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1-Introduction
Remark 2.3 [16] Every closed ( resp., open) set is

The concept of Lindelof space was introduced in w-closed ( resp., - open ) set, but the convers is
1929 py Alexandroof and Urysohn, since there is not true.
no relation between Lindelof space and closed sets,
so this point stimulated some researchers to Example 2.4 Let (R Tina ) be indiscrete space on a
introduce a new concept namely LC-space. real line R, the set of all irrational

numbers @ which is subset of RR , Q% js W-

open set but not open. Also the rational numbers @
is #"-closed but not closed.

The notion of LC-space was first introduced in
1979 by Mukherji and Sarkar [15], that is "Every
Lindelof subsets are closed", some authors name it
I(j_;]fflosed ?pacel_['7]d [Ili] and [18(]1- T;C-space Definition 2.5 [6] A subset V' of a space X is said

Ifferent from Lindelof space and there is no to be clopen set if it is open and closed in X
relation between Lindelof and LC-space.
Definition 2.6 [10] Let (X, T ) be a topological

Near cl h n important role in
ear closed sets has a portant  role space and <A be a subset of X, then

topological spaces as a generalized of closed sets.
Hdeib in 1982 [10] introduce the concept of -
closed set that is " A subset ¥ is called #*-closed ,
if M contains all its condensation points.The
family of all W-open subset of a space X denoted 2

by T forms a topology on X which is finer than T,

several characterization and facts of W-closed

subset where provided in [3], [1]and [11]. Proposition 2.7 [9] If (x;T) be a topological

. . _ space. 1 B subsets of X, then
We introduce in this work a new concept which

is L(«C)_space that is every Lindelof set in X is 1
w-closed, and L(#C)-space is a generalized of is an « -open subset of X,
LC_space also we provided weak forms of L(«C)-

L. i =1,2,3,4 2.
space  namely  ®“i-space, &% and . w . .
introduce the relationships between themselves also ; anI ;OFES:;)SH it and only if

= Int,,,
with L(#C)-space and then define wL(«wC). W
space which is weaker form of L(#0C)-space, 3
several properties and theorem which link between '
those concepts. Finally, we give several facts and A and Int(ﬂ)g Inty(A),
examples to support this concepts.
4,

2-Preliminaries is an #-closed set.
Definition 2.1 [10] Let V" be a subset of a space X, 5.
a point € €X is called condensation point of IV, if is an #-closed set if and only
for any openset Vand € €V theset V. NN is if A = Cly (A,
uncountable, if V" contains all its condensation
points then it is #-closed. 6.

ClLy(A) gng Cle (A) < CI(A).
Definition 2.2 [11] A subset U of a space X is said
to be #*-open set iff for each X€ U thereis V in T,
x€VandV —U is countable.
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Definition 2.8 [16] A subset <A of a space X is said

to be an W-set if A=U NV where
Int(V) = Intyw (V) and U is open set.

Remark 2.9 [16] Let V" be a subset of a space X,
then V is open if and only if V" is #-open and -
set.

Example 2.10 Let (R Tu ) be a usual space on a
real line R, the set of all irrational numbers Qs
’-gpen set (since for each X € Q° there is open set
U subset of R containing * such that ¥ — Q° s
countable such as V2 € Q¢ and (0,2) SR and

V2 £(0,2) and (0,2) — Q° = Q js countable), but
Q° is not W-get since @ =R N Q° where Ris
open set but Int(@%) =0 # Q° = Int,.(Q°),
since @° is «-open set, hence @° is not open set.

Proposition 2.11 [20] If V" is an #-closed (resp.,
-open) subset of X and 1< X then AN N js an
w-closed (resp., #-open) subset of <A,

Proposition 2.12 [20] Let P be an ' -closed (resp.,
w-open) of aspace X. If NV is «-closed (resp.,
w-open) set in P, then V' is #-closed (resp., ¥ -
open) set in X. Remark 2.13 [20] If X is a space
and § is a subspace of X such that BSG and B is
w-closed (resp., #-open) subset in X. Then B is
w-closed (resp., # -open) setin §.

