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Abstract:

In the present paper , the authors have introduced and studied fuzzy modular space. they have investigated some properties
of this space in the open and closed balls. Also the authors discussed the convex set and the locally convex in fuzzy modular

space. The result obtained are correct and the methods used are interesting .
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1.Introduction

The concept of fuzzy sets was introduced by
Zadeh [5] in 1965 and there after several authors
applied it to different branches of pure and applied
mathematics. The concept of modular space was
introduction by S.S. Abed, K .A .Abdul Sada in
2017.The concept of fuzzy modular space was
introduced by Young Shen and Wei Chen [7] in
2013.

Definition(1.1) [4]
A fuzzy set A in X (or a fuzzy subset in X)
is a function from X into I = [0,1] thatis A € I*
A e
De Definition(1.2)[6] Let X be a linear space.
over F. A function M: X — [0, o] is called modular if:
1L Mx)=0=x=0,
2. M(ax) = M(x) fora € F with |a
forall @ € F.
3. M(ax + By) < M(x) + M(y)

iffa,p =0 forall x € X.

Definition (1.3)[2]
A binary operation =: [0,1] x [0,1] - [0,1]
is called a continuous t-norm if it satisfies the following
1. *is commutative and associative .
2. * iscontinuous .
2. a*b<cx*d whenevera<c,b<dand
a,b,c,d € [0,1].

Three common examples of the continuous

=1
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t —norm are

1. a*yb = min[a,b].

2. a*x,b=a.b.

3. ax.b=Max{a+b—1,0}.
Lemma (1.4):[2]

If the t-norm = is continuous ,then

for every y 1,2 € (0,1) with y;> y, ,there
exist y; € (0,1) such that y1x y3=> v, .

2. forevery y, € (0,1) ,there exist ys € (0,1)

suchthat ys * ys >y .

Definition (1.5): [7]

A fuzzy modular space is an ordered triple
(X, pu,*) such that X is a vector space, * is conti-
nuous t- norm and u is a fuzzy seton X x (0, )
satisfying the following condition ,for all

x,yEXanda,B = 0with a+=1:
1. u(x,t)>0.

2. ulx,t) =1forallt > 0if and only if x = 0.

3. ulx,t) = u(—x,t) .
4. plax +By,s+t) = ulx,s)*uy,t).
5. u(x,.): (0,0) — (0,1] is continuous.

Generally ,if (X, u,*) is fuzzy modular space,
we say that (u,*) is a fuzzy modular on X.
Moreover, the triple (X,u,*) is called 8-hom-

ogeneous ifevery x € X,;t> 0and 1 € R\ {0}

u(dx,t) = u (x, ﬁ) , where 8 € (0,1] .

Example (1.6):[7]
Let X be a vector space and let p be a modular
on X. Taket-norma * b = a *), b. For

every t € (0,) define u(x,t) = t/(t + p(x))
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forall x € X. Then (X, u,*) is a fuzzy modular
space .
Remark (1.7):[7]

Note the above conclusion still holds even if
The t-normis replaced by a = b = a *, b and
a*b = ax*; b, respectively.

Example (1.8):[7]
Let X = R, take t-norma * b = a =, b. For

every x,y € X and t € (0, o), we define

If  we
x,y € Z,then we know

ax + By € R\ Z.Thus ,[forallt,s >0,
we have u(ax + By, t +s) = 1/4.

But

p(x, t) #m p(y, s) = min{u(x, t), u(y,s)} = 1/2.

(u,*\) is not a fuzzy modular on X

Example (1.9)[7]
Let X = R, p is amodular on X,which is defined
by p(x) = |x|®, where g € (0,1] .Take t-norm

a *b = a=x,b.foreveryt € (0,), we define

”(x' t) = ep(x)/t

take a=\/7/2,ﬁ=1—\/72_,x¢y

for all x € X.Then (X, p ,*) is B-homogenous
fuzzy modular space.

Definition (1.10) : [1]

A fuzzy metric space is an ordered triple (X, M,*)
such that X is a nonempty set ,* is a continuous t-
norm ,and M is a fuzzy seton X x X x (0, )

satisfying the following conditions :
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N o e

lifandonlyif x=y.
3.

M(y,x,t).

4.

