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Introduction
This paper consists of two sections . In section
one , we recall some known definitions and
necessary lemmas that we will use it later in
this paper . In section two , we begin by
introducing definition of perpendicular
generalized 3-derivations in I'-near-rings.
Furthermore , several conditions are given to
make the two generalized 3-derivations
perpendicular .
1. Basic Concept
Definition 1.1:[2]
A right near-ring ( resp. a left near-ring ) is a
nonempty set N equipped with two binary
operations + and . such that
())(N, +) is agroup (not necessarily abelian )
(if) (N, .) is a semigroup
(iii) Forx,y, z N, we have
(X+y)z=xz+yz(resp.z(x+y)=zx+2zy )
Example 1.2 :[2]
Let G be a group ( not necessarily abelian)
then all mapping of G into itself form a right
near-ring M(G) with regard to point wise
addition and multiplication by composite .
Definition 1.3:[2]
Let Mand I' be additive abelian groups . If
there exists a mapping MxIT'xM - M:
(@a,a,b)—>aab which satisfies the
conditions : forevery a,b,ceM,a,B €T
((a+b)ac=aac+bac
a(e+pB)b=aab+apb
aa(b+c)=zaab+aac
(ij(aab)Bc=aa (bpc)
Then M is called a T-ring .
Example 1.4 :[2]
Let R bearing, the additive abelian groups
M = Mys(R)and T'= Maz,»(R ) denotes the
sets of all 2x3 matrices over R and 3x2 matrices
over R respectively . Then M is I'-ring .
Definition 1.5:[5]
A T-near-ring is a triple (N, +, ") where
()(N, +)is agroup ( not necessarily abelian )
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(i) T is a non-empty set of binary operations on
N such that foreach @« €T, (N, +, a ) is a left
near-ring .

(iii)xa(y Bz) = (x ay) Bzforallx,y,ze N, a,
BET.

Definition 1.6:[5]

Let W be a I'-near-ring , the set Wy ={ xe W:
Oax=0,a €T }is said to be zero-symmetric
part of W . A I'-near-ring W is called zero-
symmetric if W =Wj.

Definition 1.7:[5]

A T'-near-ring W is said to be a prime I'-
near-ring when W satisfy the following for a,
bew,all WI'b={0} impliess a=00rb=0
Definition 1.8:[5]

A T-near-ring W is said to be a semiprime

when W satisfy the following forae W,

all’ WI'a= {0} implies a=0 .

Definition 1.9:[5]

A T-near-ring W is said to be 2-torsion free if

forall xe W,2x=0 implies x=0.
Definition 1.10:[3]

Let W be aI'-near-ring . An additive map T :

W — W is said to be a derivation if T(a ab)
=T(@) ab+aaT(b) forevery a,beW , a €.
Definition 1.11:[3]

Let W be a I'-near-ring and D : W — W be an

additive map . If there exists a derivation d : W
— W such that D (x ay) = D(X) ay + X a d(y)
holds forall x,y e W, a €T, then D is called

a generalized derivation.

Definition 1.12:[1]

Suppose that W is a near-ring . An 3-additive
mapping d W xW xW - W s called 3-

derivation if the relations :

d(sss1, S, S3) =d(51, S, S3 )51’ +81.A(S1, 2, 53)

d(s, $287 1 S3) =0(s1, S7, S3)57 + 52 (s1, 8, S3)

d(s1, Sz, S383' ) = d(S1, S7, S3)83’ +S3d(s1, 2, 85')
hold forall s; s,,s,,5s,,55 S5 EW.
Example 1.13 :[1]

Let S be a commutative near-ring .

Let us define
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WZ{(S g):r,u,O ES}.

And d: WxWx W-> W
T u T- u T- u

O'((o1 01) (02 02) (03 03)) -
(0 n r2r3)

0 0
Then d is 3-derivation of W .
Definition 1.14:[1]
Suppose that W is a near-ring and d be 3-
derivation of W . An 3-additive mapping f:
WxWxW—- W is said to be generalized 3-
derivation of W associated with d if the
relations
f(s151, S0, 83) = (51, 52, S3)87’ + 514, 5, S3)
f(s1, s587 S3) = f(s1, 82, 83 )52/ + 5, d(sy, s/, S3)
f(S1, S2, 5985 ) = (51, S5, S3 )8 + S3d(51, 52, 83')
hold forall s; s,/ ,s;,5,,55 3 €W.
Example 1.15 :[1]
Let S be a commutative near-ring .
Let us define

W:{(g Z):r,u,O ES}.

