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A B S T R A C T 

 

In this paper we discussed some theorems  in fuzzy soft normed space , and we have some new results on 

separation theorems. 
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1. Introduction  
 
In 2002 , Maji et.al gave a new concept called fuzzy soft set , After the rontier work of Maji, many investigator have 
extended this concept in various branches of mathematics and Kharal and Ahmad in [3] introduced new theories like 
new properties of fuzzy soft set  and then in [2] defined the concept of mapping on fuzzy soft classes and  studies of 
fuzzy soft in topological introduced by Tanay and Kandemir [4].Mahanta and Das [5] continued studies  . we 
essentially concerned in theory of fuzzy soft normed spaces and their  generalization . In this paper we have studied. 
the.continuity and boundedness in fuzzy soft  in this structure we prove some separation theorem in fuzzy soft 
normed space . 

 

2. Preliminaries 
 

Definition 2.1 [1] : A pair (f ,E) is called a fuzzy soft set over X , F.S set briefly if f is a mapping given by f : 𝐸 → 𝐼𝑋 . So  

∀ 𝑒 ∈ 𝐴 , 𝑓(𝑒) is a fuzzy subset  of X , with membership function         𝑓𝑒 ∶ 𝑋 → [0 ,1 ]  

In fact , the membership function fe indicates degree of belongingness of each element of X has the parameter 𝑒 ∈ 𝐸 .  

Definition 2.2 [7]:Let �̃� be an absolute soft liner  over the scalar filed K, suppose  is continuous t-norm ,R(𝐴∗) is the 

set of all non negative soft real numbers  and 𝑆𝑆𝑃(�̃�) denote the set of all soft points on  �̃�. A fuzzy sub set Г  on 

𝑆𝑆𝑃(�̃�) x R(𝐴∗)   is  called fuzzy soft norm on �̃� if and only if for   xe ,ye｀ ∈ 𝑆𝑆𝑃(�̃�) and  �̃� ∈ 𝐾 (where �̃� is a soft scalar )  

the following conditions  hold  

1. Г(�̃�𝑒 , �̃� ) = 0  ∀ �̃� ∈̃ 𝐑(𝐴∗)𝑤𝑖𝑡ℎ   �̃�  ≤ 0  

2. Г(�̃�𝑒 , �̃� )  = 1 ∀ �̃� ∈̃ 𝐑(𝐴∗)  𝑤𝑖𝑡ℎ �̃� >̃ 0̃ if and only if  �̃�𝑒 = �̃�0 

90 
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3. Г(𝑘 ̃ �̃�𝑒  , �̃� ) = Г(�̃�e , 
𝑡 ̃

|�̃�|
 ) if  �̃� ≠ 0̃ ∀ �̃� ∈̃ 𝐑(𝐴∗) , �̃� >̃ 0̃ 

4. Г(�̃�𝑒 �̃�𝑒/   , �̃�  �̌� ) ≥̃Г(�̃�𝑒 , �̃� ) * Г(�̃�𝑒/ , �̃� )  ∀ 𝑡 ̃ , 𝑠 ̃  ∈̃ 𝐑(𝐴∗)  𝑎𝑛𝑑 xe , 𝑦𝑒/ ∈ 𝑆𝑆𝑃(�̃�)  

5. Г(�̃�𝑒  , . ) is a continuous nondecreasing  function of 𝐑(𝐴∗) and lim𝑡→ ∞  Г(xe , t ) = 1  

 The triple (�̃�, Г , ‖. ‖ ) will be refered  to a fuzzy soft normed linear  space. 

The above definition includes a fuzzy soft normed space on soft vector space .In our research , we need to define the 
definition of  Fuzzy soft normed space on normal vector space and thus we define as follow .  

