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 1 . Introduction 

Denote by ℋ = ℋ(ܷ) the class of analytic  functions in the 
open unit disk  ܷ = :ݖ} ݖ ∈ ℂ  and|ݖ| < 1}. For ݊ a positive 
integer  and ܽ ∈ ℂ , let ℋ[ܽ,݊] be the subclass of  the 
function ݂ ∈ ℋ of the from: 

(ݖ)݂ = ܽ + ܽݖ + ܽାଵݖାଵ +⋯     (  ܽ ∈ ℂ ,݊ ∈
ࣨ = { 1,2,3, … }).(1.1)  

Also ,Let  ܶ be the subclass of ℋconsisting of 
functions of the form: 

(ݖ)݂  = ݖ + ∑ ܽݖஶ
ୀଶ  (1.2) 

If  ݂ ∈ ܶ is given by (1.2) and ݃ ∈ ܶ given by 

(ݖ)݃ = ݖ + ܾݖ
ஶ

ୀଶ

. 

The Hadamard product (or the convolution) of  ݂ and 
݃ is defined by 

(݂ ∗ (ݖ)(݃ = ݖ + ܾܽݖ
ஶ

ୀ

= (݃ ∗  .(ݖ)(݂

If  ݂. and ݃. are analytic functions in U, We say that ݂ 
is subordination to ݃. 

 Let ݈ ,ℎ ∈ ℋ, and  ߶(ݎ, ,ݏ ;ݐ ℂଷ:(ݖ ×ܷ → ℂ. 

If ݈and ߶(݈(ݖ), ,(ݖ)ᇱ݈ݖ  are univalent(ݖ;(ݖ)ଶ݈ᇱᇱݖ
functions in ܷ and if  ݈ satisfies the second- order 
superordination: 

ℎ(ݖ) ≺ ,(ݖ)݈)߶ ,(ݖ)ᇱ݈ݖ ,(ݖ;(ݖ)ଶ݈ᇱᇱݖ ݖ) ∈ ܷ) 

then ݈ is called a solution of the differential 
superordination(1.2), (if ݂ subordinate to ݃, then ݃ is 
superordinate to ݂ ). 

An analytic function ݍ is called subordinate of the 
differential superordination if ݍ ≺ ݇ for all ݈ satisfying 
(1.3). A univalent subordinate ݍ that satisfies ݍ ≺  ݍ
for all subordinats ݍ of (1.3)is said to be the best 
subordinat. Recently, Miller and Mocanu [9] obtained 
sufficient conditions on the functions(ℎ, ݇) and  ߶ for 
which the following implication holds: 

ℎ(ݖ) ≺ ,(ݖ)݈)߶ ,(ݖ)ᇱ݈ݖ (ݖ;(ݖ)ଶ݈ᇱᇱݖ ⟹ (ݖ)ݍ ≺ ,(ݖ)݈
ݖ) ∈ ܷ).                                 (1.4) 

Using the results, Bulboacă [5] considered certain 
classes of first order differential superordinations as 
well as superordinationpreserving integral operator 
[6]. Ali et al. [1], have used the results of Bulboacă[5] 
to obtain sufficient conditions for normalized analytic 
functions to satisfy:   

(ݖ)ଵݍ                ≺
(ݖ)ᇱ݂ݖ
(ݖ)݂ ≺  ,(ݖ)ଶݍ

where ݍଵ and  ݍଶ are given univalent functions in 
ܷ with ݍଵ(0)  = ଶ(0)ݍ   =  1. Also, Tuneski [13] 
obtained a sufficient conditions for starlikeness of ݂ in 
terms of the quantity  

݂ᇱᇱ(ݖ)݂(ݖ)
(݂ᇱ(ݖ))ଶ . 

Recently, Shanmugam et al. [11,12] and Goyal et al. 
[7],Atshan and  Hiress[2] ,Atshan and  Kazim[4] , 
Atshan and Jawad [3], Wanas and Majeed [14] , 
 also obtained sandwich 
results for certain classes of analytic functions.  

Komatu [8] introduced and investigated a family of 
integral operator    

ॅఓఒ :ܶ → ܶ  

    that is obtain as follows: 

ℑఓఒ   ݂(ݖ) = ݖ + ൬
ߤ

ߤ + ݊ − 1
൰

ܽݖ

ஶ

ୀଶ

 ,    

ݖ) ∈ ߤ,∗ܷ > ߣ,1 ≥ 0).                       (1.5) 

 The Hurwitiz - Lerch zeta function  

Φ(ݖ, (ܽ,ݏ = ∑ ௭ೖ

(ଵା)ೞ
ஶ
ୀ   , ݎ ∈ ℂ\ ℤି,ݏ ∈ ℂ  when 

0 < |ݖ| < 1. 