And d, f: WxWxW- W

(26026 2)

(8 £} 7("]27"3)

(6 0.6 2.6 %)

(0 i)
0 uquyuz

Then f is a generalized 3-derivation of W .
Lemma 1.16 :[4]

Let W be a 2-torsion free semiprime I'-near-
ring anda, b € W. When

(laaxpb=0forall xe Wand a,B €T .

(if) bax pa=0forall xe Wand a,B €T .
(iii) aax Bb + bax pa =0 for all xe Wand «,
B €T . are equivalent

When one of the above is satisfied , implies a I’
b=bla=0.

Lemma 1.17 :[4]

Assume that W is a I'-near-ring and D be a
generalized derivation of W . When the next
conditions are satisfied :
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()(D(X)ay + xad(y) ) fz = D(x) ay Bz +
xad(y) Bz

Forevery x,y,zeW and a,B €T.
(iN(d(x)ay + xad(y)) Bz = d(x) ay Bz + xad(y)
Pz

forevery x\y,zeW, a,B€ET.

2. Perpendicular Generalized 3-

Derivations

First we introduce the basic definition in this
paper

Definition 2.1:

Let W be a I'-near-ring and P, Q be two
generalized 3- derivations of W .Pand Q are
called perpendicular if next relation
P(s1,82,83) T WT Q(ny, Nz, n3) = 0=0Q(n,
Ny, ns )T WI P(sy,S,,53) holds for every
S1,S2,S3 Np,Np,ng EW,

Lemma 2.2:

Assume that W is a 2-torsion free semiprime
I'-near-ring and P, Q are two generalized 3-
derivations of W with associated 3-
derivations p and q of W respectively . When
p and g are perpendicular , so next conditions
are satisfied :
(i) P(s1, 82, 83)I'Q(ng, N2, N3 )= Q(sy, Sz, S3)I"
P(ny, nz ,n3)=0

Forevery s;,s,,S3 N, N, ,nz € W.
(ii)p and q are perpendicular and
P(S1, S2, 83) ['Q(ny, Nz, N3 ) =Q(ny, Nz, N3 ) I
P(s1, $2,83) =0

forevery s;,8;,S3 Ny, Ny, ng €W,
(iii)g and P are perpendicular and q(sy, Sz, S3)I
P(ng, N2, N3 )=P(ny, Nz, n3 )" q(s1, Sz, S3)=0

forevery s;,S;,S3 ny,np,n3 €W.
(iv)p and q are perpendicular and
p(g(sy, S2,S3), Ny, n3) =0 forevery s;,5S,,S3
,N,ng €W
(V) P(Q(S1,82,83) , N2, N3 ) = Q(P(S1, S2, S3) ,
n,,nz)=0

