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Abstract:
The purpose of present paper is to introduce and investigate two new subclasses Ny (7, y,a) and Ny _(z,y,B) of analytic

and m-fold symmetric bi- univalent functions in the open unit disk . Among other results belonging to these subclasses upper
coefficients bounds |a,,,1| and |a,,,.1| are obtained in this study. Certain special cases are also indicated .
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1. Introduction

Let S denote the family of functions analytic in the open unit
diskU ={z:z € C,|z| <1}

and normalized by the conditions £(0) = f'(0) —1 =0 and
having the form
f(2) =z+ X7, a 2"

@

Also let A denote the subclass of functions in S which are
univalent inU .

The Koebe One Quarter Theorem (e. g.,see [6]) ensures
that the image of U under every

univalent function f(z) € S contains the disk of radius 1 / 4
. Thus every univalent function

f has an inverse f~1 satisfying
@)=z, (zeU)

and

fFiw) =w OM<%UM%023

where

gw) = f1(w) =w— a,w? + (2aZ —az;)w? —
(5a3 — 5aa; + a,))w* + - )

A function f € S is said to be bi-univalent in U if both f and
f~1are univalentin U .

Let Y: denotes the class of analytic and bi-univalent functions
in U . Some examples of functions inclass ) are

h,(z) =& L ()
= —log(1 - 2),

1 1+z
hs(2) _§|09<1—2) '

zeU.

1
For each function f € A , the function h(z) = (f(z™)™ ,
(z € U,m € N) is univalent and maps the
unit disk U into a region with m-fold symmetry . A function is
said to be m-fold  symmetric (see [9,10]) if it has the
following normalized form :

f@=z+ Y3 a1z, (zeU,meN). (3)

We denote S,, the class of m-fold symmetric univalent
functions in U , which are normalized by the series expansion
(3). In fact , the functions in the class A are one-fold
symmetric . Analogous to the concept of m-fold symmetric
univalent functions , we here introduced the concept of m-fold
symmetric univalent functions , we here introduced the
concept of m-fold symmetric bi-univalent functions . Each
function f €. generates an m-fold symmetric bi-univalent
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function for each integer m € N. Furthermore, for the
normalized form of f is given by (3) , they obtained the series
expansion for =1 as follows :

g(W) =w-= am+1Wm+1 +[(m + 1)ar2n+1 - a2m+1]W2m+1 -

E m+1)@Bm+2)az,., — Bm+2)a,,1ams1 +

a3m+1] w3+ (4)

where f~1=g.We denote by Y, the class of m-fold
symmetric bi-univalent functions in U . It is easily seen that
for m=1, the formula (4) coincides with the formula (2) of the

class Y, . Some examples of m-fold symmetric bi-univalent
functions are given as follows :

() oo ()] e

1—2zm
[—log(1 — z™)]m

Zm

1—2zm

with the corresponding inverse functions

1 1 1
m eZwm —1\m ewm —1\m
< ) "\e2w™ +1 and ew™ '

respectively .

Wm

1+wh

Recently , many authors investigated bounds for various

subclass of m-fold bi-univalent functions
(see [1,2,3,4,5,7,9,12,13,15]) .The aim of the present paper is
to introduce the new subclass

sz(r,y;a) and sz(‘[, v:B) of Y., and find estimates on
the coefficients |a,,,| and |a,,,.1| for functions in each of
these new subclass .

In order to prove our main results , we require the following
lemma .

Lemma 1.([6]) If he P then |c| <2 for each kEN ,
where P is the family of all functions h analytic in U for
which

Re(h(z)) >0 |, (zeU)
where
h(2) =1+ cz+ cyz%+ - . (zeU)

Definition 1. A function f(z) € ¥,,,, given by (3) is said to be
in the class NZm(T, y;a) if the following condition are
satisfied :

L@ +y)22f"(2) + zf'(2) amn
e <l A O @ 1])‘ =7
(zeUv) ©)
and
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arg <l +

(weU) (6)

E 1+ p)wig"(w) +wg'(w) 3 D‘ - ar
| W+py)wg' w) —ygw) 2

(O<a<l;trec\{0};0<y<1),
where the function g = f~1 is given by (4) .

Definition 2. A function f(z) € ¥, given by (3) is said to be
in the class MV, (z,y;B) if the following conditions are
satisfied :

L[+ y)z2f"(2) + zf'(2)
ke <“? A2/ @) —7f@ ‘1D =B
(zeU) ™
and
1[(1 + y)w?g” (w) + wg’ (w)
Re <“¥ @+ wg (W) —ygw) ‘1D>ﬁ ’

(wevU)(8)
(0O<p<1l;rec\{0};0<sy<1),
where the function g = f~1 is given by (4) .