In terms of (Hadamard) product (or convolution) 
where ܩ௦,(௭)  is given by 

௦,(௭)ܩ = (1 + ܽ)௦[ݖ)ߔ, ,ݏ ܽ) − ܽି௦], ݖ) ∈ ܷ). 

Definition (..):Let ݂ ∈ ܶ, ݖ ∈ ܷ∗,ܽ ∈ ℂ\ℤି ,ݏ ∈
ℂ and ߣ > 1,we define a new operator  
ख़௦,,ఓ
ఒ ܶ:(ݖ)݂ ⟶ ܶ , where 

ख़௦,,ఓ
ఒ (ݖ)݂ = (ݖ)௦,ܩ ∗ ℑఓఒ݂(ݖ) 
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 = ݖ + ∑ ቀଵା
ା

ቁ
௦
ቀ ఓ
ఓାିଵ

ቁ
ఒ
ܽݖஶ

ୀଶ  (1.6) 

 We note from (1.6) that 

ݖ ቀख़௦,,ఓ
ఒାଵ ቁ(ݖ)݂

ᇱ
= ख़௦,,ఓߤ

ఒ (ݖ)݂ − ߤ) − 1)ख़௦,,ఓ
ఒାଵ  (ݖ)݂

                                                                                 (1.7) 

 The specific aim of this document is to find sufficient-
conditions for certain normalized analytic functions 
 ݂ to satisfy:  

(ݖ)ଵݍ ≺ ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

 ≺  ,(ݖ)ଶݍ

and 

(ݖ)ଵݍ ≺ ቆ
ख़௦,,ఓ
ఒାଵ (ݖ)݂

ݖ
ቇ

భ
ഃ

≺  ,(ݖ)ଶݍ

where ݍଵ(ݖ) and ݍଶ(ݖ) are given univalent functions 
in ܷ withݍଵ(0) = ଶ(0)ݍ = 1. 

2 .  Preliminaries  

In order to establish our subordination and 
superordination results, that require the following 
lemmas and definitions. 

Definition (.)[]: Denote by ܳ the class of all 
functions ݍ that are analytic and injective on 
ܷ ∖ where ഥܷ ,(ݍ)ܧ = ݖ}⋃ܷ ∈ ߲ܷ}, and (ݍ)ܧ =
൛ ߞ ∈ ߲ܷ: ݈݅݉௭→ (ݖ)݂ = ∞ൟand are such that 
(ߞ)′ݍ ≠ 0 for ߞ ∈  Further,let the subclass .(ݍ)ܧ\ܷ߲
of ܳ for which (0)ݍ = ܽ be denoted by ܳ(ܽ),
ܳ(0) = ܳand ܳ(1) = ܳଵ = ݍ} ∈ ܳ: (0)ݍ = 1}. 

Lemma (.)[]: Let q(z) be convex 
univalentfunction in ܷ, let ߙ ∈ ℂ,ߚ ∈ ℂ\{0}  and 
suppose that 

 Re ቊ1 +
(ݖ)ᇱᇱݍݖ
(ݖ)ᇱݍ ቋ > max ൜0,−Re ൬

ߙ
ߚ
൰ൠ  . 

If ݈(ݖ) is analytic in ܷ and 

(ݖ)݈ߙ + (ݖ)ᇱ݈ݖߚ ≺ (ݖ)ݍߙ +    ,(ݖ)ᇱݍݖߚ

then ݈(z) ≺  .is the best dominant ݍ and (ݖ)ݍ

Lemma (.)[]: Let ݍ be univalent in ܷ and let ∅ 
and ߠ be analytic in the domain ܦ containing ݍ(ܷ) 
with ∅(ݓ) ≠ 0, when ݓ ∈   Set .(ܷ)ݍ

(ݖ)ܳ = (ݖ)൯andℎ(ݖ)ݍ൫∅(ݖ)ᇱݍݖ = ൯(ݖ)ݍ൫ߠ +  ,(ݖ)ܳ

suppose that  

1) ܳ is starlike univalent in ܷ, 

2) Reቆ
(ݖ)ℎᇱݖ
(ݖ)ܳ

ቇ > 0, ݖ ∈ ܷ.   