forall s;,s,,S3,n,,n3 €W, and
A(P(S1, 82, 83) , N2, N3 ) =P(q(S1, S2,83) , N2, N3
)=0
forall s;,s,,53,n,,n3 EW.,
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(vi) Q (P(s1,82,83), N2, N3 ) =P(Q(S1,82,S3) »
np, ng) =0
forall s;,sy, S3,n,,nz3 EW,
Proof:
(i)Since P and Q are perpendicular , implies
that
P(s1,52,83) as B Q(ny, ny,n3) =0 forevery
$,581,5,5 Ni,Np,nz EWand a,B€T.
By Lemma 1.17 we get
P(s1,82,83) @ Q(Ng, N2, Ng) =Q(S, 82, 83) a
P(ny, n,, n3)=0 forall s;,s;, S5 Ny,
n,,ng EWand o €r.
(ii) by (i) we get
P(s1,S2,83) a Q(ng, N2, n3) =0
forevery s;,S;,S3 Ny, Ny, €W, a€erl.
Replacing s, by s, B s;, wheres,’ € W and B
€T in previous equation and using Lemma
1.17 we get
0:P(51/[331,52,53)CZ Q(ny, Nz, n3)
= [P(Sl/v $2,83)BS1+ st pp(sus: s3)]la
Q(ny, Nz, n3)
= P(Sl/r S2,83) B sya Q(ny, Nz, N3)
+s B p(s1, S2,83) @ Q(Ny, Nz, n3)
=g,/ B p(s1, 2, 83) a Q(ng, ny, N3 )
forall s/,s,,s,,ss n;,n,,n; EWand a,p
er.
Since W is semiprime we get
P(S1, S2,83) @ Q(Ny, N2, N3 ) =0
forevery s;,S,,S3 ng,n,, n€ Wand a €
r.
Now replacing s; bys; s, , wheres,’ € W
and g €T in previous equation and using
Lemma 1.17 (i), we get
0=p(s: B s, 2, s3) @ Q(ny, Nz, n3)
=[p(s1,52,83) B s+ 5p(51/a S2,83)] @
Q(ny, Ny, n3)
=p(s1, S2,83) B s’ @ Q(ng, Nz, n3)
+5; .Bp(slla S2,83) a Q(ny, Nz, n3)
=p(sy, 52,53 ) B s @ Q(ny, Ny, n3)
forall s),s;,s,,85 Ny, My, ng €EW, @, BET

By Lemma 1.16 we obtain

P(S1, S2,83) T Q(Ny, N2, Ng) =Q(ng, Nz, N3 ) T
p(s1, 82,83)=0

forall s;,s;, S3 . ng,np,n3 €W.
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(iii) The proof is similar to (ii)

(iv) By (i) we get

P(s1,82,83) @ Q(Ny, Nz, N3 ) =0

forall s;,8,,83 n,n,,NzeW, a€rl.
Replacing s, by s/’ B s, where s € W and 8
€ " in previous equation and using Lemma
1.17 we get

0=P(st Bs1,5,8)a Qi Nz, Ng)

= [P(Sl/: S2,83)Bsi+ 51/,8 p(s1, 2, 83)] a
Q(ny, Nz, n3)

= P(Sl/: S2,83) B s1a Q(ng, Nz, n3)

+s/ B p(s1, 52, 83) @ Q(ny, Ny, )

=8/ B p(s1, S2,83) @ Q(ny, Ny, Ny)
Forevery sy, s;,s,,85 Ny, Ny, n3 EW, a, B
er.

Replacing n; by n:8 n;, where n/ € W and
6 €T in previous equation and using (ii) ,
we get
0=s/Bp(s1,S2,8) aQmdn, ny,n3)
=5/ B p(ss, 52, 53) a[Q(Ng, N2, g ) 6 1y + s
q(ny,nz, n3)
=5/ B p(s1, 52, 53) aQ(ny, Nz, ng) & ny!

+s/ B p(s1, S2,83) amd q(ny,ny, ng)
=5/ B p(s1, S2,83) amd q(ny, ny, ng)
forall sy, s;,s,,55. N, N,y ng €W,
B,6 €T.

Semiprimeness of W implies

P(s1, S2, 83) @ NS q( nd, n,, g )=0

forevery s;,5,,5 n,n/,n,,ng EW, a,8

er.

Thatis pand q are perpendicular, then we

have

0=p(p(v1, V2, V3) @any B q(sy, Sz, S3), N2, N3)

=p(p(v1, V2, V3), N2, N3) @ Ny B G(S1, Sz, S3)
+p(vy, V2, V3) a p(ni B g(ss, Sz, S3), N2, N3)

forall s;,8,,83 Ny, Ny, N3 vi,Vo,V3EW , @

,B ET.