Definition 2.14 [3] A space X is called anti-locally
countable space if each open set is an uncountable
set.

Proposition 2.15[16] If a space X is anti-locally
countable space then:

1.
(5), for any #-closed set S in X

2.
V), for any «-open set V' in X.

Definition 2.16 [19] A space X is said to be “Ti-
space if forany »b € X, @ # b, there exists «-
open sets V, M with @« € V' b & Nand

beM a¢&M

22

Proposition 2.17 [19] A space X is #T1-space iff
any singleton set is #*-closed.

Definition 2.18 [19] A space X is said to be «#*-T2-
space if for any two points X, Y of X', with X ¥

there exist « -open sets U,V andx EU, ¥ €V,
suchthat UNV =9,

Remark 2.19 [19] Every T2-space is ®-T2-space.

The next example refers to the invers direction of
Remark 2.17 not hold:

Example 2.20 If X is a finite set contain more than
one point and T be a discrete topology defined on
X, then X is w-T2-space but not T2-space.

Proposition 2.21 [13] Let X be an anti-locally
countable space then X is an «-T2-space iff X is
T>-space.

Definition 2.22 [6] Let U be a collection of a
subset of a space X, U is called open cover of X, if
U is cover X and U is a subfamily of a topology T.

Definition 2.23 [6] A space X is said to be Lindelof

space if for any open cover of X, there is a
countable sub cover.

Example 2.24 A countable topological space is a
Lindelof space.

Proposition 2.25 [10] In a Lindelof space every
closed subset is Lindelof subset.

Proposition 2.26 [17] If <4 is Lindelof in X and B
is #*-closed in X then <4 N B js Lindelof in X

Definitiod2t23 ) 4] Ispace X is #-Lindelof
space, if for each #*-open cover of X has a
countable sub cover.

CIN) = Cl,
Remark 2.28 Any #"-Lindelof space is Lindelof
space.

Proposition 2.29 [10] In Lindelof space, every # -
closed set is Lindelof set.
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Definition 2.30 [7, 15] A space X is said to be LC-
space if any Lindelof set in X is closed.

Example 2.31 A discrete space on a non-empty set
X, (X, Tp) js LC-space.

Example 2.32 Let (R’ TCO}’) be a co-finite topology
on areal line &, the set of rational numbers @ is

Lindelof, not closed, so (* Tcor) is not LC-space.

Proposition 2.33 [2] Let f: (X, T) — (Y,T ) pe a
bijective open function, if X is LC-space then Y is
LCspace.

Definition 2.34 [8] A space X is said to be
Locally LC-space if any point has a neighborhood
which is an LC-subspace.

Remark 2.35 [8] Any LC-space is Locally LC-
space

3- L(wC€)-space and “ Li-spaces , i=1, 2, 3, 4.

In this section, we define L(#C)-space and state
four weaker forms of L(«C )-space also we study
their relationship with LC-space.

Definition 3.1 A space X is called L(#C) space if
for each Lindelof set in X is #*-closed.

Example 3.2 The integer numbers < defined on a
topology T as follows: Texe={UC Z X0 &€ U, for
some X0 €23} U {Z} pe excluded point topology
onZ, letXo = 6,50 & — {6} Z is countable, so it
is Lindelof and «-closed hence (%> Texc) is
L(wC)_space.

Remark 3.3 Every LC-space is L(#C)-space.

The following example show that the convers of
Remark 3.3 is not hold.

Example 3.4 Let (Rr Te or) be a co-finite topology
onareal lineR , (R Tcory js L(wC)-space but not
LC_space.

Proposition 3.5 Every subspace of L(#C)_space is
L(wC)_space.
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Proof: Suppose a space X is L(#C) and § be
subspace of X, a subset M is a Lindelof in 9, so
M s Lindelof in X and then M is #-closed in X,
from Proposition 2.13, we get M is #-closed in G,

hence § is L(#C)-space
Proposition 3.6 Every L(«#€)-space is #T1-space.

