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Abstract:
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1. Introduction

Denote by H = H (U) the class of analytic functions in the
open unit disk U = {z:z € C and|z| < 1}. For n a positive
integer and a € C, let #[a,n] be the subclass of the
function f € # of the from:

f@=a+a,z"+a, 2"+ (a€eC,ne
N ={123..D(L])

Also ,Let T be the subclass of Hconsisting of
functions of the form:

f(2)=z+3¥% ,a,z" (12

If f € Tisgivenby (1.2) and g € T given by

The Hadamard product (or the convolution) of f and
g is defined by

(F+ @D =7+ ahs*=(g+ N
k=0

If f and g are analytic functions in U, We say that f
is subordination to g.

letl h € 3, and ¢(r,s,t;z):C3xU - C.

If land ¢(l(2),zl'(2),2z%1"(z);z)are univalent
functions in U and if [ satisfies the second- order
superordination:

h(z) < p(U(2),2U'(2),2%1" (2);2),(z € U)

then [ is called a solution of the differential
superordination(1.2), (if f subordinate to g, then g is
superordinate to f ).

An analytic function g is called subordinate of the
differential superordination if g < k for all  satisfying
(1.3). A univalent subordinate § that satisfies g < §
for all subordinats g of (1.3)is said to be the best
subordinat. Recently, Miller and Mocanu [9] obtained
sufficient conditions on the functions(h, k) and ¢ for
which the following implication holds:

h(z) < ¢(1(2),2l'(2), 221" (2);2) = q(2) < I(2),
(z e ). (1.4)
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Using the results, Bulboacd [5] considered certain
classes of first order differential superordinations as
well as superordinationpreserving integral operator
[6]. Ali et al. [1], have used the results of Bulboaca[5]
to obtain sufficient conditions for normalized analytic
functions to satisfy:
1) < L2 < 0,00,

where g; and g,are given univalent functions in
Uwithgq,(0) = q,(0) = 1. Also, Tuneski [13]
obtained a sufficient conditions for starlikeness of f in
terms of the quantity

f"(@f ()
(f'(2)?

Recently, Shanmugam et al. [11,12] and Goyal et al.
[7],Atshan and Hiress[2] Atshan and Kazim[4],
Atshan and Jawad [3], Wanas and Majeed [14],
also obtained sandwich
results for certain classes of analytic functions.

Komatu [8] introduced and investigated a family of
integral operator

JpT—>T

that is obtain as follows:

3 f(z)=Z+Z<u—+n—l) a,z",
n=

(zeUu ,u>121=0). (1.5)
The Hurwitiz - Lerch zeta function
k
®(z,5,a) = Z,‘?‘:O—(lia)s ,TEC\Z;,s€C when
0<]|z| <1.

In terms of (Hadamard) product (or convolution)
where G; () is given by

Gsaz) = (L +a)s[@(z,5,a) — a1, (z € V).

Definition (2.1.1):Llet f€T,z€eU",a € C\Z;,s €
Cand A>1we define a new operator
20ouf(2): T — T, where

tanf(2) = Gso(2) * 3 f (2)
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=z+XY5, (1+_a)5 ( £ )/1 a,z" (1.6)

k+a pu+n—1

We note from (1.6) that

2 (P37 (@) = pite,f (@) — (- DEELF )
@7

The specific aim of this document is to find sufficient-
conditions for certain normalized analytic functions
f to satisfy:

< CIz(Z),

PIHLF(2) + £ f(2)\F
CI1(Z)<< H (p+f)z u )

and

141 3
q.(2) < <s‘“‘fﬂz)> < q,(2),

where g, (z) and g,(z) are given univalent functions
in U withg, (0) = ¢,(0) = 1.

2 . Preliminaries

In order to establish our subordination and
superordination results, that require the following
lemmas and definitions.

Definition (2.1)[6]: Denote by Q the class of all
functions g that are analytic and injective on
U\E(q), where U=UU{ze€eaU}, andE(q) =
{¢€au:lim, . f(z) =cofand are such that
q'(Q) #0 for { € OU\E(q). Further,let the subclass
of Q for which q(0) =a be denoted by Q(a),
Q(O) = Qoand Q(l) =@, = {C[ € Q: CI(O) =1}

Llemma (2.1)[1]: Let qg(z) be convex
univalentfunction in U, leta € C, € C\{0} and
suppose that

Re {1 + Z;I,’;S)} > max {O, —Re <%)} .