If ݈ is analytic in ܷ with ݈(0) = (ܷ)݈  ,(0)ݍ ⊆  and ܦ

∅൫݈(ݖ)൯ + ൯(ݖ)൫݈∅(ݖ)ᇱ݈ݖ
≺ ∅൫(ݖ)ݍ൯ +   ,൯(ݖ)ݍ൫∅(ݖ)ᇱݍݖ

then݈(ݖ) ≺   .is the best dominant ݍ and,(ݖ)ݍ

Lemma (.)[]:Let (ݖ)ݍ be convex univalent in the 
unit disk ܷ and let ߠ and ߶ be analytic in a domain D 
containing ݍ(ܷ). Suppose that  

1) Re ቊ
൯(ݖ)ݍᇱ൫ߠ
߶൫(ݖ)ݍ൯

ቋ >  0 for ݖ ∈  ܷ, 

(ݖ)ܳ (2 =  ൯ is starlike univalent in(ݖ)ݍ൫߶(ݖ)ᇱݍݖ
∋ ݖ  ܷ. 

If ݈ ∈ ℋ[(0)ݍ, 1] ∩ ܳ, with ݈(ܷ) ⊆ ൯(ݖ)൫݈ߠ and ,ܦ +
 ൯is univalent in ܷ, and(ݖ)൫݈߶(ݖ)ᇱ݈ݖ

൯(ݖ)ݍ൫ߠ + ൯(ݖ)ݍ൫߶(ݖ)ᇱݍݖ ≺ ൯(ݖ)൫݈ߠ +  , ൯(ݖ)൫݈߶(ݖ)ᇱ݈ݖ

then (ݖ)ݍ ≺  .is the best subordinant ݍ and ,(ݖ)݈

Lemma (.)[]: Let (ݖ)ݍ be convex univalent in ܷ and 
(0)ݍ = 1. Let ߚ ∈ ℂ, that Re{ߚ} > 0. If  ݈(ݖ) ∈
ℋ[(0)ݍ, 1] ∩ ܳand ݈(ݖ) +  is univalent in ܷ, then(ݖ)ᇱ݈ݖߚ

(ݖ)ݍ     + (ݖ)ᇱݍݖߚ ≺ (ݖ)݈ +    ,(ݖ)ᇱ݈ݖߚ

which implies that (ݖ)ݍ ≺  is the best (ݖ)ݍ and (ݖ)݈
subordinant . 

3 .  Subordination Results 

Theorem(.):Let (ݖ)ݍ be convex univalent in ܷwith 
(0)ݍ = 1,0 < ߜ < 1, ∋,ߟ ℂ\{0}. Suppose that  
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Re ቄ1 + ௭ᇲᇲ(௭)
ᇲ(௭) ቅ > max ቄ0,−Re ቀ  ଵ

ఋఎ
ቁቅ . (3.1) 

If ݂ ∈ ܶ is satisfies the subordination  

(ݖ)݈         ≺ (ݖ)ݍ +  (3.2)    ,(ݖ)ᇱݍݖ ߟߜ

where 

(ݖ)݈     

=  ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

ቌ1

+ ߟ ቆ
ख़௦,,ఓߤൣߩ

ఒ (ݖ)݂ − ߤ) − 1)ख़௦ ,,ఓ
ఒାଵ +൧(ݖ)݂ ख़௦,,ఓߤൣߦ

ఒିଵ −(ݖ)݂ ߤ) − 1)ख़௦,,
ఒ ൧(ݖ)݂

ख़௦,,ఓߩ
ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ

ఒ (ݖ)݂ ቇቍ, 

(3.3) 

then  

൬ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ,ഋ

ഊ (௭)

(ఘାక)௭
൰
భ
ഃ
≺  (3.4)   ,(ݖ)ݍ

 and (ݖ)ݍ is the best dominant. 

