z)be convex univalent in
unit disk U with q(0) =1,

letn,6 € C{0},y,t,,T€C,f € W,and suppose
that f and q satisfy the following conditions:

Re {%q(z) + X q*(2)+1+z ((Z)) Z(Z(—(ZZ))} >
0, (3.6)
and
Apa
a,c)f(z
v @afr@ 3.7)
zP
zq'(2)

If r(2) <t+yq(2) +1vq%(2) +s s (3.8)

where

Apa Apa
(a,0)f(2) (a,0)f(2)
T'(Z) = (T) ('(/) +ty (T) +
(a,0)f(2) 1))

AP (a,0)f(2)
) < q(2),and q(z) is best dominant .

lp a+1

t+ss(a+p) (
(3.9
then

1% (a,0)f (2)
zP

Proof : Define analytic function k(z) by

)
M%a,0)f (2)
_ [y \%
k(z) = (—Z,,

k(z) is analytic in U and

(3.10)

Then the function

g(0)=1,
differentiating (3.10) logarithmically with respect to
z , we get

2k (2) 12 4,00 f(2)
o =8+t )( P ore -1). (311

By setting 8(w) =t +yw + yw? and ¢(w) =
% ,it can be easily observed that 6(w) is analytic in
C, ¢(w) is analytic in C\ {0} and that ¢(w) #
0,w € C\ {0} .
Also , if we let
$(2) = 24 DP(a(@) = s "2,
and
h(z) = 6(q(2)) + Q(2) = t +¥q(2) +17q*(2) +
zq'(2)
a@ '’
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we find Q(z) is starlike univalent in U , we have
W () =g (@) + 207q(@)q' (@) + s T2 +

q(2)
9"@ _ q'(2)
5z q(z) SZ(q(Z)) ’
and
zh'(z)
0@
hence that

zh! (2) _ f 2Ty o
Re(Q(z))— ( q(z)+ q°(z2)+1+

9" @) q'@
X )0
By using (3.11), we obtain

K (z) 15 a0 f(2)
Pk(z) + tyk?(z) + szk(zj = ( — ) <1|J +

)
MR Of
vy <7‘”’ (;,C) D) ) et
02 (a,0f(2)
(58(0("'13) ( )\pa(ac)f(z) -1 .

By using (3.8), we have
zk'(z)
(3.8)

k(z)
5 2q'(2)
<Yq(z) +1vq*(2) +s @

and by using Lemma (2.2), we deduce that
subordination (3.8) implies that k(z) < q(z) and the
function q(z) is the best dominant .

Taking the function q(z) = =22 “(-1<B<A<

1), in Theorem (3.2) , the condltlon (3.6) becomes.

<£1+Az+2_ry(1+Az)2 14 (A-B)z
s 1+Bz s \1+Bz (1+Bz)(1+Az)

2Bz

hence, we have the following Corollary.
Corollary 3.3. Let (-1<B<A<1),508€
C\ {0},y,t,7,9 € C. Assume that (3.12) holds.

If f eW and

q'(@
q2)’

=24@ + @) +1 +zq,((z))

Yk(z) + tvk?(z) +s

LAz 1+42\2 (4-B)z

T(Z) <t+ l/) 1+Bz T (1+Bz) ts (1+Bz)(1+A4z) ’
where r(z) is deflned in (3.9), then

1% (a,0)f (2) 1+Az 1+4z .

e - ,an is best

zP 1+Bz 1+Bz

dominant .
Taking the function q(z) = (ﬂ)" (0<p<1),

in Theorem (3.2), the condition (3 6) becomes

Z P z Zp A
reft (1) + ()" + 2o G ey
{0}, (3.13)

hence ,we have the following Corollary .
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Corollary3.4. Let 0<p<1,586€eC\
{0}y, t,7,9p € C. Assume that (3.13) holds. If
f eWand

2
r(z) <t+y (1+Z)p + 1y (1—:) g +s

1
where r(z) is defined in (3.9), then

22%a0r@\°  f1emP 142\P
M,y H
(721, ) <(2), and (1) s the

best dominant.

2pz
1-z2’

4-Superordination Results

Theorem 4.1. Let gq(z) be convex
univalent Uwith q(0) = 1,6 € C\ {0}, Re{n} > 0,
if f € W ,such that

t IAP a+1(a C)f(z)+t21Apa(a C)f(z)
=0
(t1+t3)zP
and
t Ilpu+1(u C)f(z)+tzllpa(u L‘)f(z)
( (t1+tp)zP [‘I(O), 1] n
e (4.1)

If the function G(z) defined by (3.3) is univalent
and the following superordination condition:

q(2) +32q'(2) < G(2), (4.2)
holds , then
tlllp a+1(a C)f(z).'_tz]ﬁ:g'a(a,c)f(z) ® 4 3
q(z) < (t1+t5)zP “3

and q(z) is the best subordinant.
Proof: Define a function k(z) by

/1p a+1 Apa
tilyy " (a0 f(2)+Ea0,y, " (a.0)f(2)
k(z) = ( TR ) . (449

Differentiating  (4.4)
logarithmically, we get.

