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Abstract:

In the present work, we introduce and study a certain class of holomorphic functions defined by
differential operator in the open unit disk U. Also, we derive some important geometric properties for this
class such as integral representation, inclusion relationship and argument estimate.
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1. Introduction.

Let A stands for the family of all
functions f of the form:

f(2) =Z+ianzn,

which are holomorphic in the open unit disk
U={z€eC :|z| <1}

(1.1)

Given two functions f and g which are
holomorphic in U, we say that f is subordinate
to g, written f < g or f(2) < g(2)(z € V), if
there exists a Schwarz function w which is
holomorphic in U with w(0) = 0 and |w(2)| <
1 such that f(2)= g(w(z)), (zeU). In
particular, if the function g is univalent in U,
then f < g if and only if f(0) =g(0) and
f) < g(U).
For neNy=NU{0} ay=0,u1B8>0
and a # A, we consider the differential operator
My(a B): A — A, introduced by Amourah
and Darus [2], where

AT, (@B (@) =z

(n—1D[A—-a)B +ny] n
+Z[ PES) ] ayz". (1.2)

Itis readily verified from (1.2) that

2 (41, (@ BF @)

+1 "
= G p T @ B @

2
_( ‘%)Almmwm (1.3)

Here, we would point out some of the
special cases of the operator defined by (1.2) can
be found in [1,3,7,9].

Let T stands for the family of mapping h of
the form:

hz) =1+ Z h, 7",
n=1

which are holomorphic and convex univalent in
U and satisfy the condition:
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Re{h(z2)} >0, (z€U).

Now, we need the following lemmas that will be
used to prove our main results.

Lemma 1.1 [5]. Let u, v € C and suppose that i
is convex and univalent in U with ¢(0) = 1 and
Re{fuy(z) + v} >0, (z € U). If q is
holomorphic in U with q(0) =1, then the
subordination

zq'(2)
q(2) + @) + v <Y(2),

which implies to q(z) < Y (2).
Lemma 1.2 [6]. Let h be convex univalent in U
and 7 be holomorphic in U with Re{T'(z)} = 0,

(z € U). If q is holomorphic in U and q(0) =
h(0), then the subordination

q(z) + T(2)zq'(2) < h(2),
which implies to q(z) < h(2).

Lemma 1.3 [4]. Let g be holomorphic in U with
q(0) =1 and q(z) = 0 for all z € U. If there
exists two points z,, z, € U such that

_gbl = arg(q(z,)) < arg(q(2))
<arg(q(z)) = gbz'

for some b, and b, (b; > 0,b, > 0) and for all
z(|z| < |z;] = |z,1), then

2,9’ (z,) - <b1 + bz)m

q(z) 2
and
2,q'(z,) _ i(bl + bz)m
q(z3) 2 ’
where
= 1 T :s: and ¢ = itan%(ij n Z:)

Such type of study was carried out for
another classes in [10].
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2. Main Results

We begin this section with the function class
Y, Ay, a B,8; h) as follows:

Definition 2.1. A function f € A is said to be in
the class W(n, u, A, v, a, B, 8; h), if it satisfies the
following differential subordination condition:

1 [(2(al,, @B f@)

-5
-6\ 4 @hpf@

< h(2),

2.1
where n € Ny =NU{0}, o,y =0,u,4,8 >0,
a#Aand heT.

In the following theorem, we find integral
representation of the class

Y, u, Ay, a,B,6;h).

Theorem 2.1. Let feY(,u v, aB,6;h).
Then

A (@B @)
= z.exp [(1 ) f PL(W(SS¢ds],
0

where w is holomorphic in U with w(0) =0
and lw(2)| < 1, (z € U).

Proof. Assume that f € Y(n,u, A, v, a,B,8; h).
It is easy to see that subordination condition
(2.1) can be written as follows

2(al,, @ P @)
ar @B (@)

=1 -8h(w(2)+5,

(2.2)

where w is holomorphic in U with w(0) =0
and [w(2)| <1, (z € U).

From (2.2), we find that

(an,, (@ ﬂ)f(Z)) 1
AT (@ B)f (@)

=(1-90) 7}1(‘”(22)) ks

(2.3)
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After integrating both sides of (2.3), we have

10g< @ ﬁ)f(Z))

=(1-9) f %ds (2.4)

Therefore, from (2.4), we obtain the required
result.

Next, we establish the inclusion relationship
for the class Y (n, u, A, v, a, B, 5; h).

Theorem 2.2. Let Re {(1 — @) +5+1—

u+a
7(/1—a)[§+ny} > 0. Then

Y+ 1Ly, aB,8;h) c¥Ym,u Ay aB,6;h).
Proof. Let feY(m+1,u,Ay,a,B,6;h) and
put

1 [z(A%,,( ﬁ)f(Z))
1-5\ 4 (@hf(@)

q(z) =

(2.5)

Then g is holomorphic in U with q(0) = 1.
Making use of the identity (1.3), we find from
(2.5) that

pd A (@B (2)
A=) +ny A7, (a,p)f (2)

u+a
A—a)B+ny’

Differentiating both sides of (2.6) with respect to
z and multiplying by z, we have

=(1-8)q@) +5+1— (2.6)

zq'(z)
1-6)qg@+5+1-
1 (2(A5 @B @)

= ) h(z).
=5\ " @mr@ <

q(z) + PE)

A—a)B +ny

2.7)

. u+A
Since  Re {(1 —Oh(2)+5+1- (A—a)ﬁ+ny}

then applying Lemma 1.1 to the subordination
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(2.7), yields q(z) < h(z), which implies to
fe¥Ym iy apB, 6 h).