Proof :consider a function  ݈(ݖ) by 

(ݖ)݈   = ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

  

× ቌ1 

+ ቆ ߟ
ख़௦,,ఓߤൣߩ

ఒ (ݖ)݂ − ߤ) − 1)ख़௦,,ఓ
ఒାଵ +൧(ݖ)݂ ख़௦ߤൣߦ ,,ఓ

ఒିଵ (ݖ)݂ − ߤ) − 1)ख़௦,,
ఒ ൧(ݖ)݂

ख़௦,,ఓߩ
ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ

ఒ (ݖ)݂ ቇቍ , (3.5)  

then  the function (ݖ)ݍ  is analytic in ܷ and 1=(0)ݍ, 
therefore, differentiating (3.5) logarithmically with 
respect to ݖ and using  the identity (1.7)in the 
resulting equation,  

(ݖ)݈   = ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

  

× ቌ1 

+ ቆ ߟ
ख़௦,,ఓߤൣߩ

ఒ (ݖ)݂ − ߤ) − 1)ख़௦,,ఓ
ఒାଵ +൧(ݖ)݂ ख़௦ߤൣߦ ,,ఓ

ఒିଵ (ݖ)݂ − ߤ) − 1)ख़௦,,
ఒ ൧(ݖ)݂

ख़௦,,ఓߩ
ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ

ఒ (ݖ)݂ ቇቍ.  

Thus the subordination (3.2) is equivalent to 

(ݖ)݈   + (ݖ)ᇱ݈ݖ ߟߜ ≺ (ݖ)ݍ +  (ݖ)ᇱݍݖ ߟߜ

An application of Lemma (2.1)with ߚ = ߙ and ߟߜ =
1, we obtain(3.4). 

Taking(ݖ)ݍ = ଵା௭
ଵା௭

(−1 ≤ ܤ < ܣ ≤ 1),  in 

Theorem(3.1),we obtain the following corollary. 

Corollary (.):Let 0 < ߜ < ߟ ,1 ∈ ℂ\{0} and ( 
−1 ≤ ܤ < ܣ ≤ 1). Suppose that  

 Re ൬
1 ݖܤ−
1 ݖܤ+

൰ > max ൜0,−Re ൬
 1
ߟߜ
൰ൠ.    

If ݂ ∈ ܶ  is satisfy the following subordination 
condition:    

(ݖ)݈     ≺  
1 + ݖܣ
1 + ݖܤ +  ߟߜ

ܣ) − ݖ(ܤ
(1 +          , ଶ(ݖܤ

where݈(ݖ)given by (3.3), then 

ቆ
ρख़ୱ,ୟ,ஜ
ାଵ f(z) + ξख़ୱ,ୟ,ஜ

 f(z)
(ρ + ξ)z

ቇ

భ
ಌ

≺
1 + Az
1 + Bz

 ,     

andଵା௭
ଵା௭

is best dominant. 

Taking  ܣ = 1 and ܤ = −1 in corollary (3.2), we get 
following result. 

Corollary (.): Let 0 < ߜ < 1, ߟ ∈ ℂ\{0} and 
suppose that  

 Re ൬
1 + ݖ
1 − ݖ

൰ > max{0,−Re(ߟߜ)}.    

If ݂ ∈ ܶ is satisfy the following subordination 

(ݖ)݈     ≺  
1 + ݖ
1 − ݖ

+  ߟߜ
ݖ2

(1− ଶ(ݖ
 ,            

where݈(ݖ) given by (3.3), then 

ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

≺
1 + ݖ
1 − ݖ

  , 

andଵା௭
ଵି௭

is best dominant. 

Theorem (.):Let (ݖ)ݍ be convex univalent in unit 
disk ܷwith (0)ݍ = 1, let 0 < ߜ < 1 , ߟ ∈
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ℂ\{0},ߥ,ݑ, ߙ,ߝ ∈ ℂ,݂ ∈ ܶ and suppose that ݂ and 
   satisfy  the following conditions ݍ

Re ቄఔ
ఎ
(ݖ)ݍ + ଶఌ

ఎ
ଶ[(ݖ)ݍ] + 1 + ଷఈ

ఎ
ଷ[(ݖ)ݍ] + ݖ 

ᇲᇲ(௭)
ᇲ(௭) −

ݖ 
ᇲ(௭)
(௭) ቅ > 0,         (3.6) 

 and 

൬ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ,ഋ

ഊ (௭)

(ఘାక)௭
൰
భ
ഃ

   ≠ 0.                  (3.7) 

If 

(ݖ)ݎ  ≺ u + (ݖ)ݍߥ + ଶ[(ݖ)ݍ]ߝ + ଷ[(ݖ)ݍ]ߙ +

ߟ ௭ᇲ(௭)
(௭)  ,                                             (3.8) 

 where  

(ݖ)ݎ    = ݑ  + ߥ ൬
ఘख़ೞ ,ೌ ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ ,ഋ