Definition 2.3 :Let X be a vector space  over the scalar filed K , suppose  is continuous t-norm , and. A fuzzy sub 

set E on 𝑋 x (0,∞) is  called fuzzy soft norm on 𝑋 if and only if for x e ,y e｀   ∈ X and  k  K   the following condition 

hold  

1) E(xe , t ) = 0  ∀ 𝑡  ≤ 0  

2) E(xe , t ) = 1 ∀ 𝑡  ≥ 0 if and only if  xe = 𝜃0  

3) E(𝑘 𝑥e , t ) = E(xe , 
𝑡 

|𝑘|
 ) if  𝑘 ≠ 0 ∀  𝑡 >  0 

4) E(xe  xe｀  , t  s) ≥E(x e , t ) * E (y e｀ , s ) ∀ 𝑡 , 𝑠 >  0  𝑎𝑛𝑑 xe ,ye ∈ 𝑋 

5) E(xe , . ) is continuous function and lim𝑡→ ∞ 𝐸(xe , t ) = 1  

The triple (X, E , ‖. ‖ ) will be refered  to a fuzzy soft normed space  

Remark 2.4 :  

1) For any r1 ,r2 ∈ (0 , 1) with r1 > 𝑟2 , there exist 𝑟3 ∈ (0 ,1) such that  

            𝑟1 ∗  𝑟3  ≥ 𝑟2  

2) For any 𝑟4  ∈ (0 ,1 ), there exist 𝑟5  ∈ (0 ,1 ), such that   
𝑟5 ∗  𝑟5 ≥  𝑟4  

Definition(2.5)[7]: Let (�̃�,Г, ‖. ‖ ) be a fuzzy soft normed linear  space and �̃� >̃ 0̃ be a soft real number . We define 

an open ball , a closed  ball and sphere with center at �̃�𝑒1
 and radius 𝑟 as follows  

B(�̃�𝑒1
 , 𝑟 , �̃�) = { �̃�𝑒2

∈ 𝑆𝑆𝑃(�̃� ) : Г(�̃�𝑒1
− �̃�𝑒2

 , �̃�) >̃ 1 − 𝑟 } 

�̅�(�̃�𝑒1
 , 𝑟 , �̃� ) = {�̃�𝑒2

∈ 𝑆𝑆𝑃(�̃� ) : Г(�̃�𝑒1
− �̃�𝑒2

 , �̃�)  ≥̃ 1 − 𝑟 } 

S(�̃�𝑒1
 , 𝑟 , �̃� ) = {�̃�𝑒2

∈ 𝑆𝑆𝑃(�̃� ): Г(�̃�𝑒1
− �̃�𝑒2

 , �̃�)  = 1 − 𝑟 } 

SFS(B(�̃�𝑒1
 , 𝑟 , �̃�)) , SFS(�̅�(�̃�𝑒1

 , 𝑟 , �̃� ))  and SFS(S(�̃�𝑒1
 , 𝑟 , �̃� )) are called fuzzy soft open ball, fuzzy soft closed ball ,fuzzy 

soft sphere respectively with center𝑥𝑒  and radius 𝑟. 

The above definition includes fuzzy soft open ball , fuzzy soft closed ball and sphere in fuzzy soft normed linear 
space  .In our research , we need to define the definitions in fuzzy soft normed space . 

Definition 2. 6 : let (X , E, ‖. ‖ ) be a fuzzy soft normed space and 𝑡 > 0 we define an open ball , a closed  ball and 
sphere with center at xe  and radius ∝ as follows  

B(xe1 , 𝑟 , t ) = {ye2 ∈ X: E(x e1 − ye2 , t ) > 1 − 𝑟 } 
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�̅�(xe1 , 𝑟 , t ) = {ye2 ∈ X: E(xe1 − ye2 , t ) ≥ 1 − 𝑟 } 

S(xe1 , 𝑟 , t ) = {ye2 ∈ X: E(xe1 − ye2 , t ) = 1 − 𝑟 } 

SFS(B( xe1 , r , t )) , SFS(B(xe1 , 𝑟 , t ))  and SFS(S(xe1 , 𝑟 , t )) are called fuzzy soft open ball, fussy soft closed ball , fuzzy 
soft sphere respectively with center xe  and radius 𝑟 

Definition 2.7 : Let (X , E , ‖. ‖) be a fuzzy soft normed . A sub set A of X is said to be open set , if for all 
𝑥 ∈ 𝐴 , 𝑡ℎ𝑒𝑟𝑒 𝑒𝑖𝑥𝑒𝑠𝑡  𝑟 ∈ (0 ,1 ) , 𝑡 ∈ (0 , ∞) such that                    B(xe1 , 𝑟 , t ) ⊂   A 

Theorem 2.8: In fuzzy  soft normed space. Then the intersection  finite numbers of open sets is open  . 