Proof: Let € €X | then {€} is Lindelof subset in X,
but X is L(#C)-space, so {¢}is « -closed from
Proposition 2.17 , X is #T1-space.

Definition 3.7 A subset F of a space X is said to be

Fe-w _closed set if F is the union of countable -
closed sets.

Definition 3.8 A subset G of a space X is said to be
Ga-1-open set, if G is the intersection of
countably #-open sets.

Remark 3.9

1.
very #-closed sets is Fe--closed set.

very #-open sets is ©a-# -open set.

Example 3.10 Let (R’ TCof) be a co-finite topology
on a real line R, a natural numbers V" of R is not
w-closed but it is Fe-w-closed set. And R — M is
not #*-open set but it is ©a-# -open set.

Definition 3.11 [8] A topological space (X, T) is
said to be P”-space if any ©a- « -open subset of X

is “’-open set.

Definition 3.12 A space X is said to be:

1.
-space if any Lindelof Fe-w-closed set is
w-closed set.
2.
WL, space if V is Lindelof in X,
then. Cle (M) is Lindelof.
3.

’“‘"La-space if for each Lindelof subset V'
is Fe-w-closed set.

Vol.11 No.2 Year 2019
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wL space if M is a Lindelof in a space
X then there is a Lindelof Fe-« —closed
set M and N SHMC Cl, ().

Example 3.13 The usual topology define on the set
of real number R, (R, Tu) is an “ L2-space but
neither % La-space nor L(wC)-space, if L is a
Lindelof set in R, since R is second countable
space, then Cly (L) is second countable subspace,
then Cle (L) is a Lindelof, so R is an “ L2 -space
but not an ’”‘"La-space, since @ is a Lindelof but
not Fe-#-closed (since if @ is Fe-#-closed
then Q is Sa-2-gpen set that is @ = Niz1 G:
where Gi is an #-open set in R, so @ <G for each
i, but the only % -open set containing @ is R, that is
G: = R for each i and @ = NiZ1 Gi = Rwhich is
contradiction, also R is not L(#C)-space (since
Q° is a Lindelof but not #*-closed).

Proposition 3.14 Every L(#€)_space is @ L, (

sz, wLS,w

resp., L, )-space.

Proof: Let F be a lindelof Fe-« -closed subset of a
space X, since X is an L(#C) space, so F is w-
closed set, hence X is “ L1 .Now, let A be a

lindelof in X but X is L{wC)-space, so A is w-
closed and by Proposition 2.7 part

(), Clur (4) =4 nence Clwr(4A) is Lindelof and
then X is “L2. Let B be a lindelof set of X, since
X is L(wC)-space, then B is w-closed, so B is
Fe-wclosed set by Remark 3.7 part (1), we get X
is L3 LetD be alindelod in X, also X is
L(wC)_space, then D is #-closed, from Remark
3.9 part (1), D is Fe-t-closed set, put P = L, then
DL Cly, (D), 50 X is an “La-space.

Proposition 3.15 If a space X is ¥4 and #Ls-
spaces then it is L(#*C)-space.

Proof: Let X be a Lindelof of X, since X is #Ls-

space, so X is Fe-w—closed, also X is an % T1-

24

space, hence X is #-closed that is X is L(wC)-
space.

Proposition 3.16 If a space X is ¥4 and #“Ly-

spaces then it is “"Lz-space.

Proof: Let X be an “ L4-space, Mbe a Lindelof in
X, so there exists a Lindelof Fe-w-closed § with

N c8cCly (V) since X is “Li-space, we
get S isw-closed set and § = Clw () py
Proposition 2.7 part (5), but M <8 then Cle (W) C
Cly(8)=8 50 Clyy(W)=S and since S is
Lindelof then Clw- (V) is Lindelof, therefore X

is WL, _space.