2.Coefficient Estimates for the Functions Class
Ny, (.7, a)

We begin this section by finding the estimates on the
coefficients |a,41land laym.1| for functions in the class
N, (T.y;0) .

Theorem 2.1 Let f(z) € sz(r,y; a)0<a<1,teEC\
{0},0 <y < 1) be of the form (3) . Then

|avm+1I =
2alt| (9)
J |[2m((@m+2my+1)(m+ 1)~ (m+my+1)2) ~(a=1)m2 (m+my+1)]|
and
2a?|r|?(m+1) alzl
|a2m+1| s m2(m+my+1)2  m@2m+2my+1) (10)

Proof. It follows from (5) and (6) that

1 [+n)z2f" (@) +zf'(2) .
4 1|Qt)zf @)+zf () 4
1+s 1+N)zf"(2)-vf (2) l] [p(2)]* (11)

and

1[a+nw?g" w+wg'w) .1 _ a
L e m—rem l] = la(w)]*, (12)

where the functions p(z) and q(w) are in P and have the
following series representations:

p(z) = 1+ ppz™ + pomz®™ + P32’ + - (13)
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and
qw) =1+ guw™ + @uuw?™ + gzpw?™ + . (14)
Now ,equating the coefficients in (11) and (12) ,we obtain

m(m+my+1)am+1 _ (15)

T = aPm

(2m@m+2my+1)azmer—mim+my+1)2a2,41) _ ala-1) 5
= aPrm + 2 Pm

(16)
and
—-m(m+my+1)am4+1

: = adm
(em@m+2my+1)|[(m+1)ad +1-asm+1]-mim+my+1)2ad 1) _

(17) -

-1
Ao + 522, (18)

From (15)and (17) ,we find

Pm = _qm(lg)

and

2 2,2
om (m+m)T/;-1) An+1 — 2 (@2 + q2) . (20)

From (16),(18) and (20), we get

((Zm +2my +1)(m+1)— (m+my + l)Z)Zmaran
T
ala —1) 5

= a(pom + Gom) + — (P& + ai)

(a-1)m?(m+my+1)

= a(pom + Gom) + An+1 - (21)

at?
Therefore ,we have

2 —
Am+1 =

a?22(Dam+4d2m) (22)

[2m((2m+2my+1)(m+1)-(m+my+1)2)-(a—-1)m2(m+my+1)|
Applying Lemma 1 for the coefficients p,,, and gq,,, , we have

lam 1] <
2alt|

(23)

J| [2m((2m+2my+1)(m+1)-(m+my+1)2)—(a—1)mZ(m+my+1)]|

This gives the desired bound for |a,,,,| as asserted in (9). In
order to find the bound onla,,,,|, by subtracting (18) from
(16), we get

2m[(2m+2my+1)azm+1—m+2my+1)(m+1)aZ 4] _
- O‘(pZm -

Oom) + S0 (2, — 2). (24)

2

It follows from(19) and (24) that

a?t?(pi+a7)(m+1)
4m(m+my+1)2

Arm+1 =

at(Pam—9am)
am(2m+2my+1) ( 5)
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Applying Lemma 1 once again for the coefficients

Pmis Pam: Gm @NA g, We readily obtain

2a?|7]?(m+1) alzl (26)
m2(m+my+1)2  m@m+2my+1)

lazmsal <

3.Coefficient Bounds for the Functions Class

This section is devoted to find the estimates on the coefficients
|a;p41] and |a,,.,| for functions in the class Mg, (z,v; ) .

Theorem 3.1 Let f(z) e Ny, (r,7;8)(0<p<1;T€C\
{0},0 < y < 1) be of the form (3).

Then
2|z|(1-p)
lamsl < Jm((2m+2my+1)(m+1)—(m+my+1)2) @7
and
la |<4IrI2(1—ﬁ)2(m+1) 2|zl(1-B) 28)
2m+11 =

m2(m+my+1)2 m(2m+2my+1)\

Proof. It follows from (7) and (8) that there exist , p,q € P
such that

1[A+n)z3f" (2)+2f'(2) _ _
14+ 2 [RELOMTE ] = g+ (1 - pp(@) (29)

and

1[@+nw?g" (w)+wg' (w)
L +y)wg’ w)-ygw)

1+ | =5+ -paw), (30)

where p(z)and q(z) have the forms (13) and (14) ,
respectively . By suitably comparing coefficients in (29) and
(30), we get

m(m+my+1)am4+1

=1 -Bpm, (31)

(em@m+2my+1)azmer—-mm+my+1)2a2,41) _

== BIpam . (32)

T

—-m(m+my+1)am+1 — (1 _B)qm ’ (33)
(em@m+2my+1)[(m+1)ak +1-azm+1]-mm+my+1)2a, +1) —
Q-Bam - (34)
From (31) and (33) , we find
Pm = _qm(35)
and
2
ety 0 e = (1 - B2 (2, +g2,) . (36)

Adding (32) and (34) ,we have
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((2m+2my+ 1)(m+1)—(m+my+ 1)2)2ma12n+1

G2m) - (37)

Applying Lemma 1, we obtain

2|zl(1-B8)
|am+1 | s Jm((2m+2my+1)(m+1)—(m+my+1)2)

This is the bound on |a,,,. | asserted in (27) .