If (z) is analytic in U and

al(z) + Bzl'(z) < aq(z) + Bzq' (2),

then 1(z) < q(z) and q is the best dominant.
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Lemma (2.2)[3]: Let g be univalent in U and let @
and 6 be analytic in the domain D containing q(U)
with @(w) # 0, when w € q(U). Set

Q(2) = zq'(2)9(q(2))andh(z) = 8(q(2)) + Q(2),
suppose that

1) Q is starlike univalentin U,

If L is analytic in U with 1(0) = ¢(0), I(U) € D and

?(1(2)) + 2l'(2)8(1(2))
< 8(q(2)) + zq'(2)9(q(2)),

thenl(z) < q(z),and q is the best dominant.

Lemma (2. 3)[6]:Let g(z) be convex univalent in the
unit disk U and let 8 and ¢ be analytic in a domain D
containing q(U). Suppose that

' (q())
$(q(2))

1)Re{ }> Oforz € U,

2) Q(z) = zq'(2)¢(q(2)) is starlike univalent in

z € U.

If 1 € H[q(0),1] n Q, with I(U) € D, and 8(1(z)) +
2l'(z)¢(1(2))is univalent in U, and

8(q(2)) + zq' @D p(q(2) < 6(1(2)) + zU'(2)¢(1(2)) ,
then q(2) < I(2), and q is the best subordinant.

Lemma (2.4)[6]: Let q(z) be convex univalent in U and
q(0)=1. Llet BeC, that Re{}>0. If I(z) €
H[q(0),1] n Qand I(z) + Szl' (z)is univalent in U, then

q(2) + Bzq' (2) < U(z) + Bzl'(2),

which implies that q(z) < 1(z) and q(z) is the best
subordinant .

3. Subordination Results

Theorem(3.1):Let q(z) be convex univalent in Uwith
q(0) = 1,0 < § < 1,n,€ C\{0}. Suppose that
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2q"'(2) _pa(L Thus the subordination (3.2) is equivalent to
Re {1 + e } > max {O, Re (Sn)} .(3.1)

I(z) +6nzl'(z) < +4n zq'
If f € T is satisfies the subordination (2) + 6 20'(2) < q(2) + 6 24'(2)

An application of Lemma (2.1)with f = énpand a =

(z) < q(2) + 61 zq'(2), (3.2) 1, we obtain(3.4).

where )
Takingq(z) =
1(z) Theorem(3.1),we obtain the following corollary.
= < Pliauf (2) +ffsauf(z)> 1 Corollary (3.2):let0<é8 <1, neC\{0} and (
(b +$)z —1 < B < A < 1). Suppose that
pluiauf () = (u = DIEELF @] + §[uilalf (2) = (u = D amf(z)]> 1-Bz 1
* ”( PHLF @) + Efkq f @) Re (155,) > max[o.-re (5)}
(3.3) If feTis satisfy the following subordination
' condition:
then
1) < 1+ Az (A-B)z

-+ n ,
<” B/ () + €T uf () 1+Bz (1 + Bz)?
M) < q(2), (3.4)

(p+9)z wherel(z)given by (3.3), then

and q(z) is the best dominant.

Proof :consider a function [(z) by

pihif(@) + &2, . f(2) 5 1+Az
< (p+9)z ) 1+Bz’

l(z)—< piteLf (@) + ffsa,f(Z))

(p+8)z
( Taking A=1and B = —1 in corollary (3.2), we get
x |1

following result.

Corollary (3.3): let 0<d<1neC\{0} and
<p[ufsauf (2) — (u— DL (@] + E[uitalf (@) — (u — Diduppbed
pitiLf(z) + &t . f(2)

.(35)

1+z
Re <1 ) > max{0, —Re(én)}.
then the function q(z) is analytic in U and q(0)=1, —Z

therefore, differentiating (3.5) logarithmically with If f € T is satisfy the following subordination
respect to z and using the identity (1.7)in the
resulting equation, l+z 2z
I(z) < T, "o a—27
1
2 1
I(z) = < pleauf (2) + s ‘”‘f(z)>5 wherel(z) given by (3.3), then
(p+8)z
1
« (1 PILLS () + ik S @Y 142
(p+8&)z 1-z

<p[ufsauf(2) — (= DL @] + &[uitslf (@) — (u— 1)fémd$@§]n dominant.
pitiLf(z) + &, . f(2) '

Theorem (3.4):Let q(z) be convex univalent in unit
disk Uwith g0 =1let0<és<1,n€
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C\{0},u,v,e,a@ €C,f € T and suppose that f and
q satisfy the following conditions

v 2¢ 2 3a 3 a"@ _
Re {2q(2) + Z[q@)1? + 1+ X [q()P + 255
q'(2)

q(z)

z }>o, (3.6)

and

1
<pf§$i¢f(2)+€f§1‘a‘uf(2))5 20

oi07 (3.7)
If
r(z) < u+vq(2) + elq(2)]* + alq(2)]® +
20, o9
where

1
pf%zl,uf(z>+ff%a,J(z))E
= -+ _—
r(z) = u v( o102
1 1
<pf§$i¢f(2)+ff§a‘uf(2))ﬁ + <pf§$hf(2)+ff§a‘uf(2))ﬁ +
(p+8&)z (p+8)z
1 1
1 [p(85r (@) +6(R s @)
08| piELf(2)+ETkg uf(2)

- 1] (3.9
then

<pf§$i¢f(2) +&fdauf (@)
(p+&)z
dominant.