Since p, q are perpendicular , we have

0=p(vy, Va,Vv3)ap(n B (S, S2,53), N2, N3)
=p(V1, V2, V3) @ p(ng, N2, g ) B (St Sz, S3)
+p(v, V2, V3 ) ang B p(g(ss, Sz, S3), N2, N3)

Since p, g are perpendicular , we conclude

P(V1, V2 ,V3) @ ny B p(a(S, S2,83), N2, N3) =0

forall s;,s,,53. Ny,N2,N3 Vi, Vo, V3 EW,

a,B €T.
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Replacing v; by q(s, 2, S3) and v, by n, , vz
by ns, implies

P(a(s1, S2,83), N2, Ng) ' W I p(q(sy, Sz, S3), e
,ng) = {0}

forall s;,s,,s3 Ny, ng€W . Semipimeness
of W implies that

p(a(S1, S2,83), N, nz)=0forall s;,s,,S3, Ny
, N3 €W.

Now we prove part5and part 6

Using part 2 and part 4 , we have

0=0Q(p(s1, 52, 83) @as B Q(Ny, Nz, N3), Nz, Ngz)
=Q(p (s1,82,83) , Nz, Nz) as B Q(ng, Nz, N3)
+p(S1, S2,83) @d (sB Q (ny, N2, N3), Nz, nz)

= QM (s1s2,83), N ng)asf Q(ny, Ny, N3)
foralls,s;,s;,S3 Ny, Ny, meW ,a,f €T

Replacing n; by p(sy, S», S3) , we get

Q (P(s1,82,83) Nz, N3 ) & W B Q(p(sy, Sz, 83)
ny, n3)={0}

Semiprimeness of W implies that

Q(p (S1,82,83), Ny, nz) =0 forall s;,5,,8;3.
n,,n;€W.

Similarly , we see that since

P(Q(S1, S2,83) asB p(ny, Nz, N3 ), Nz, N3 ) =0
P(a(s1, S2,83) @ s B P(ny, Nz, n3), Nz, n3) =0
q(P (S1,82,83) as B q(ny, 2, n3), Ny, n3) =0
P(Q(s1,82,83) as B P(ny, nz,n3), Ny, n3) =0
Q(P(s1, 82, 83) asB Q(ny, N2, N3 ), N2, N3 ) =0
Hold forevery s,s;,S;,S3 Ni, Ny, nge€W
a,B €T,

we get

P(Q(S1, 82, 83),M2,n3) =0

P(d (S1,82,83),N2,n3) =0

q(P(s1, 82, 83),N2,n3) =0

P(Q (s1,82,83),Nn,,Nn3)=0and

Q(P(s1, 82,83),N2,n3) =0

forall s;,s,,53,n,,N3€W.

Theorem 2.3 :

Assume that W is a 2-torsion free semiprime
I'-near-ring and P, Q are two generalized 3-
derivations of W with associated 3-derivations
p and g of W respectively , then the next
conditions are satisfied :

(i)P and Q are perpendicular.
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(ii) P(s1, 82, 83)T'Q(N1, N2, N3 ) = p(S1, Sz, S3
)TQ(ny, Nz, n3)=0
forall s;,S,,83, Ny, N3 €EW.
(iii) P(s1, 52, 83 )I'Q(ny, Ny, N3 ) = p(s1, Sz, S3
)ra(ng, nz, ng)=0
And p(Q(sy, S2,83), Nz, N3 )= p(a(Sy, S2, S3)
,N2,N3)=0
for every s;,S,,S3 Ny, N, n3 €W.
(iv) P(Q(s1 s, 82,83 ): N2, N3 )=P(Q(S1, Sz, S3
), N2, ns)a51/+510lp(q (51/;52,53), Nz, ng)
and
P(s1, 2, 53)T Q(ng, Nz, N3 ) =0
forall s;,s’ ,s,,5 ni,n,ns€EWand a €
r.
Proof :
(i)=(ii) and (i) =(iii) are proved in Lemma 2.2
@), (i), (iv) and (v) .
On the other hand , (i) =(iv) is obtained from
Lemma 2.2 (i), (iv) and (vi) . (ii) =(i) we
have
P(s1,82,83)I Q(Ny, Nz, N3) =p(S1, S2, S3
)T Q(ny, Ny, n3)=0
forall s;,S,,83 Ny, N3 €EW.
Now replacing s; by s; B s/ , wheres, e W
and B € T' in previous equation, we get
P18, 52, 8) Q(Ny, Ny, g ) =0
forall s/,s;,s,,53 N ,n,,ng EW, BET.
Using hypothesis and Lemma 1.17 in last
equation , we get
0=[P(s1,52,8)P st + Slﬁp(slln S2,83)] a
G(ny, Nz, n3)
= P(Sllszlsa)ﬁsllaQ(nl, Ny, Ng)