Proof : Let (X , E , ‖. ‖) be  a fuzzy normed space and let   

{𝐵𝑖 ∶ 𝑖 = 1,2, … , 𝑛} be a finite collection of open sets in the fuzzy soft normed 

space , let  𝐻 =∩ {𝐵𝑖  ∶ 𝑖 = 1,2, … . , 𝑛} To prove that 𝐻 is an open set.  

let 𝑥 ∈ 𝐻  𝑡ℎ𝑒𝑛 𝑥 ∈ 𝐵𝑖      ,    ∀𝑖 = 1,2, … , 𝑛  

Since  𝐵𝑖  open set  ∀𝑖 𝑡ℎ𝑒𝑛    𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑒𝑡 𝑟𝑖 ∈ (0,1)   𝑎𝑛𝑑 𝑡𝑖 > 0    

 Such that  𝐵(𝑥, 𝑟𝑖 , 𝑡𝑖) ⊂  𝐵𝑖    , 𝑖 = 1, … , 𝑛 

  Let   𝑡𝑘 = 𝑚𝑎𝑥{𝑡1, 𝑡2, … , 𝑡𝑛}    𝑎𝑛𝑑     𝑟𝑘 = 𝑚𝑖𝑛 {𝑟1, 𝑟2, … , 𝑟𝑛}   

 Then  𝐵(𝑥, 𝑟𝑘 , 𝑡𝑘) ⊂ 𝐵𝑖   𝑓𝑜𝑟 𝑎𝑙𝑙  𝑖 = 1,2,3, … , 𝑛 

Then   𝐵(𝑥, 𝑟𝑘 , 𝑡𝑘) ⊂  ∩ 𝐵𝑖  

 Then  𝐵(𝑥, 𝑟𝑘 , 𝑡𝑘) ⊂ 𝐻                    

 ∴   𝐻 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡                     

Theorem 2.9 :  In fuzzy soft  normed space, the union of an arbitrary 

collection of open sets is open  . 

Proof: Let (X , E , ‖. ‖ )be fuzzy soft  normed space and let {𝐺ℷ: ℷ ∈ Λ} be an 

arbitrary collection of open sets in 𝑋. let  𝐺 =∪ {𝐺ℷ: ℷ ∈ Λ}  we must to  

prove 𝐺 is open, now let 𝑥 ∈ 𝐺 then 𝑥 ∈ 𝐺ℷ for some ℷ ∈ Λ  since 𝐺ℷ is 

open set then there exist 𝑟 ∈ (0,1), 𝑡 > 0 such that 𝐵(𝑥𝑒1, 𝑟, 𝑡) ⊂  𝐺ℷ 

and since 𝐺ℷ ⊂ 𝐺 Then B(xe1 , 𝑟 , t ) ⊂ 𝐺 𝑡ℎ𝑒𝑛  𝐺 is open set  

Theorem 2.10 : Let (X , E, ‖. ‖ ) be fuzzy soft  normed space if 𝐴 is open set in  

a vector space 𝑋 and 𝐵 ⊂ 𝑋 then 𝐴 + 𝐵 is open set  in 𝑋. 

Proof : Let 𝑥 ∈ 𝑋 and 𝑎 ∈ 𝐴 since 𝐴 is open set then there exist  

  𝑟 ∈ (0,1)such that   𝐵(𝑥𝑒1, 𝑟, 𝑡) ⊂ 𝐴   𝑡ℎ𝑒𝑛  𝐵(𝑥𝑒1, 𝑟, 𝑡) + 𝑥 ⊂ 𝐴 + 𝑥 

 then  𝐵(𝑎𝑒 + 𝑥, 𝑟, 𝑡) ⊂ 𝐴 + 𝑥    

then  𝐴 + 𝑥 is open set in 𝑋 for all  𝑥 ∈ 𝑋 

 and since 𝐴 + 𝐵 =∪ {𝐴 + 𝑏 ∶ 𝑏 ∈ 𝐵} 
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then  𝐴 + 𝐵 is open set in 𝑋 

Theorem 2.11: Every open ball in fuzzy soft  normed space (𝑋, E, ‖. ‖ ) 

is open set . 