L

Proposition 3.17 Every “ L2-space is “Ls-space,

L

also any “ L3-space is “La-space.

Proof: Let & be a Lindelof in a space X, since X is

wL, 50 Clu(G) s Lindelof and #-closed set
then Clw(G) js Fe-wclosed and G < Cly (G)

C Cly (G), take F = Cly (G), then

G CFc Cly(G) that is X is “Ly-space. To prove
the second part let J be a Lindelof set of a space

X and X is “La-space, so J is Fe-#-closed
subset in X, take I =N and IS I Cl (D),

hence ISV < €L (J), hence X is “Ly-space.

Proposition 3.18 Every P"-space is an % L1-space.

Proof: Let G be a Lindelof Fe-#-closed set of X,
but X is P"-space and G is ©a-t"-open set of X,

s0 G is #-closed, therefore X is “L1-space.

Definition 3.19 A subset M of a space X is said to
be «-dense if Cle (M) =X
Proposition 3.20 Each Lindelof space is an wkL,.

space, also each #"-dense Lindelof subset of wl,.
space is Lindelof.

Proof: Let P be a Lindelof set in X, €l (P) js w-
closed in X from Proposition 2.29, Cly(P) s
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Lindelof, then X is an “L2-space. Now, let F
be «-dense Lindelof in X, hence Clew (F) = X
and X is an L3 -gpace , so Clw (F) is Lindelof,
that is X Lindelof.

Theorem 3.21 The property “”Ls—space is
hereditary property.

Proof: Let <4 be a subspace of “3-space X and
Lis a Lindelof subset of <A, then § is Lindelof
subset of X, by hypothesis ¢ is Fe-#closed , so

there is {Malner a family of «-closed in X and
8§ = Uner My | take Mn=M, NA 50 My jg -
closed sets in <A , for each 7, also

S=8NA= ( UﬂEfMﬂ) NeA = UﬂEf(Mﬂ
NA) = UnerFu | s0 S is Fe-w-closed in A,

hence <A is an “ La-space.

Theorem 3.22 Each Fe-t—closed subset of “"Ll(

resp., “La, wLy)-space is “La(resp., @2,

wL,) space.

Proof: Let X be “L1-space, «A be Fe-w-closed
setin X, to show A is an “L1-gpace, let J be a
Lindelof Fe-w-closed set in <4 that is there exist a
collection {51 3ies of @ _closed sets in A with
J=VUiesSi Jet 87 =Si NA \whenever St is an
w-closed in X for all i, so

J=Uie (AN 8)=AN(UpesS;)=

(Ujer V) N (Uses S0) ,where Vi is an @ -closed
subset of X, since <A is an Fe-w-closed, so

J =Uuize; ($:NV)) | s a Lindelof Fe-#-closed
closed in A therefore <A is “L1-space .To show
that the property WLz-space is hereditary on -Fe-
w-closed, let X be a Lindelof in <4, hence X is

Lindelof in X, also X is “La-space, so Cluw ()
Lindelof ,

C’Lw' inA ("}C)Z

Cly inx (KN A = Cly inx(F) 0 (Uier F)
where Fi is an #-closed in <4 which is Fe-w-
closed, Clus ina (3= Uiei(Cly in x (3 N F) s
Lindelof ( since a countable union of Lindelof
subset is Lindelof ), then Clw .4 (K is Lindelof,

25

soAisan

A

Lz-space. To show that the property
L4-SpaCE is hereditary on Fe-2-closed, let <A
be Fe-w-closed in “La-space X, to show A

is “L4-space, let L be a Lindelof subset in <4 and
hence it is Lindelof in X, so there is a Lindelof Fe-
w closed F in X with L FE Clr ml'(L), put

H =F N A and A = Uier Ci, where Ci is w-
closed in <A | to show ¥ is a Lindelof Fe-t-
closed in <A since

H=Fn A=FNUC) = Uies(FNC) and
(F N €;) is w-closed in F which is Lindelof , then
for all i, F N €1) is Lindelof and so

H = Uier(F N C1) s Lindelof ( since a countable

union of Lindelof subset is Lindelof), to show H is
Fe-w-closed F in<A, let T = Ujer N where
is an @ -closed in X, so

H=FNA=Ujes M) N (U;e; C;) =

Uijesl(N; N C;) = UperSa

where on =N NCCCCA jsur_closed in A,
so H = UnerSn is Fe-w-closed in <A, therefore
LeHCCleina (L) s0 A4 is “La-gpace.