1
)6<q(z), and g(z) is best

Proof :consider a function [(z) by

1
_ (PR F(2)+ &k uf(2D\B
I(z) = (HELEEOF  (3.10)

Then the functionp is analytic in U and [(0) =1,
differentiating (3.10) logarithmically with respect to
z, we get

zl'(z) _ 1 p(f%ﬁhf(Z))’+E(f§1‘a‘,¢f(z))’
z) & -

8| PELS D+ ans @ 1]'(3'11)

By setting 8(w) = u +vw + ew? + aw? and
o(w) = % ,it can be easily observed that 8(w) is
analytic in C,¢(w)is analytic inC\{O}and that
¢(w) = 0,w € C\{0}. Also, we get

76

Waggas .G /Elaf.|

zq'(z)

Q@) =29 @¢(q(2)) = ey

and

h(z) = 6(q(2)) + Q(2)

zq'(z)

=u+vq(2) + elq(A)]* + alqg(D]® + nm,

It is observe that Q(z) is starlike univalent in U, we
have

h' 2 3
Re <ZQT§Z))> =Re <%q(z) + 78 [q(2)]* + 7“ [P

zq"(2) zq’(Z)) -0

MR s

By Making use of (2.2),we obtain
vi(z) + e [(D)]? + all(2)]® <

vq(z) +£lq(2)]* + alq()P + nzqq(—iz))

and by using Lemma (2.2), we deduce that
subordination (3.8) implies that

I(z) < q(z)and the function g(z)is the best

dominant.

Taking the functiong(z) = %(—l <B<A<
1),in Theorem (3.4) for every n € C\{0} the
condition(3.6)becomes

Re <1_/ 144z | 2¢ (1+Az)2 42 (1+Az)3 14

n 1+Bz n \1+Bz n \1-Bz
(4-B)z 2Bz
(1+B2)(1+4z) 1+Bz) >0, (3.12)

hence, we have the following corollary.

Corollary(3.5):let(-1<B<A<1),0<é<1,m€
C\{0} ,u,v,¢e,a € C.
Assume that (3.12) holds.

Iff €T and
) <u+t 1+Az+ <1+Az)2+ <1+Az)3
rz u vl+Bz € 1+ Bz a 1+ Bz
N (A-B)z
Ta@+B2)@+42) '
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where r(z) is defined in (3.9), then

A+1
<fs a, uf(Z)) <
z

Taking the function q(z) = (1+Z)P

—Z

1+Az
1+Bz

! 1+B

(0 < p < 1),in Theorem(3.4), the condition
(2.12)becomes

Re {z (L) 2e(22)P g (azy 22 } >
n \1-z n \1-z n \1-z 1-z2

0 (7 € \{o}), (3.13)

hence, we have the following corollary.

Corollary (3. 6):Let 0<p<1l0<é<ilne
C\{O},u,,v,&,a € C.Assume that (3.13) holds.If f €
T and

1+ z\° 1+ 2\? 1+2\%°
r(z)<u+v< ) +s< ) + a( )
1—-2z 1-2z 1-z

2pz
FEr

+7

where r(z) is defined in (3.9), then

1
141 c(,)\5 p p
<M) < (ﬂ) ,and(ﬂ) is best dominant.
1-z

z 1-z
4. Superordination Results

Theorem (4.1):Let q(z) be convex univalent in Uwith
q(z)=1,0<6<1lneC with Re(n) >0, if fET,
such that

PPHLF(2) + £k o (2)
< oD ) #0

and suppose that f satisfies the condition:

(sias- 2 a,ﬂz))%
(p+8)z
€ H[q(0),11n Q. (41)

If the function I(z)given by (3.3) is univalent and the
following superordination condition:

q(z) + 61 zq'(2) < 1(2),(4.2)

holds, then
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o A 5
a(a) < (LD R OF 4 5)
and q(z) is the best subordinant.