In order to find the bound on |a,,,.1| by subtracting (34)
form (32) ,we get

2m[@m+2my+1)agmir—Cm+2my+1)(m+1)aZ, 1] _

2m) (38)

Or ,equivalently ,

Arm+1 =

2m@m+2my+1)(m+1)a, 11
2m(2m+2my+1)

+ T(l_ﬁ)(pzm_‘hm)/39)

2m(2m+2my+1) \

It follows from (35) and (36) that

Arm+1 =

12(1-B)2(m+1)(ph +a%,)

1(1-B)(P2m—q2m) (40)

2m2(m+my+1)2 2m(2m+2my+1)
Applying lemma 1 once again for the coefficients
P Pom: Gm aNd q,, , We easily obtain
4|t]*(1-B)*(m+1) 2|t|(1-p)
|a2m+1| s m2(m+my+1)=2 m@m+2my+1) (41)

4.Corollaries and Consequencess

For one-fold symmetric bi-univalent functions and 7=
1, Theorem 2.1 and Theorem 3.1 reduce to Corollary 1 and
Corollary 2 , respectively , which were proven very recently
by Frasin[8](see also [11]).

Corollary 4 . Let f(z) e Ny(a,y)0<a<1,0<y<1)
be of the form (1) .

Then

2a
|a2 | = 1/2(3—oz)—y(y+oz—1)(42)

and

<. (43)

4 2
las] < —— .
@2+y)?2  (3+2y)

Corollary 5 . Let f(2) e M(B,)(0<a<1;,0<y<1)
be of the form (1) .

Then
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2(1-B)
la,] < |G+2y+y2) (44)

and

8(1-p)% | 2(1-B)
@z T (45)

las| < (3+2y)

The classes Nz(a,y) and NZ(B,y)are defined in the
following way :

Definition 3 . A function f(z) € ¥ given by (1) is said to
be in the classhV; if the following conditions are satisfied :

1+9)z% "' (2)+zf' (2) an
|arg( a)zf D—1f @) )| <~ (z € U)(46)

And

(1+)w2g" (w)+wg'(w) an
|ar9 ( Q+r)wg' W) —vg(w) )| <5 wel)@n

(0O<ac<1;0<y<1),
where the function g = £~ is given by (2) .

Definition 4 . A function f(z) € ¥, given by (1) is said to
be in the classNg(B,y) if the following conditions are
satisfied :

@22 (@) +zf’ (2)
] w2 >
Re( @z @7 @ ) B (ev) (48

And

1+y)w?g" W) +wg' (w)
>
Re( @rwg W—ygw) ) B (weU) (49

(O<p<1;0cy<1),
where the function g = f~1 is given by (2) .

If we set y =0and t =1 in Theorem2. 1 and Theorem 3.1 ,
then the classes Ny (7,y;a) and Ny, (7,y;B) reduce to the

classes Ny and ng investigated recently by Srivastava et
al. [11]and thus, we obtain the following corollaries:

Corollary 6. Let f(z) € szn(o < a < 1) be of the form (3)
.Then

2a

<
lams| < JIm@m+1)(m+1)-m(m+1)2+m2(m+1)2(a—1)] (50)
and
a 2a(m+1)
|a2m+1| s m@2m+1) m3(m+1)2° (51)

Corollary 7 . Let f(z) € N5¥ (0 < 8 < 1) be of the form (4)
. Then

2(1-pB) (
|yl < \j[m(2m+1)(m+1)—m(m+1)2]\52)
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and

a-p)

m(2m+1)

2(1-B)*(m+1),
m3(m+1)2 \

l[azmal < 53)

The classes V" and Nzﬁm are respectively defined as follows

Definition 5. A function f(z) € ¥, given by (3) is said to
be in the class Ny if the following conditions are satisfied :

Jarg {5775

+1}| < = (z € U)(54)

and

Jang {5+

[ <Z | wev)ss)

and where the function g is given by (4) .

Definition 6 . A function f(z) € ¥, given by (3) is said to be
in the class Nzﬁm if the following

conditions are satisfied :

sz”(Z)
Re {sz +1}>p (z€U)(E6)

and

Wzgl’(w)
Re{W+ 1}>p wev). (57

O<p<1)

And where the function g is given by (4) .
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