ഊ (௭)

(ఘାక)௭
൰
భ
ഃ

+

ߝ ൬ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ,ഋ

ഊ (௭)

(ఘାక)௭
൰
భ
మഃ

+ ߙ ൬ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ,ഋ

ഊ (௭)

(ఘାక)௭
൰
భ
యഃ

+

 ଵ
ఎఋ
ቈ
ఘቀख़ೞ,ೌ,ഋ

ഊశభ (௭)ቁ
ᇲ
ାకቀख़ೞ,ೌ,ഋ

ഊ (௭)ቁ
ᇲ

ఘख़ೞ ,ೌ ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ ,ഋ

ഊ (௭) − 1        (3.9) 

then 

൬ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ,ഋ

ഊ (௭)

(ఘାక)௭
൰
భ
ഃ
≺  is best (ݖ)ݍ and ,(ݖ)ݍ

dominant.  

Proof :consider a function  ݈(ݖ) by 

(ݖ)݈       = ൬ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ,ഋ

ഊ (௭)

(ఘାక)௭
൰
భ
ഃ
.         (3.10) 

Then  the function   is analytic in ܷ and ݈(0) = 1, 
differentiating (3.10) logarithmically with respect to 
 we get  ,ݖ

௭ᇲ(௭)
(௭)

= ଵ
ఋ
ቈ
ఘቀख़ೞ, ,ೌഋ

ഊశభ (௭)ቁ
ᇲ
ାకቀख़ೞ ,ೌ ,ഋ

ഊ (௭)ቁ
ᇲ

ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ,ഋ

ഊ (௭) − 1.(3.11) 

By setting (ݓ)ߠ = ݑ + ݓߥ + ଶݓߝ +  ଷ andݓߙ
(ݓ)߶ = ఎ

௪
 , it can be easily observed that (ݓ)ߠ is 

analytic in ℂ ,߶(ݓ)is analytic inℂ\{0}and that 
(ݓ)߶ ≠ ݓ,0 ∈ ℂ\{0}.   Also, we get 

(ݖ)ܳ = ൯(ݖ)ݍ൫߶(ݖ)ᇱݍݖ = ߟ
(ݖ)ᇱݍݖ
(ݖ)ݍ  

and  

ℎ(ݖ) = ൯(ݖ)ݍ൫ߠ +  (ݖ)ܳ

= ݑ + (ݖ)ݍߥ + ଶ[(ݖ)ݍ]ߝ + ଷ[(ݖ)ݍ]ߙ + ߟ
(ݖ)ᇱݍݖ
(ݖ)ݍ  , 

It is observe that ܳ(ݖ) is starlike univalent in ܷ, we 
have 

Re ቆ
(ݖ)ℎᇱݖ
(ݖ)ܳ ቇ = Re ቆ

ߥ
ߟ ݍ

(ݖ) +
ߝ2
ߟ

ଶ[(ݖ)ݍ] +
ߙ3
ߟ

ଷ[(ݖ)ݍ]

+ 1 +
(ݖ)ᇱᇱݍݖ
(ݖ)ᇱݍ −

(ݖ)ᇱݍݖ
(ݖ)ݍ ൰ > 0. 

By Making use of (2.2),we obtain 

(ݖ)݈ߥ + ଶ[(ݖ)݈] ߝ + ଷ[(ݖ)݈]ߙ ≺ 

ν(ݖ)ݍ + ଶ[(ݖ)ݍ]ߝ + ଷ[(ݖ)ݍ]ߙ + ߟ
(ݖ)ᇱݍݖ
(ݖ)ݍ  

and by using Lemma (2.2),  we deduce that 
subordination (3.8) implies that  

(ݖ)݈  ≺  is the best(ݖ)ݍ and the function(ݖ)ݍ
dominant. 

Taking the function(ݖ)ݍ = ଵା௭
ଵା௭

(−1 ≤ ܤ < ܣ ≤
1), in Theorem (3.4) for every ߟ ∈ ℂ\{0} the 
condition(3.6)becomes 

Re ൬ఔ
ఎ
ଵା௭
ଵା௭

+ ଶఌ
ఎ
ቀଵା௭
ଵା௭

ቁ
ଶ

+ ଶఈ
ఎ
ቀଵା௭
ଵି௭

ቁ
ଷ

+ 1 +
(ି)௭

(ଵା௭)(ଵା௭) −
ଶ௭ 
ଵା௭

ቁ > 0, (3.12) 

hence, we have  the following corollary. 