Theorem 2.3

Letf €A, 0<a,a,<land0<é<1.If

R 2(4n% @ pF @) o
2% SN AT B 2%
pay & PGz

for some g € \I‘(r; +1LuAy.ap,5;
B <A <1),then

(e, B)f(2)
_gbl = arg( ( :;yy(a ﬁ)g(z)> 6) = gbz'

where b; and b, (0< by, b, <1) are the
solutions of the equations:

Abbas .K/SR.S
(7 (AL, @pr@)

G(z) = -7, (211
=12\ @pee @10
where ge‘l’(n+1u,/1y,a,851::i)

(-1<B<A<1and0<t<1.

Then G is holomorphic in U with G(0) = 1.
Thus in view of (1.3) and (2.11), we observe that
(-6 +1) 4], (@,B)g()

+2 N
m A (@ Bf ()

+ 1
(- g ar ) A @B, @212)

So, it is required to differential with respect to z
the relation (2.12), and then multiplying by z, we
obtain

(=16 + 1)z (47, @ 9(2))

[ 2 (1= leD(by +b,) cos Tt =176 (DA!, (
, +—tan™* { 4 a,ﬁ)g(z)
=4|b T <2(1+| |)(W+6+1—%)+(1—|s|)(b1+bz)singt ¢ iy
(b, Bt A 1 ’
peEr R CARCTYO)
(2.8) 1 u+1 213
and (- aar ) (A @) @1
o Suppose that
J{b +Ztan-t (.~ el + ba) cos ¢ B#-1 !
- L S e (BB s a1 - B (e + b sine ﬁg) 1 ( iy (@ ﬂ)g(z))
7). = _
by ’ T1-6 Al sy (@ Bg(@)
(2.9)
it Using (1.3) again, we have
wit
7 /by — b u+a AZE,(“' B)g(2)
1
e = ttans (27) @— B +ny 4T, (a,f)g@)
and _a- VIR
=1-6)HZ)+6+1 o+ (2.14)
2
b= From (2.13) and (2.14), we easily get
zG (z
x sin”1 “-5a-95 %2 10) — k2 ey
(5+1—%)(1—32”(1—5)(1—@) OH@ 6+ 1 -G Ty
1 ALy @B ()
Proof. Define the function G by = ( wly ) -1 ]. (2.15)

1=t A7 (@ p)g@
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Notice that from Theorem 2.2, g€
1+Az - .

‘P(n +1Luly apB,3; 1+Bz) implies g€
1+Az

‘P(n +1Luly apB,3; 1+Bz). Thus,

1+ AZ
1+ Bz

H(z) < (-1<B<A<1).

By applying the result of Silverman and Silvia
[8], we have

H(z) 1-4B _A-5 (B #—1, ze U) (2.16
271 B2 S1-B2 0z (2.16)

and
1-A
Re{H(2)} > — (B=-1, z€U). (2.17)

It follows from (2.16) and (2.17) that

Abbas .K/SR.S

1-A)1-9) U+

i-8 Ot G oprw <P

(1+A4)(1-9) p+a
1+B +6+1_(/1—a)ﬂ+ny'

(B#=-1)
and
1-A)1-9) U+
?+5+1—m<p<w,
(B =-1).

An application of Lemma 1.2 with T(z) =
! , yields G(z) < h(z).

U+

(1—6)H(Z)+6+1—W

If there exist two points z,, z, € U such that

—gbl = arg(G(z1)) < arg(G(2))

U+
1-6)HZz)+6+1———F7— T
( H () A—a)p +ny <arg(G(zz))=Eb2,
_&) _R2 _ _
_(6+1 T=af 17 (1 -B%)+ (1 —6)(1 — ABMen by Lemma 1.3, we get
1-B2 2,G'(z;) mi
=——(by +by)
@-BA=9  p._1 seu o) :
-5z ¢ AR and
and ZZG'(ZZ)_mi(b b))
u+a G(z) 21! 2
Re{(1—5)H(z)+6+1——}
(@A -a)f +ny where
>w+6+1_$’ >1—|£| . T[bz—bl
2 A—-—a)B+ny m_rlgl and E—ltanz(bl_l_bZ).

(B=-1, zel).

Putting
12 + A iE(;b
1-6)H f+l———— = 2%,
U= OH@ +6+1 G o = pe
where
(A-B)(1-9)
- < <
(6+1—%)(1—32)+(1—6)(1—AB) ¢
(4-B)(1-8) (B % —1)

(5+1— )(1—32)+(1—5)(1—A3)’

n+A
A-a)B+ny.

and-1<¢p <1, (B=-1),

then
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Now, for the case B = —1, we obtain

1 [z (405 @B (2)

!

arg
I-7 AZ;‘ly(a;ﬁ)g(Zﬂ
=arg| G(z)
n 7,G'(z,)
u+A
(1 —6)1‘1(21) +6+ 1—m
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= arg(G(Z1)) 1 Zl (AZ;ly(a'ﬁ)f(zl))’
arg 1= n+'1’ —
T\ AT (@ B)g(z)
+arg| 1
< nb
S=—5bh
+ 7,G'(z1) 2
|- oHG) +5+1- %} G(z) and
i T n+1 !
= _Ebl + a‘rg (1 —_ E(bl + bz)e_ifd)) arg 1 Z2 (Aﬂll,y(a! ﬁ)f(zz)) _
? 2 1=\ AT @Bg)

wy
T m T
= _Ebl +arg (1 - Z(b1 + b,) cosE(l - ¢)

mi .
+ E(bl + by) smE(l - q.‘)))
The above two cases disagree the assumptions.

< —gbl Therefore, the proof is complete.
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