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1. Introduction

Let ). denoted be the class of functions of the form
1 o
flz) = ;"‘Zk o1 agz® (1)
which are analytic andmeromorphic univalent in punctured unit diskU* ={z € C: 0 < |z| < 1}.

-A function f € Y, is meromorphic starlike of order @, (0 < a < 1) if R(%E)Z)) >a,(zeU").

The class of all such function is denoted by Y;*(a). A functionfe Y, is meromorphic convex of order o, (0< a < 1)

-R(1+ fo,;((zz))) > a,(z € U).Let Yq be the class of function fe Y,if
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with a, = 0.The subclass of }}q consisting of starlike functions of order a is denoted by ¥.5 (@) , and convex
functions of order « byZ’g(a) . Various subclasses of )’ have been defined and studied by varions authors see [1, 2
,3,4,56,7,10,11,12].
For function f{z) given by (1) and g (z)= é + Y%, biz¥ ,we define theHadamard product or( convolution) fand g
by
frg--+ T, abizk.

For positive real parameters(ai,A 1, ...0,A¢,51,B 1, ...,,BP,BP)
(£, peN={1,2,..}) such that

1+¥0 B, — X4 14,>0,(z€ U") The Wright generalized

hypergeometric function

=¥ p [(af' At)L{’,(ﬁt' Bt)l,P;Z]!qu [(ali Al): [T (at’: Aé); (ﬁlt B1); ey (ﬁpi Bp); Z],,v
assigned by

Wol(ae, A e (B B 1pZ]=5%0 {[Ti=o Ty + nA)} {15~y T(Be + 1 BOY™! i—r,l

IfA=1,(t=1,23, ..£) and B=1,(t=1,2,3,....P), then

QeWp[(asAdre (B Be)1ps 2] = Fp(@q, v, @, By vy B 2)

- Zoo (a1) n-(@1) nZ™
n=0 (B1) n(ﬁp) nn!

<p+1;¢,peN,=N={0,1,23,..},Z€ V).
That is the generalized hypergeometric function (see[8]). Here (ax) is the Pochammer symbol and Q=

(M=o (@)™ (M=o I'(BL))-
When assign the generalized hypergeometric function , we take a Linear operator
W (a1, Ad1,e,(Be, B)1pl: Xa Yoo — >

W (a, A1, £,(Be B)1pl f(2) = 27" ¥ [(a, Ad1e (B Brplizl < f(2)  (2)

for convenience ,we denote W[(a, Ad1,¢,(Bt, Br)1,p] by W [au].
If f has the from (1) then we obtain
W [ai] f(2) =~ + Bt o (@) a2, 3)
where
r(a, + Ay (k + 1)) ..T(a, + A, (k + 1))

) = D (B + Byl + D) T (e B+ 1) @
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Definition1.1: A subclass of Xq by utilizing operator W [a1] we let V(«7) denote a subclass of J;consisting of
function in (1) satisfying the condition

z(wW(a)r@ )"
W(apf (@)’
Zwar@ )" | T ®)
W(apf(2)
0<a<1,0<n<1 andA=1(t=1,2,3,..), B=1(t=1,2,3,...) Where
Now we must prove the Coefficient Inequality

2.Coeffcient Inequality

Theorem 2.1: fis a function defined by (1) in the class V(a,n), if and only if

Z|ak(a1)|[k(1 1)+ A +1Qa - D)]ag < 2n(1 — ). 6)

k=1

The result is sharp"
Proof: Let the inequity (6) holds true and let |z|=1 by (5). Then we get
z(W(a)f (2))" z(W(a)f(2))"

WaDf@y W)@y 2

<0,

2| -7
lz(W(a)f(2)" +2(W(a)f (@)'| —nlz(W(a)f(2))" + 2a(W (a,)f (2))'],

and by utilizing (3) we have

W(anf@)y = 5+ PRTICATESE
2 [ee]
W@)f @) =+ D klk = 1) o(ay)a*?,
k=1

2 [oe
2W(@f @) =+ ) k(k = Do(@)a ™,
k=1

2 o - 2 o -
=2 + B k(k = Dow(a) ez = 5 + 2552 koy(@)az |

2 o 4 2 . _
=+ Y k(k — Do (a)azkt — Z—Z +2a Y7, kop(a)az® 1|

N

=|ERos ko (a)az M (k =1+ 2)| =17

~ (1 — @) + T koy (@) az ) (k — 1+ 2a)

< Z koy(a))aglz|* 1 (k + 1)%(1 —a)+1n ) ko(a)aglz|* 1k —1+2a)
k=1 k=1
< Zlak(al)l[k(l +7)+ 1 +nQ2a—1Dla, —2n(1—a) < 0.

k=1

Therefore, by the maximum modules theorem we have f€ V(a, 1),
Conversely, suppose f€ V(a,n),then

z (wlapf(z) )" 2
w(ay)f(2))’

Z(W(a)f(2))"
W(a)f(2)

<n,
+ 2«
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Vi1 (k + Doy (ay)|apz*?
+ Y0 (k=14 2a)|op(a))|agzk?