Proof : Let 𝐵(𝑥𝑒1 , 𝑟, 𝑡) be an open ball and 𝑦 ∈ 𝐵(𝑥, 𝑟, 𝑡) implies that   

 E(𝑥 − 𝑦, 𝑡) > 1 − 𝑟 … . (∗) 

Then there exist 𝑡0 ∈ (0, 𝑡), the relation (∗) is true .So for 𝑡0 ∈ (0, 𝑡). 

 E(𝑥 − 𝑦, 𝑡0) > 1 − 𝑟 

Let 𝑟0 = E(𝑥 − 𝑦, 𝑡0) > 1 − 𝑟  since 𝑟0 > 1 − 𝑟 we can find 0 < 𝑠 < 1,such that  

 𝑟0 > 1 − 𝑠 > 1 − 𝑟 

Now for a given  𝑟0  and  𝑠  such that  𝑟0 > 1 − 𝑠 we can find 𝑟1 , 

0 < 𝑟1 < 1, such that 𝑟0 ∗ 𝑟1 ≥ 1 − 𝑠 

Now consider the ball  𝐵(𝑦, 1 − 𝑟1, 𝑡 − 𝑡0) we claim that 

 𝐵(𝑦, 1 − 𝑟1, 𝑡 − 𝑡0) ⊂ 𝐵(𝑥𝑒1, 𝑟, 𝑡) 

Let 𝑧 ∈ 𝐵(𝑦, 1 − 𝑟1, 𝑡 − 𝑡0)  then  𝐸(𝑦 − 𝑧, 𝑡 − 𝑡0) > 𝑟1 therefore  

 E(𝑥 − 𝑧, 𝑡) ≥ E(𝑥 − 𝑦 + 𝑦 − 𝑧, 𝑡 − 𝑡0 + 𝑡0) 

 ≥ E(𝑥 − 𝑦, 𝑡0) ∗ E(𝑦 − 𝑧, 𝑡 − 𝑡0)  

 > 𝑟0 ∗ 𝑟1 ≥ 1 − 𝑠 > 1 − 𝑟 

Therefore 𝑧 ∈ 𝐵(𝑥, 𝑟, 𝑡) and hence 𝐵(𝑦, 1 − 𝑟1, 𝑡 − 𝑡0) ⊂ 𝐵(𝑥, 𝑟, 𝑡) 

Definition2.12 [7]: Let (�̃�,Г, ‖. ‖ )  be a fuzzy soft normed linear space , then : 

a) A sequence {�̃�𝑒𝑗
𝑛 }of soft vectors in fuzzy soft normed linear space . 

Then the sequence  is converges to �̃�𝑒𝑗
0  with respect to fuzzy soft  norm Г 

If Г(�̃�𝑒𝑗
𝑛 - �̃�𝑒𝑗

0  , �̃�) ≥̃ 1 − 𝛼 for every 𝑛 ≥ 𝑛0 and 𝛼 ∈ (0,1) where n0 is positive integer and �̃� >̃ 0̃ 

 Or lim𝑛→∞ Г (�̃�𝑒𝑗
𝑛 − �̃�𝑒𝑗 

0 , t) = 1  𝑎𝑠 �̃� → ∞  

Similarly if  lim𝑛→∞ ∆ (�̃�𝑒𝑗
𝑛 − �̃�𝑒𝑗 

0 , t̃) = 1 as �̃� → ∞ ,then { �̃�𝑒𝑗
𝑛  } is convergent sequence in fuzzy soft  metric space  

(�̃�, ∆ ,∗ )  

b) A sequence{�̃�𝑒𝑗
𝑛 }of soft vectors in fuzzy soft normed linear space is said to be Cauchy sequence if Г (�̃�𝑒𝑗

𝑛  −  x̃ej
0 , t̃ )  

≥̃ 1 − 𝛼  

for every 𝑛 , 𝑚 ≥ 𝑛0 and 𝛼 ∈ (0,1] where n0 is positive integer and �̃� ≥̃  0̃  

Or  lim𝑛 ,𝑚 →∞  Г  (𝑋𝑒𝑗
𝑛  −    𝑋𝑒𝑗 

𝑚 , t̃) = 1 as �̃� → ∞ . then {�̃�𝑒𝑗
𝑛 }is Cauchy sequence in fuzzy soft metric space (�̃�, ∆ ,∗ ). 