Corollary(.):Let(−1 ≤ ܤ < ܣ ≤ 1), 0 < ߜ < ߟ, 1 ∈
ℂ\{0} ,ߥ,ݑ, ߙ,ߝ ∈ ℂ.  
Assume that (3.12) holds. 

If ݂ ∈ ܶ  and 

(ݖ)ݎ  ≺ ݑ + ߥ
1 + ݖܣ
1 + ݖܤ + ߝ ൬

1 + ݖܣ
1 + ݖܤ

൰
ଶ

+ ൬ߙ 
1 + ݖܣ
1 ݖܤ+

൰
ଷ

+ ߟ
ܣ) − ݖ(ܤ

(1 + 1)(ݖܤ +  ,  (ݖܣ
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where  (ݖ)ݎ is defined in (3.9),  then 

൬ख़ೞ,ೌ,ഋ
ഊశభ (௭)

௭
൰
భ
ഃ
≺ ଵା௭

ଵା௭
 ,  andଵା௭

ଵା௭
is best dominant.  

Taking the function (ݖ)ݍ = ቀଵା௭
ଵି௭

ቁ
ఘ

 

(0 < ߩ ≤ 1), in Theorem(3.4), the condition 

(2.12)becomes  

Re ൜ఔ
ఎ
ቀଵା௭
ଵି௭

ቁ
ఘ

+ ଶఌ
ఎ
ቀଵା௭
ଵି௭

ቁ
ଶఘ

+ ఈ
ఎ
ቀଵା௭
ଵି௭

ቁ
ଷఘ

+  ଶ௭మ

ଵି௭మ
ൠ >

ߟ)  0 ∈ ℂ\{0}),                            (3.13) 

hence, we have  the following corollary. 

Corollary (.):Let 0 < ߩ ≤ 1,0 < ߜ < ߟ,1 ∈
ℂ\{0}, ,ݑ , ,ߥ ߙ,ߝ ∈ ℂ. Assume that (3.13) holds.If ݂ ∈
ܶ and 

(ݖ)ݎ   ≺ ݑ + ߥ ൬
1 + ݖ
1 − ݖ

൰
ఘ

+ ߝ ൬
1 + ݖ
1− ݖ

൰
ଶఘ

+ ൬ߙ      
1 + ݖ
1 − ݖ

൰
ଷఘ

+ ߟ
ݖߩ2 

 1− ଶݖ   , (ݖ)ݎ = 

where  (ݖ)ݎ is defined in (3.9),  then 

൬ख़ೞ,ೌ,ഋ
ഊశభ (௭)

௭
൰
భ
ഃ
≺ ቀଵା௭

ଵି௭
ቁ
ఘ

,andቀଵା௭
ଵି௭

ቁ
ఘ

is best dominant. 

4. Superordination Results 

Theorem (.):Let q(ݖ) be convex  univalent in ܷwith 
(ݖ)ݍ = 1, 0 < ߜ < ߟ,1 ∈ ℂ with Re(ߟ) > 0,  if  ݂ ∈ ܶ, 
such that 

ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

≠ 0 

and suppose that ݂ satisfies the condition: 

ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

 

∈  ℋ[(0)ݍ, 1] ∩ ܳ.  (4.1)  

If the function ݈(ݖ)given by (3.3) is univalent and the 
following superordination  condition:   

(ݖ)ݍ  + (ݖ)ᇱݍݖ ߟߜ ≺  (4.2),(ݖ)݈

 holds, then 

(ݖ)ݍ   ≺ ൬ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ,ഋ

ഊ (௭)

(ఘାక)௭
൰
భ
ഃ
(4.3) 

and (ݖ)ݍ is the best subordinant. 