2(1 a)

Since |Re(z)|< |z| for all z, we get

Re Yiei(k + Doy (ay)|agz"? <n %

2(1- a)+2k 1(k =1+ 2a)|oy () |a,z*1

on the real axis when choosing the value of z thus the value of
z(Wa)r@ )"
W(apf(2)'
is real , therefore clearing the denominator of (7) and when z —»1- through real axis the result is sharp for the
function

)

= l -1 2n(1-a) k
fil@) =5+ oy (a)| ™" X 20 k2 1 (8)

Corollary 2.1 : When fe V(a,n), then

2n(1—a)
KA+ + 1A +171QRa—-1))"’

ay < lo(ap)|™ x

where 0<a<1,0<n <1.
3. Growth and Distortion Theorems
Distortion and growth Theorems property for the function f€ V(a, n), is given as follows :

Theorem 3.1:Letfbe a function defined by (1) is in the class V(a,n).
Then for 0 < |z|=1 < 1 we get

1 1y nd-a _ 1 n(l-a) .
;—r|0'1(a’1)| A+an = <lf@l=- + +a )| oy ()™
equivalences for
n(1 - a)

- -1 %
f@) = + loy (a)|™ (1 n m?)
Proof: Since f € V(a,n), then we get by theorem 2.1,then the inequality

(oo}

> ol@nlk(+ 1 + (1 +12a - D)la, < 211 - @)
k=1
Then
)< [F] + B awlal,

for0<|z|=r<1, we get

[oe]

F@I<t4rY a2 loy ()| x o2
f(z ~tr ) aeso o,(ay) (1+m1)r'
k=1
In addition to
D)1= 2] - S awlzl = 2~ oy (@)™ x 2D, 7] = 7
=z k=1%k ~r 11 (1+an) "’ !

Theorem 3.2:Let A function f defined by (1) in the class f€ V(a,n).Then
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for0<|z| =r <1weget
n(l-a
1+ an)

nl-a)

1
SIF @< 5+ o (@)™ X g

1 -1
7z loy (@)™ X

Equivalences for
n(1-a)

1
f(2) = P + oy (a7t x mz-

proof: Form Theorem 2.1, we get

D lo@Dllk(t +m) + (1 +n(2a = e < 201 - @),
k=
Thus 1

' —1 N k-1
@I <11+ ) kaglal¥,
k=1

for0 <r =|z| < 1weget

-1 o
' @] < 1+ ) ka
k=1

1 -1 11-a2)

s5+ loy (a)|™F % ran
And
-1 o) -
If @)= | — Xy kag |z,
1 w
2|5 | - N kay

1 -1, n1-a)

= 2 loy (@)™ X Qram
4.Hadamard product

Theorem 4.1: If the function g, f€ V(a,n). Then (f g) € V(«7), for
1 (o]
Fo) =+ a,
=

8(7) = + X, bz,
and
f *8)(@ ==+ Ty arbez,

where
5= 22 1—a)(k+1)
T 2n2(1 — a)(k + 2a — 1) — |y (a)| [k + 1) + (1 +n2a — 1)]?

Proof: Since f, g € V(a,n), then by Theorem 2.1, we have
S [k(1+n) + (1 +nQa—1)]
> loa ( )
k=1

<1
(1 - a) W=

and

Z lou(@) [n(1+7n)+ (1 +nQa — 1))] b<1,
k=1

2n(1—a)
we must find the largest § such that
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abe <1 (9)

- [k(1+n) + (1 +nQa - 1))]
;m(am =

To prove the theorem it is over to show that

[k(1+8)+ (1+6R2a—-1)] .

ok ()] 26(1—a) D
k(1 1 20 —1
< lo (e LD+ Ut nGe = D)) o

which is equivalent to
Sk +n)+(1+nQ2a-1)]
Bk +68) + (1+8Ra—-1))]

,lakbk <

From (9) we get

2n(1 - a)
m < |0'r(0»'1)| [k(l + n) + (1 + 1’](2(1 — 1))] .