The above definition includes fuzzy soft convergent sequence , fuzzy soft Cauchy sequence in fuzzy soft normed 
linear space  .In our research , we need to define the definitions in fuzzy soft normed space . 
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Definition 2.13 : Let (X , E , ‖. ‖) be a fuzzy soft normed space , then : 

c) A sequence {𝑥𝑒𝑗
𝑛 }in X is said to be converges to 𝑥𝑒𝑗

0  in X if for each  

If (𝑋𝑒𝑗
𝑛 - 𝑋𝑒𝑗

0 ,t) ≥ 1 − 𝛼 for every 𝑛 ≥ 𝑛0 and 𝛼 ∈ (0,1) where n0 is positive integer and 𝑡 >  0 

 Or lim𝑛→∞ 𝐸(𝑋𝑒𝑗
𝑛 − 𝑋𝑒𝑗 

0 , t) = 1  𝑎𝑠 𝑡 → ∞  

d) A sequence {𝑥𝑒𝑗
𝑛 }in X is said to be Cauchy if 𝐸(𝑋𝑒𝑗

𝑛  −  Xej
0 , t )  ≥ 1 − 𝛼  

for every 𝑛 , 𝑚 ≥ 𝑛0 and 𝛼 ∈ (0,1] where n0 is positive integer and 𝑡 ≥  0  

Or  lim𝑛 ,𝑚 →∞  𝐸 (𝑋𝑒𝑗
𝑛  −    𝑋𝑒𝑗 

𝑚 , t ) = 1 as 𝑡 → ∞ 

3. The Main Results 
 

Definition 3.1 [6] : Let X be a vector space F. The function P:𝑋 → 𝑅 is called Sub-linear functional on X if  

1) 𝑃(𝑥 + 𝑦) ≤ 𝑃(𝑥) + 𝑃(𝑦)𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 , 𝑦 ∈ 𝑋 

2) 𝑃(𝜆𝑥) = 𝝀 𝑃(𝑥)𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑋 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜆 ≥ 0 

Theorem 3.2 :let (𝑋, 𝐸 , ‖. ‖)  be  a fuzzy  soft normed space, we further                   

assume that           (𝒙𝒊) 𝑎 ∗ 𝑎 = 𝑎     ∀  𝑎  ∈ [0,1]. 

Define    𝑃𝛼 (𝑥)  = 𝑖𝑛𝑓 {𝑡 ∶   𝐸(𝑥, 𝑡) >  𝛼 }   , 𝛼 ∈ (0,1)  , 𝑡 ∈ (0, ∞)  then  

{𝑃𝛼  ∶   𝛼 ∈ (0,1)}  is sub-linear function on 𝑋. 

Proof : 

1-𝑃𝛼 (𝑥) + 𝑃𝛼 (𝑦) = 𝑖𝑛𝑓 { 𝑡 > 0 ∶ 𝐸(𝑥, 𝑡) > 𝛼}  +  𝑖𝑛𝑓 { 𝑠 > 0 ∶ 𝐸(𝑦, 𝑠) > 𝛼} 

𝑡 , 𝑠   ∈ (0, ∞)       𝑎𝑛𝑑     𝛼 ∈ (0,1)  

                               = 𝑖𝑛𝑓 {𝑡 + 𝑠 ∶   𝐸 (𝑥, 𝑡) >  𝛼  , 𝐸 (𝑦, 𝑠) >  𝛼} 

                              = 𝑖𝑛𝑓 {𝑡 + 𝑠 ∶  𝐸(𝑥, 𝑡) ∗  𝐸(𝑦, 𝑠) >   𝛼 ∗ 𝛼 } 

                              ≥ 𝑖𝑛𝑓 { 𝑡 + 𝑠 ∶ 𝐸 (𝑥 + 𝑦 , 𝑡 + 𝑠) >  𝛼  } 

                             = 𝑃𝛼 (𝑥 + 𝑦) 