Proposition 3.23 Let (X, T) be an W-Hausdorff
space, a space X is an ¥ and “L-spaces iff X
is an is L («¢C) space.

Proof: Let ¥ be a Lindelof in X, let * € ¥ so for
any ¥ € X there exists an #-open sets ¥
containing y, with * € Cluw (V). now O : yE K}
is cover of K and X is Lindelof, so there exists a
countable set C€ ¥ such that
Kcu{v,:yeclcu{Cl, (V) :y€ €} for

each¥ € C, K N CLe(Vy) js | indelof by
4 CLo (K N CL (V) ) 55

Lindelof since X is an *T2-space, also if
N =U{Cl,(Kn Clw(‘l?y)) 1y € C}’ then M is

Lindelof Fe-#closed and since X is “L1-space,
so M isan #-closed and X € V| thus

x € Cly, (%), this show that K is «-closed subset
of X.

Proposition 2.23 an

4-Locally L (rC)_space
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In this part we define Locally L(«€)-space, and
some theorems, properties about Locally L («€)-
space which is generalized of L(#*C) space.

Definition 4.1 A space X is said to be Locally
L(wC)_space if each point has a neighborhood
which is an L(#C)_subspace.

Clearly any Locally LC-space is Locally L (#C)-
space.The following example refers the invers
direction is not hold.

Example 4.2 Let (Z, Texc) be an Excluded point

topology on the integer numbers <, where
Texe = {US X, x0 € U, for some X0 € X3 U {X},

Let Xo = 6, since for each ¥ € %, since M} is
finite, so {} is countable and then it is Lindelof in

X also it is #-closed with ¥ # €. So (%, Texc) is
Locally L («¢C)-space, but {3} is not closed, hence
this space is not Locally LC-space.

Definition 4.3 A space X is called wL(w?C)-
space if for each «-Lindelof set in X is#-closed.

Definition 4.4 A space X is said to be
Locally #L(#rC)_space if each point has a
neighborhood which is an @ L (@ C)-subspace.

Remark 4.5 Each wL(«C)_space is
Locally #L(«C)_space.

Theorem 4.6 A space X is L(#C)_space iff every
point in it has clopen set containing X which is
L(wC)_space.

Proof: Let X be L (#C)_space, so for any X € X
X it self is clopen that is L (#C)-space.Converse
direction, let D be a Lindelof in X and X € D,
Choose a clopen Wk containing * such that W« is
L (wC)-subspace, if D N Wx = 9, 50 it is Lindelof
also if D N Wi # @ it is Lindelof in the
subspace Wx by Proposition 2.26, therefore

D NW, js w-closed in W also #-closed in X,
hence Wx — (D N Wy) = W, —D s «-gpen in

26
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X, 50D is w-open in X, hence X js L(w?C).-
space.

Corollary 4.7 A space X is L(#C)-space iff every
point in it has “-clopen set containing X which is
L(wC)space.

Proof: From Theorem 4.6, and Remark 2.3, we get
the first direction. To prove the second direction,

from Theorem 4.6 and Proposition 2.26, a space X
is L(«C)-space.

Corollary 4.8 A discrete Locally L(#C) _space is
L(wC) _gpace.

Theorem 4.9 Any Locally L(#C)_space is #T1-
space.