Proof : Consider the analytic functionl(z) by

1
pfﬁzluf(z)+ff§aw‘(z))E
I(z) = <(P+T . (4.9

Differentiate Euquation(4.4) with the
logarithmically, we get

respect to z

'@ 1 [p2(RF@) +E2(Ranf @) 45)
z) o PIEELF(@) +Ei2 0 u(2) '

A simple computation and using (1.6), from (4.5), we
get

1(z)
<pfi’}flf(2) + ffZ’,’Lf(z))E

B (p+&)z

5 (l

. (p [14557 f(2) = (u = DR @] + Eluisif @) — (u = DS
! PR + 600 ()

= 1(z) + 6n zl' (2),
now, by using Lemma (2.4), we get the desired result.

Theorem

Taking q(z) =
(4.1), we get thefollowing corollary.

Corollary  (4.2):Llet Re{n}>0,0<d§d<1 and

—1 < B < A <1, suchthat

- ;
< sauf((;):;)fza”’f(Z)> [ f]{[q(O),l] n Q.

If the function [(z)given by (3.3) is univalent in U and
f € T satisfies the following superordination condition:

(A B)z
(1+Bz )2

1+Az
1+Bz

< l(z), then
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1447 (pPHLF(D) + g uf (VD
1+ Bz (p+ &)z '

and the function %is the bestsubordinant.

Theorem (4.3):Let g(z) be convex univalent in unit
disk U, letn € C\{0},0 < § < 1,u,v,e € C,q(z) # 0O,
and f € T. Suppose that

Re { (v + 2¢q(z) + 3aq(2)) >0,

q(Z)q’(Z)}
n

Let f(z) e T and suppose that satisfies the next
condition:

<pf§$1uf(z) +&fkauf (@)

(p+9)z )E € #[q(0),11 n Q,(4.6)

and

?th(z) + ffsap.f(z)

(p+&)z 0

If the function r(z)is given by (3.9) is univalent in U,
and

Zq (Z)

u+vq(2) +elg(21? + alg(2)]® + e < r(z),

4.7)

implies

DTS (D) + £ f @
q(Z)<< u(p+f)zu )

and g(z) is the best subordinant.

Proof : Let the function A(z) defined on U by (3.14).
Then a computation show that

/ 3,@) +6(Rauf @)
ZI(Z)_ 1 ( Al:lz) (AH# Z) _1(48)
U(z) 9 Pfsauf(z)"‘ffs‘a‘uf(z)

By  setting 8(w) = u +vw + ew? + aw? and
o(w) :%,it can be easily observed that 8(w) is
analytic in C,¢p(w)is analytic inC\{O}and that
¢(w) 0 (w e C\{0}). Also, we get Q(z)=
2q' @ (a(2) = L2 it thatQ (2)is
starlike univalent in U.

observed
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Since q(z) is convey, it follows that

(e -

Re {q( 2) (2eq(2) + 3alq(2)]?

+v) }q'(z) > 0.

By making use of (4.8)the hypothesis (4.7) can be
equivalently written as

0(q(2) + zq' (2)$(q(2)))
=0(l(2) + zl'(2)p(A(2))).

thus, by applying Lemma (2.3),
completed.

the proof is

5. Sandwich Results

Combining Theorem (3.1) with Theorem (4.1), we
obtain the following sandwich Theorem ;

Theorem (5.1):Let g, and g,be convex univalent in
Uwith ¢q,(0) = ¢,(0) =1 andgq, satisfies (3.1).
Suppose thatRe{n} > 0,0 < § <1, n € C\{0}.

If f € T, such that

1s1 ;
() e

and the function [(z)defined by (3.3) is univalent and
satisfies

q.(2) +nzq,(2) < ()
< q;(2) + 81 2 q;(2),(5.1)

implies that

pTALLS () + auf DY
auto) < (LRL DTS ON <

where g,andgq, are, respectively , the best
subordinant and the best dominant of (5.1).

Combining Theorem (3.4) with Theorem (4.3), we
obtain the following sandwich Theorem.

Theorem (5.2):Let q; be two convex univalent
functions in  U,such that q;(0) =1, ¢;(0) #
0(i=12). Suppose thatg,andg, satisfies

(4.8)and(3.8), respectively.
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If f eTand suppose that fsatisfies the next
conditions:

< pittl f(z) + &7t ap.f(Z)> #0
(p+&)z

and

< ?th(z) + ffsap.f(z)

a— ) e #lg(D.11n ¢,

and r(z)is univalent in U, then

Z‘h(Z)
q1(2)

r(z) <u+v (2 +alg@P +n Zqz(”(s 2)

u+vq2)+elg (@)% + alg,(DIP +n—==

implies

pfehif (@) + ¢, f(2)
qz(Z)<< - (o + &)z -

) <q (2),

and g;andg,are the best subordinant and the best
dominant respectively and r(z) is given by (3.9).
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