Proof : Consider the analytic function݈(ݖ) by 

(ݖ)݈    = ൬ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ ,ೌ ,ഋ

ഊ (௭)

(ఘାక)௭
൰
భ
ഃ
 . (4.4) 

Differentiate Euquation(4.4) with the  respect to ݖ 
logarithmically, we get 

௭ᇲ(௭)
(௭) = ଵ

ఋ
ቆ
ఘ௭ቀख़ೞ,ೌ,ഋ

ഊశభ (௭)ቁ
ᇲ
ାక௭ቀख़ೞ, ,ೌഋ

ഊ (௭)ቁ
ᇲ

ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ,ഋ

ഊ (௭)
ቇ(4.5) 

A simple computation and using (1.6), from (4.5), we 
get 

(ݖ)݈

= ቆ
ख़,ఓߩ

௦,ఒାଵ݂(ݖ) + ख़,ఓߦ
௦ ,ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

× ቌ1

+ ߟ ൭
ख़,ఓߤൣߩ

௦,ఒାଵ݂(ݖ) − ߤ) − 1)ख़,ఓ
௦,ఒ ൧(ݖ)݂ + ख़,ఓߤൣߦ

௦,ఒ݂(ݖ) − ߤ) − 1)ख़,
௦,ఒିଵ

ख़,ఓߩ
௦,ఒାଵ݂(ݖ) + ख़,ఓߦ

௦,ఒ (ݖ)݂

= (ݖ)݈ +  ,(ݖ)ᇱ݈ݖ ߟߜ

now, by using Lemma (2.4), we get the desired result. 

Taking (ݖ)ݍ = ଵା௭
ଵା௭

(−1 ≤ ܤ < ܣ ≤ 1),  in Theorem 

(4.1), we get thefollowing corollary. 

Corollary (.):Let Re{ߟ} > 0, 0 < ߜ < 1 and  
−1 ≤ ܤ < ܣ ≤ 1, such that  

ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

∈ ℋ[(0)ݍ, 1] ∩ ܳ. 

If the function  ݈(ݖ)given by (3.3)  is univalent in ܷ and 
݂ ∈ ܶ satisfies the following superordination condition:  
  

ଵା௭
ଵା௭

+ ߟߜ (ି)௭
(ଵା௭)మ

≺  then  ,(ݖ)݈
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1 + ݖܣ
1 + ݖܤ ≺

ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

, 

and the function ଵା௭
ଵା௭

is the bestsubordinant. 

Theorem (.):Let (ݖ)ݍ be convex univalent in unit 
disk ܷ, let ߟ ∈ ℂ\{0}, 0 < ߜ < 1, ,ߥ,ݑ ߝ ∈ ℂ,(ݖ)ݍ ≠ 0, 
and ݂ ∈ ܶ. Suppose that 

Re ቊ (ߥ + (ݖ)ݍߝ2 + ((ݖ)ݍߙ3
(ݖ)ᇱݍ(ݖ)ݍ

ߟ
ቋ > 0, 

Let ݂(ݖ) ∈ ܶ and suppose that satisfies the next 
condition: 

൬ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ,ഋ

ഊ (௭)

(ఘାక)௭
൰
భ
ഃ
∈ ℋ[(0)ݍ, 1] ∩ܳ,(4.6) 

and 

ख़௦,,ఓߩ
ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ

ఒ (ݖ)݂
ߩ) + ݖ(ߦ ≠ 0. 

If the function (ݖ)ݎis given by (3.9) is univalent in ܷ, 
and 

u + (ݖ)ݍߥ + ଶ[(ݖ)ݍ]ߝ + ଷ[(ݖ)ݍ]ߙ + ߟ ௭ᇲ(௭)

(௭) ≺   , (ݖ)ݎ

(4.7) 

 implies 

(ݖ)ݍ ≺ ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

 

and (ݖ)ݍ is the best subordinant.  

Proof : Let the function  (ݖ)ܣ defined on ܷ by (3.14). 
Then a computation show that 

௭ᇲ(௭)
(௭) =   ଵ

ఋ
ቈ
ఘቀख़ೞ ,ೌ ,ഋ

ഊశభ (௭)ቁ
ᇲ
ାకቀख़ೞ,ೌ,ഋ

ഊ (௭)ቁ
ᇲ

ఘख़ೞ,ೌ,ഋ
ഊశభ (௭)ାకख़ೞ,ೌ,ഋ

ഊ (௭) − 1(4.8)  

By setting  (ݓ)ߠ = ݑ + ݓߥ + ଶݓߝ +  ଷ andݓߙ
(ݓ)߶ = ఎ

௪
 , it can be easily observed that (ݓ)ߠ is 

analytic in ℂ ,߶(ݓ)is analytic inℂ\{0}and that 
(ݓ)߶ ≠ ݓ) 0 ∈ ℂ\{0}).  Also, we get ܳ(ݖ) =

൯(ݖ)ݍ൫߶(ݖ)ᇱݍݖ = ߟ ௭ᇲ(௭)
(௭)  , it observed thatܳ(ݖ)is 

starlike univalent in ܷ. 