+s1 p(Sllv S2,83) a Q(ny, Nz, n3)
:P(51752753)351ICYQ(H17 Ny, ng)
forall s/,s;,s,,55 Ny ,np,ng EW,a,BET

Hence Lemma 1.16 obtain the result.

(iii) =(i) we have

P(Q(S1, S2,83) , N2, N3 )= p(A(S1, S2,S3) , N2, N3
)=0

forall s;,s,,83,n,,n3 EW.

Replacing s, by s, @ s/, where s’ € W and

a €T inthe equation

p(Q(s1, S2,83),N2,n3) =0, we get
0=p(Q(s: @S, 52,53), Na, N3)
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=p(Q(s1,52,S3) sy, ny, ng) +p(ss aq (si/
,S2,83), N2, N3)
=p(Q(s1, S2,8n) , N2, N3) st +
Q(s1, 52, ss)ap(si’, Nz, ng) +
P(si, Mo, Ng) g (s1', 52, 85) +
s1ap(q (si',s2,83), N2, N3)
=Q(s1, 52 S3)ap(sy, N, Ns)

For every s/ S,5,55,N,Ns EW, a €T.
Replacing s, by s,/ v, whereve W and g
€T in previous equation and using it again,
we get
0= Q(st, Sz S)ap(sy’ B v, Nz, 1g)
=Q(s1, S, S3)ap(sy’, Ny, Ng) BV+Q(sy, S,
ss)asy’ Bp(V, Nz, Ng)
= Q(s1, 52 S3)a 1’ Bp(V, Nz, Ng)
forevery v, s/,s1,5,s5,n,ns EW, a, B
erlr.

Hence by Lemma 1.16 , we have
P(v, Nz, ng) a Q(Sy, Sz, S3) = 0
forevery v,s;,8,83,N,n3 EW, a €T .
Then (i) follows from (ii)

(iv) =(i) by assumption we have
PQ(sia sy, sz, 83), M, n3) =P(Q(s1, 52, 83),
N, Ng)asy +syap( (s, sz, 85), N, 0Ns)
forall s;,s/ ,S,S3,n, NRsEW @ €T .
And we also obtained
P(Q(s1 s, 2, 83 ), N2, N3)
:P(Q(SleZrSB)asll+Slaq (51/,52,53) y N2,
N )
=P(Q(s1,52,S3) a s,y ng) +P(s; aq (s)
,S2,83), N2, N3)
=P(Q(s1, S2., 53) , N2, N3) @ 1’ +Q(S1, 52, S3
) ap(si, nz, ng) +
P(s1,N2,N3) aq (s),S2,83) +s1ap(g (st sz,
S3), N2, N3)
forevery s;,S/ ,S,S3,n, N3€EW, a €T.
Comparing the above two expression of
P(Q(sy ¢ S, S5, 53), N2, Ng ) we get
Q(s1, 82, S3) ap(si, Na, Nz) +P(s1, Ny, N3) aq
(s/,52,8)=0 (21)
forevery si,s/ ;5,5 .M, NsEW , @ €T .
Also by assumption we have
P(si, 82,83) a Q(ny, Nz, ng) =0 (2.2)
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forall s;,S,,S3 Ny, Ny, ;€ W,a€T.

Replacing n; by n; 8 n/ in (2.2) and using it

again , we get

0="P(s1, s2,83) @ Q(n; B nlln N, N3)
=P(s1,52,53) @ Q(Ny, N2, Ng) By +P(sy, S5,

ss)an B q(n,ny,ng)

=P(s1, 82, 83)an fq(n,ny,ng)

Forevery s;,S;,S3 Ny, nl’, n,,n; € Wand
a,BEeT.