M(y,z,t) < M(x,z.t +s).

5. M(x,y,): (0,0) = (0,1] is continuous .
Theorem (1.11):
Every fuzzy modular space is fuzzy metric

space .

anFéroof :

Let (X, i, *) be a fuzzy modular space ,defined

M:X x X x (0,0) - [0,1] as follows:

M(x,y,t) =px—yt) VxyeX
1. Let x,y €X
OMEY) e x = ux - 3,6 >0 = MGy, >0

2.
uppose M(x —y,t) =1 1= M(x,y,t)

=px—-yt)eox—y=0x=y
3. Let x,y EXandt >0

M(x')’:t) =M(x_y't) =M(y—x‘t)
4,

4. Let x,y,z € Xands,t >0

MQx,y,t) xu(y,z,t) = u(x —y,t) * u(y — z,5)

Su((x—y)+(y—z),t+s) =ulx—zt+s)
=M(x,z,t +5)

5.M(x,y,) = u(x —v,): (0,0) — [0,1]is continuous.

Then(X, M,x) is fuzzy metric space .
Theorem (1.12):[7]

If (X, u,*) is a fuzzy modular space,
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then p(x,.) is nondecreasing for all x € X.

Definition (1.13): [7]

Let (X, u,*) be a fuzzy modular space .we define

the open ball B(x,,t) and the closed ball

B[x,r, t] with center x € X and radius

0 <r <1asfollows: Fort >0

B(x,7r,t) ={y € X:u(x —y,t) > 1 —r} open balls

Blx,rt] ={y € X:u(x —y,t) = 1 —r} closed balls

Theorem (1:14)
If (x, u,*) is a - homogenous fuzzy modular

space then B(x,r,t) € B(x,7, g).
Proof:
Let B(x,1;1,t) and B(x, ,,t) be open balls with
the same center x € X and t > 0 with the
radius0 <r, <1and 0 <r, <1, respectively.
Then we either have :
B(x,m,t) € B(x,m,,t) or B(x,m,t) € B(x,1,0).
Let x € X and t > 0 .consider the open ball
B(x,r,t) and B(x,rp,t) with0 <nry < 1,
0 < r, < 1.If r,=r, ,then the Theorem holds.
Next, we assume that r; # r, . we may
Assume without loss of generality that
0<nn<n<l
Now lety € B(x,ry ,t) = u(x —y,t) <y <,
Hence y € B(x,1,,t). This shows that
B(x,1,t) © B(x,1,,t). By assuming that
0<r, <r <1, wecansimilary to show
B(x,1r,,t) © B(x,1r,t).

Definition (1.15):
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Let (X, u,*) be a fuzzy modular space .A subset

Aof X is said to be open set, if for all

x€A3re(0,1),t € (0,)suchthat B(x,r,t) c A

Theorem (1.16):[7]
Let (X,u,*) be a B-homogenous fuzzy modular

space .Every u.ball B(x,r,t) in (X, u,*) is a u-open
set.
Theorem (1.17):
The intersection number of open sets in fuzzy
modular space is open sets

Proof:
Let (X,u,*)be a fuzzy modular space and let
{G,;i=1,2,...m} be a finite collection of open
set in the fuzzy modular space. Let
H=n{G,,i =1,2,..,m}
To prove That H is an open set
letxeH =>x€6G; V,=12,..m
|[Since G, openset:Vv, = 3r; € (0,1)and

t;>0>3B(x,r,t;)CG,;
Let t, = max{ty,t,, .., t,} and

1, = min{ry, 7y, ..., 7% }

= B(x, 1, t} € G;
= B(x, 1, ty) €N G, = B(x, 1, ty) € H

Then H is open set
Theorem (1.18) The union of an arbitrary
collection of open set in fuzzy modular
space are open sets
Proof:

Let (X,p,*) be afuzzy modular space and
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let {y,: A € A} be an arbitrary collection of uly —x,t) > 0 (since X is fuzzy modular space )

opensetsin X . Let G=U {y;:A €A} We X¢Bynrt)y={aeX:u(a—y,t)>1—-r}
must to prove G is open BNnB(y,rt)=0= B(y,r,t) € A°

LetXe€ G = X ey, forsome 1 €A Theny € B(y,r,t) € B¢ = y is interior point
Since y; is open set Then B€ is open set

=there exist r € (0,1) such that B(x,r,t) ¢  Then B is closed set .
Y2 Corollary (1.21) Every finite set in fuzzy
Sincey, € G =Then B(x,r,t)c G modular space is closed set.