Proof: Suppose X is not #T1-space, that is there is
7, m € X' with every #-open set contain 7% also
contain 7%, let U be an « -open neighborhood of

m such that (W, Tu) js L (wC)-space, since X is
Locally L(«€)_space, so (U, Tw) js wT1-space,
by Proposition 3.6, also from Proposition 2.17, {72}
is w-closed in U, then U — {1} js w-open in U
and U is #-open in X, U — {n} js w-openin X,
by Proposition 2.12, but 7* € U — {n} and

n € U — {n} this is contradiction, hence X is
wTi-space.

Proposition 4.10 Let f: (¢, T) — (U, T I pea
bijective open function, if X is Locally LC-space
then ¥ is Locally L(#C)-space.

Proof: Let X be a is Locally LC-space, so for any
m € X there exists a neighborhood M of 7 such

that M is LC-subspace, but M is a neighborhood,
then there is open set H such that 72 € HSM g0
n=f(m) € f(H)SFM)CY  therefore U is
Locally L(«€)_space since for any #* € U, there is
an open neighborhood (M), (since f is open), M
is LC-space and by hereditary property of LC-
space, we have # is LC-space, then f () js LC-
subspace of Y from Proposition 2.33, then / () is
L(«C)_subspace by Remark 3.3, hence Y is
Locally L(#C)_space.

Vol.11 No.2 Year 2019
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Proposition 4.11 Let f: (X0, T) — (Y,T ) pea
bijectiv «-open function. If H is « -Lindelof
subset of U, then f (1) is Lindelof subset of X-

Proof: Let M is #-Lindelof subset of U, let
{Wa}aen be an open cover of f 7 (F) in X that is
f_l('?{)_cuaeﬂwa ,S0

H=fF NS fUaes Wa) = Uaeﬂf(wa),
since [ is surjective, but f is #*-open, so f (We) is
w-open for each @ € A and H is«#-Lindelof
subset of U, hence HE Ugea F(We) A js g

countable subset of 4,

also

A M (Ugea fWR) =
Uaeﬂ' f_lf(wa)) = Uaeﬂ' W,
 therefore £~ (1) s Lindelof in X.

Theorem 4.12 Let f: (20, T) — (Y,T I pea
bijectiv #-open function. If X is LC-space then ¥
is wL(wC)-space.

Proof: Let F be «-Lindelof subset of U, then
f7H(F) is Lindelof set in X by Proposition 4.11 ,
but X is LC-space, so is (f ) is open set in
X also f is w-open function, hence
FUG2E)) = FOX~ fHF)

= f(X) _f(f_l('rp)) =Y—-F=F° is«”-open
inY, soF is w-closed in Y, therefore U is
wL(wC)-space.

Corollary 4.13 Let f: (X, T) — (U, T D pea
bijectiv #*-open function. If X is LC-space then ¥
is Locally #wL(#C)_space.

Proof: By Theorem 4.12 and Remark 4.5, we get Y
is Locally #L(#C)_space.

Theorem 4.14 Every subspace of Locally L(#C)-
space is Locally L(#C)-space.

Proof: Let H be a subspace of a space X, and

¢ €P so ¢ has L(wC) 3 neighborhood in X,
hence there is open set U in X such that ¢ € U and
U js L(wC)-subspace in X, let V. = N U then
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VU 50V is L(wC)-subspace from Proposition
3.5,since ¢ € Uand ¢ € H then¢ € H NU hence

c€EV=DNU so(H,Ts)is Locally L(wC)-
subspace of X
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gl dieal) joual) g L(WC) g Liad

Tall e 4gal PP IRTENTYN Taaa el Ly
S drala A patiuall dnalall 3y daala
A6 el sl oy 4 sl 4 i) 0 2 el shall B 4
cilyialy ) anid il ) acd cilaialy ) and
oaldiuald)

L) bt dapei jom oS 5 - WL(w0C) i 5 L(w0C) cliad ga 5 - DO Liadl dan apent Lok Canll o &
55 SRS sl Adal) L3y g 501 Gl oy e Uik ells ) &Yl (= 1,2,3,4), o) cum WLy L
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