Thus it follows from Lemma 1.16 that

P(st,s2.83)aq(n,ny, ng) =0

Forevery s;,s;,Ss . nl’, n,,ng EWand a €

r. (2.3)

Substituting equation (2.3) in the equation (2.1)

yields

Q(s1,82, 83) p(Sllv Nz, nz) =0

Forevery s;,s’ ,S;,5 ,N, €W ,a€T.
Replacing s,/ by s/ B v, wherev e W and B

€T in previous equation and using it again,

we get

0= Q(St,52 S3) ap(sy BV, Nz, Ny)

=Q(1, 2, S3) ap(sy’, Ny, N3) BV+Q(S1, Sz, S3

Yas! Bp(v, Ny, ng)

= Q51,52 S3) @ S’ Ap(V, Ny, Ng)

forevery v, s/,s1,5,53 ,n,ns EWand a

,BET.

Hence by Lemma 1.16 , we have

p(vV, Ny, N3) @ Q1,52 83) =0

forevery v,s;,8,,83,n,n3 EWand a €T

Hence by (ii) , gives the result .

Theorem 2.4 :

Assume that W is a 2-torsion free semiprime

I'-near-ring and P, Q are two generalized 3-

derivations of W with associated 3-

derivations p and g of W respectively . If P

and g are perpendicular and Q and p are

perpendicular , then we have

()p(q(s1, 2, 83), N2, Nz ) =0 and

P(Q(s: @ st,52,53), Na, N3 ) = P(Q(s1, 52, S3),

nz,N3)a 51/

forall s;,s/ ,s,,S3,n,nseWand a€T.

(i) q(p(sy, S2, 53) , N2, N3 ) = 0 and

QPG1 s, 5,5 ), N2, N3) = Q(P(St, Sz, S3),

N2, Ng)as;

forall s;,s/ ,s,,S3,n,NEW, a €T .
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Proof :

(i)since P and g are perpendicular , we have
P(s;,s2,83)aspq(n,ny,n3)=0

forall s,s,,5,8 ,Nn;,n,,ng EWand a,f
er.

Replacing s; by s, & s; in above equation , by
Lemma 2.2 , we have

0=P(s/ 851, 5,8)asfq(n,ny, ng)
:P(Sl/: S2,83)8s1asfq(ng,nz,n3)
+5/6p(s1,8:,85) asBq(n, Ny, Ng)

= 51/5p(31- S2,83)as B q(ni,nz,ng)
forall s,s;,s),5,85,n,n. N3 EW, a,
B,6€ET.

Semiprimeness of W yields that
p(s1,s2,83)asBq(n,n;,n3)=0

forevery s,s1,8,83,N,N, N3 EW ,a,B €
r.

Thuspand q are perpendicular

By Theorem 2.3, we have

p(a(sy, S2,83), N2, N3 ) =0

for every s;,S,,S3 ,n,, 3 EW. (2.4)
Since P and q are perpendicular and Q and p
are perpendicular, we have

P(s1, 82,83) aq(n, N, nz ) =0 (2.5)
and
Q(S1,82,83) ap(n, nz,nz)=0 (2.6)

for every s;,8,,83 ,n1, N, N3 EW, a€T.
So we get

P(Q(s1 a 51/, S2,83), N2, N3)
:P(Q(SleZrSB)asll+Slaq (51/,52,53) y N2,
n3)

=P(Q(s1,52,S3) a sy, ny, ng )+ P(sy aq (1
,82,83), N2, N3)

=P(Q(S1, Sz, S3), N2, Ng) & 1’ +Q(s1, 52, S5

) ap(sy,ny, n3) +

P(s1,N2,N3) aq (s1,S2,83) +S1ap(q (s1', 82,
S3), N2, N3)

By using relation (2.4), (2.5) and (2.6) in the
last equation , we get

P(Q(s: @ s, 52, 53), Ny, N3 ) = P(Q(S1, Sz, S3),
ny,Nng)a 51/

forall s;,s/ ,S),5 ,N,N;EW, a€Tl.
(ii)The proof is the same way to the proof of

(i)
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