We must proof that
2n(1 — ) - [kt +m) + (1 +1nQ2a—-1)]
[fA+m+(1+nQRa—-1)] n[k@+8)+(1+5Qa-1)]’

low ()]
which gives
5 < 2n%(a — 1)k + 1)
21?21 - a)(k 4+ 2a7Y) — o (@) k@A + ) + (1 +nQa—1D)]?

Theorem 4.2 : If the function f; (i=1,2) defined by

1 oo
fi@)=—+ z a7z, (ag; = 0,i=12)
k=1

be in the class V(& 7), then the function defined

1
g(z)= -t 21?:1(612 kit @ gz )Zk )
is in the class V(& 7), where
_ an?(a-1)(k+1)
an?(a-1)(k+2a—1)—|og (@) [k(1+7)+(1+n(2a-1)]?

B

proof: Sincefi€ V(a,n),(i= 1,2), then by Theorem 2.1, we get

S o EEF DA D] oy 1y,
k=1

2n(1—a)
Hence
C [k@+m+ (1 +7Qa-D)], |,
;(lak(am e Yau,
C k(1 1+nQa -1
<> loxtan e El U Mo oe<1i=12
k=1

Thus
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2 2
Apa” ta2") <1,

- 1 [k@+m) + (1 +1Qa-D)],
;Ewk(am( =) 2

to prove the theorem we must find the largestf such that

[k(B+ 1)+ (1+pRa-1)] - low (@) [k + 1) + (1 +nQ2a — 1))] 2

>
; M2 -a) k=1

so that
B< an?(a-1)(k+1)
~ an2(a-1D(k+2a-1)-|op(a)|[k@+m+(1+n(2a-1))] 2

Theorem 4.3:1f f{z)= é + Y%, axz® € V(a@z), and

g(z)= % + Y%, bzFwith |by| < 1is in the class V(a7
then f(z)-g(z)€ V (a,n).

Proof: By Theorem 2.1, we get

Z|ak(a1)|[k(1 +m) + (1+9Qa - 1)]ag < 27(1 - a).
k=1

Since

laxbyl,

N [k +m) + (1 +7Qa-1D)]
;wk(al)l( =)

ai|bil,

'~ [k(1 +m) + (1 +nQ2a - 1D)]
- ;wk(al)l( =

(oo}

< Zlok(al)l[k(l +n)+ (1 +nQa — 1))]ak <1
k=1

Thusf(z)-g(z)€ V(& 7).

Corollary 4.1: If f{z )= i + X7, az® € V(@ ), andg (z) =lz + Y bez*with 0 < b, < 1is inthe V(a,n),
thenf(z) x g(z) € V(a,n).

5. Radil of starlikness and convexity

Theorem 5.1: Let f (z) be the function defined by (1) be in the subclass V(a,n). Then f is meromorphicallystarlike
of orderd(0 <6< 1) in the disk |z|<ri(a,n,8), where

. [k(1+m+(1+nCa-1))](1-8), -1
ri(a,1,6) = infi{loy (@) | e S

the result is sharp for the function given by (8).



Mazin,S/Abdul Rahman.S/Raheam.A JQCM - Vol.11(3) 2019, pp Math.12-20

19

Proof: We show that

zf'(2)

f( ) +11<1-96,
zf'(z) N 1| _ B+ Dapz"| Yo,k + Daglz|+!
f(2) z7 4+ Y, agzk 1= Yr alzlk+t -

This will be bounded by1 — 6,
Y (k + Day|z|**

1= alzl+t ~

-5,

[oe]

Z(z Fh—&ay |zt <15,

k=1

from Theorem 2.1, we get

- k(1 1+7Qa—1
S lop i (L1 0Ge - D)

<1.
2n(1 — a) 4 =1

Hence
[kQ+m)+(1+nQa-1)]A-9),

IaELACH] 20 +2=8)(1 — )

[k@+m+(1+7 (2a-1))](1-6) 1
|Z|S{|U"(a1)| 2n(k+2-8)(1-a) }kH} et

Theorem 5.2: Let the function f(z) defined by (1)be in the subclass V(& 7).
Then fis meromorphically convex of order ¥ (0<w¥<1)in the disk
|z|<r2(n, @, ¥), where

. [k@+m+(1+n(2a-1))](1-¥)
rz(n ) &, X)_ lnf{lo-k(al)l 27](k+2 T)(l a) }k }

The result is sharp for the function given by (7).
Proof: By utilizing the same way in the proof of theorem 5.1 we can get this

zf"(2)

T T °

<1-x(0<¥<).

For |z|< r; depending on the help of the Theorem 2.1,lead to confirmed of theorem 5.2.0
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