with  respect to z

zk(z) _
k(z)

c1<z( D aor@) )+t2( (hr“@or@) )

t1< Apa+1(a c)f(z)>+t2< l/}{;a(a c)f(Z))

é

Pt P (@) f (@) 40210 (0,0 f(2) ) 45)

(b M @or@) (1 @ar@
A simple computation and using (1.7) from (4.5),
we get

)
(tll“’ (g, c)f(z)+rzlﬁ;,’,"“(a.c)f(z))

(t1+t2)zP

1+ (pto— atz)I“’ “(a,0)f (2)+(t—at,+pta—pt1)
n P (@,0)f (@) +21 0 (0,0 (2)

ﬁ'g'a“(a Of (@) +(aty+pt Iy,

(a,0)f (2)
P @O f (@) + Iy D a(a'C)f(z)
=k(z) + %zk’(Z),

now , by using Lemma(2.4), we get the desired
result .

I lp a+2
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Takingq(z) =

—22 (-1 < B < A < 1),in Theorem (4.1),we

the following Corollary.
Corollary 4.2. LetRe{n} > 0,6 € C\ {0} and
—-1<B<A<L],

get

such that

1D (@0 f (D)4 (.0 f(2) d 270(0).11
(tl+tz)Zp E [q( )’ ]

Q.

If the function G(z) given by (3.3) is univalent in U
and f € W satisfies the following superordination
condition:

1+4z n (A-B)Z

—= < G(2),
182 s+ @
then
s
144z (6D M @O f @+ @,0f (2)
1+Bz (t1+t5)zP !

and the function 1:—1’; is the best subordinant .

Theorem 4.2. Let q(z) be convex univalent in unit
disk U, Let 6,seC\{0}Ly t,,t€Cq(z)+
0,and f € W. Suppose that

Re {12 (21yq(2) + )} q'(2) > 0,

and satisfies the next conditions

124,01 (2)
<Z—p> € H[q(0),1] nQ,

and

Apa
(a,0)f(2) 40,
zP

If the function r(z) is given by (3.9) is univalent in
Ul

t+q(z) +vq?(z) + s—=—
implies

(4.6)

zq'(2)

) <r(z)

(4.7

Ap.a o 5
q(z)<<1”‘"(:¢> ,and q(z) is the best
subordinant.
Proof: Let the function k(z) defined on U by
(3.14).

Then a computation show that

Apa+1
zk'(2) (a,0)f(2)
— = = 1 4,
k(z) 6( + ) < ﬁf,’“(a of(z) )’ ( 8)

by setting O(w) =t + Yw + Tyw? and d(w) =
|t can be easily observed thatf(w)is analytic

|n C,p(w)is analytic in C\ {0} and that @(w) #
0 (Wec\{o}.

Also , we get Q(z) = Zq’(Z)Q)(q(z)) = SZZ;S)' it

observed that Q(z) is starlike univalent in U .
Since q(z) is convex, it follows that
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Re (190 = Re(™® (2079()) + ¥}4(2) > 0.

By making use of (4.8) the hypothesis (4.7) can be
equivalently written as

6(4(2) +24'Dp(a(2))

2 DP(k())
thus , by applying Lemma (2.3), the proof is
completed.

—0 (k(z) +

5.Sandwich Results
Combining Theorem (3.1) with Theorem (4.1),
we obtain the following sandwich Theorem.

Theorem 5.1. Let g, and g, be convex univalent
in U with g¢;(0) = ¢,(0) =1 and g, satisfies (3.1).
Suppose that Re{n} > 0,n,6 € C\ {0}.

If f € W,such that

(tlzﬁ:i"““(a AF @ +aIAR ", C)f(2)>

(t1+t2)zP

H[q(0),1] nQ,
and the function G (z) defined by (3.3) is univalent
and satisfies

0@ +22¢)(2) < 6(2) < 1:(2) + L 205(2),

(5.1)
then
Apa+ Apa
tlyy (a0 f(@)+ta0y," (a,0)f(2)
q:(z) < ( trt)z? )
qZ (Z)!

where g, and g, are respectively , the subordinant
and the best dominant of (5.1).

Combining Theorem (3.2) with Theorem (4.2), we
obtain the following sandwich Theorem.

Theorem 5.2. Let g; be two convex univalent
functions in U , such that q;(0) =1, ¢;(0)#0
(i=1,2).Suppose that g, and g,satisfies (3.8) and
(4.8), respectively.

If f €W and suppose that f satisfies the next
conditions:

lp a
(a,0)f(2)
(T) € H[Q(0),1] nQ,
and
1% (a,00f (2)
zP

0 ’

and r(z) is univalent in U , then

E+Pas(2) + Tygh(n) + 5 B2
qu(z)
u@’

<t+vyq(2)+

tvqi(2) +s— =
implies

Waggas .G//Salwa .K

/1p0c
0.(2) < (M> <3@,

VAL

and g,and g,are the best subordinant and the best
dominant respectively and r(z) is given by (3.9).
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