Since (ݖ)ݍ is convex, it follows that 

Re ቊ
൯(ݖ)ݍᇱ൫ߠ
߶൫(ݖ)ݍ൯

ቋ = Re ቊ
(ݖ)ݍ
ߟ

(ݖ)ݍߝ2) + ଶ[(ݖ)ݍ]ߙ3

+ (ݖ)ᇱݍൠ (ߥ > 0. 

By making use of (4.8)the  hypothesis (4.7)  can be 
equivalently written as   

(ݖ)ݍ)ߠ + (((ݖ)ݍ)߶(ݖ)ᇱݍݖ
= (ݖ)݈)ߠ +  ,(((ݖ)ܣ)߶(ݖ)ᇱ݈ݖ

thus, by applying Lemma (2.3), the proof is 
completed. 

5. Sandwich Results 

Combining Theorem (3.1) with Theorem (4.1), we 
obtain the following sandwich Theorem : 

Theorem (.):Let  ݍଵ and ݍଶbe convex  univalent in 
ܷwith  ݍଵ(0) = ଶ(0)ݍ  = 1 and ݍଶ satisfies (3.1). 
Suppose that Re{ ߟ } > 0, 0 < ߜ < 1, ߟ ∈ ℂ\{0}. 

If ݂ ∈ ܶ, such that 

ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

  ∈ ℋ[(0)ݍ, 1] ∩ ܳ,  

and the function ݈(ݖ)defined by (3.3) is univalent and  
satisfies   

(ݖ)ଵݍ + ଵᇱݍ ݖ ߟߜ (ݖ) ≺ (ݖ)݈
≺ (ݖ)ଶݍ + ଶᇱݍ ݖ ߟߜ ,(ݖ) (5.1) 

 implies that 

(ݖ)ଵݍ ≺ ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

≺  ,(ݖ)ଶݍ

where ݍଵandݍଶ  are, respectively , the best 
subordinant and the best dominant  of (5.1). 

Combining Theorem (3.4) with Theorem (4.3), we 
obtain the following sandwich Theorem. 

Theorem (.):Let  ݍ be two convex  univalent  
functions in ܷ, such that ݍ(0) = 1, (0)ݍ  ≠
0(݅ = 1,2). Suppose that ݍଵandݍଶ satisfies 
(4.8)and(3.8), respectively. 
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If ݂ ∈ ܶ and suppose that  ݂ satisfies the next 
conditions: 

ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

≠ 0 

and 

ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

  ∈ ℋ[(1)ݍ, 1] ∩ ܳ, 

and (ݖ)ݎis univalent in ܷ, then  

u + (ݖ)ଵݍ ߥ + ଶ[(ݖ)ଵݍ] ߝ + ଷ[(ݖ)ଵݍ]ߙ + ߟ  ௭భᇲ (௭)
 భ(௭) ≺

(ݖ)ݎ  ≺ u + (ݖ)ଶݍ ߥ + ଷ[(ݖ)ଶݍ]ߙ + ߟ  ௭మᇲ (௭)
 మ(௭) (5.2) 

implies 

(ݖ)ଶݍ ≺ ቆ
ख़௦,,ఓߩ

ఒାଵ (ݖ)݂ + ख़௦,,ఓߦ
ఒ (ݖ)݂

ߩ) + ݖ(ߦ
ቇ

భ
ഃ

≺  ,(ݖ)ଶݍ

and ݍଵandݍଶare the best subordinant and the best 
dominant respectively and (ݖ)ݎ is given by (3.9). 
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 حول مبرھنات الساندوج للدوال الاحادیة التكافؤ الاكیدة والمعرفة بواسطة مؤثر جدید

 

2إیلاف إبراھیم بدیوي                       1وقاص غالب عطشان   

العراق -قسم الریاضیات ،كلیة علوم الحاسوب وتكنولوجیا المعلومات ،جامعة القادسیة ، الدیوانیة  

 

 :المستخلص

 ख़௦,,ఓ  باستخدام مؤثر جدیدفي ھذا البحث درسنا بعض نتائج التبعیة التفاضلیة العلیا للدوال احادیة التكافؤ الاكیدةفي قرص الوحدة المفتوح  
ఒ  اشتقینا ایضا بعض

  .مبرھنات الساندوج