= G is open set .
Definition (1.22):

Theorem (1.19): A subset U of X is said to be a neighborhood
Let (X, u,x)be afuzzy modular space of x € X in (X, u,) if there exist r € (0,1) and
if C and D are open sets in a vector space t € (0,) such that B(x,r,t) < U.
Xthen C+ D is opensetinX. Definition (1.23):[2]
Proof: A subset A of a vector space X over F is
Let x € Xand a € C,since A is open set then called convex set if
there exist r € (0,1) such that aA+(1—a)AcA forall0<a<1.
B(a,r,t) € C, Theorem (1.24):
then B(a,r,t)+x c C+x Every open and closed balls in fuzzy
=Bla+xrt)cC+x=C+x modular space are convex sets.
isopensetin X forall x € X Proof:
Since C+ D =U{C+d:d € D} Lety,,y, € B(x,7,t) such that r € (0,1),t > 0,
Then C + D isopensetin X. ux—y,t)>1—randu(x —y,,t) >1—r.
Theorem (1.20): Now ,we have to prove ay, + (1 — a)y, € B(x,7,t)
Every single set in fuzzy modular space is closed u(x — (ay; + (1 — a)y,, t)
set . =u(x—ay; + (1 —a)x — (1 — a)y,, t)
Proof: =plalx —y),0) + u((1 —a)(x — y,),t)

Let X be a fuzzy modular space
y P = u(x = y1, ) * u(x — Y, )

Let B = {x} beasetin X ,to prove B is closed set Slerxler—r

[
Let yeEA =y +X —1—r

42
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Then B(x,r,t) is convex set. Then B(x,% ,t) contains x, € A and

similary, we can prove B[x,r,t] is con;clsxge}.since lim, o, (X, — %, 6) = 1

Theorem (1.25): Conversely :Suppose the condition is true ,to

Let X be a vector space.if A is COB%EV)%SEt é” N

fuzzy modular space then A is coqywﬂ.in Aandx, — x thenx € A

proof : IfxeA
Letx,y €A, 0<A<1=13ab € Asuch Let G be an open set contain
that u(x —a) <ru(x—b) <r X=3r>0Bxnrt)SC
Since A is convex=aa + (1 —a)b € A Since {x,} in A such that x,, > x asn — o
ax+ (1 —-a)y — (aa + (1 — a)b) = ul, —x,t)>1—r
=a(x-—a)+(1—-a)ly—b) Thenx, €G=G—{x}NA+0
u(ax +(1-a)y—(aa+(1 - a)b)) Thenx € 4 .
Sapx—a)+ (A —a)uly —b) Definition (1.27):
<ar+(l-a)r=r A fuzzy modular space (X, u,*) is
= ax + (1 —a)y € A = Ais convex set. called a locally convex if there is a local
Lemma (1.26): base B at 0 in X such that every member
Let (X, i, *) be afuzzy modular space and A c X , of 8 are convex sets.
if for any x € 4, then there exist a sequence Example (1.28) :
{x,} in A such that lim,_,c, pu(x,,,x,t) = 1 Every fuzzy modular space is locally convex
forallt > 0. Solution: Let (X, u,*) be afuzzy modular
Proof: space Let 8 = {B(r,0,t):r > 0},
Suppose x € 4 where B(r,0,t) ={x € X: u(x,t) >1—r},
Since A= AUA — v € Aandx € A Let G be an open set in X,then G is the union
lfx €A, the (x,x, ... } o x of open balls ,s0 0 € B(r,0,t) < G for

. 1 some r > 0, then g is alocal base at 0 inX
IfxeA andxeAﬁ‘v’nEZJr,r:;

Since every open ball is convex set ,
B(x,r,t) —{x}nA+0Q
then B(x, 0, t) is convex set for all r > 0,
X, EBlx,r1,t)NA=x,€A€EA
then B is a convex local base at 0 in X
= ulx, —xt)>1 .
" Therefore (X, u,*) is locally convex space.
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