2-  If    𝑐 = 0 𝑡ℎ𝑒𝑛   𝑃𝛼 (𝑐𝑥) =   𝑃𝛼 (0)  = 𝑖𝑛𝑓 {𝑡 ∶  𝐸 (0, 𝑡) > 𝛼 } 

 Since ‖(0, 𝑡)‖  = 1 > 𝛼     ∀ 𝑡 ∈ (0, ∞)   𝑎𝑛𝑑      ∀    𝛼 ∈ (0,1) 

 Then   𝑖𝑛𝑓 {(0, ∞)  ∶ 𝐸 (0, 𝑡) >  𝛼} = 0 = 𝑐 𝑃𝛼  (𝑥) 

If 𝑐 ≠ 0 𝑡ℎ𝑒𝑛 𝑃𝛼 (𝑐𝑥) = 𝑖𝑛𝑓 {𝑠 ∶ 𝐸 (𝑐𝑥, 𝑠) > 𝛼 } 

 = 𝑖𝑛𝑓 {𝑠 ∶ 𝐸 (𝑥,
𝑠

|𝑐|
) >  𝛼} 

Let   𝑡  =   𝑠/|𝑐| then    𝑃𝛼 (𝑐𝑥) = 𝑖𝑛𝑓 {|𝑐|𝑡 ∶ 𝐸(𝑥, 𝑡) > 𝛼} 

 =  |𝑐| inf{𝑡 ∶ 𝐸(𝑥, 𝑡) > 𝛼} 

=  |𝑐|𝑃𝛼 (𝑥) =   𝑐𝑃𝛼 (𝑥) (since c> 0 𝑡ℎ𝑒𝑛  |𝑐| = 𝑐) 

  ∴ 𝑃𝛼is sub-linear functional . 

Theorem 3.3 : If  𝐴 is open set in fuzzy soft  normed space  (𝑋 , 𝐸 , ‖. ‖) 

 satisfying the condition (𝑥𝑖) then  𝐴 = {𝑥 ∈ 𝑋 ∶  𝑃𝛼 (𝑥) < 𝑡} 

Proof : Let  B=  {𝑥 ∈ 𝑋 ∶ 𝑃𝛼 (𝑥) < 𝑡 }, 
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Let 𝑥 ∈ 𝐴  𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑒𝑖𝑥𝑒𝑠𝑡  𝑟 ∈ (0,1) , 𝑡 ∈ (0, ∞) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡   𝐵(𝑥 , 𝑟, 𝑡) ⊂ 𝐴 

 𝑡ℎ𝑒𝑛 𝐵(𝑥, 𝑟, 𝑡) = {𝑦 ∈ 𝑋 ∶ 𝐸 (𝑥 − 𝑦 , 𝑡) > 1 − 𝑟}  ⊂ 𝐴 

if 𝑦 = 0 ∈ 𝑋 (since 𝑋 vector space) 

 𝑡ℎ𝑒𝑛  𝐵(𝑥, 𝑟, 𝑡) = {0 ∈ 𝑋 ∶ 𝐸(𝑥, 𝑡) > 1 − 𝑟} ⊂ 𝐴 

Let 𝛼 ≤ 1 − 𝑟  𝑡ℎ𝑒𝑛  𝛼 ∈ (0,1) 

 𝑡ℎ𝑒𝑛  𝐸(𝑥, 𝑡) >  𝛼  

 ∴ 𝑃𝛼 (𝑥) < 𝑡 

 ∴ 𝑥 ∈ 𝐵 

If 𝑦 ≠ 0 

 𝐸(𝑥, 𝑡) =  𝐸(𝑥 − 𝑦 + 𝑦, 𝑡1 + 𝑡2)  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑡1 + 𝑡2 = 𝑡 

             ≥ 𝐸(𝑥 − 𝑦, 𝑡1) ∗ 𝐸(𝑦, 𝑡2) 

             > 1 − 𝑟 ∗  𝐸(𝑦, 𝑡2) 

Since 𝑦 ≠ 0 then 𝐸(𝑦, 𝑡2) ≠ 1  and 𝐸(𝑦, 𝑡2) > 0 

Then 𝐸(𝑦, 𝑡2) ∈ (0,1) 

Let 𝑟′ = 𝐸(𝑦, 𝑡2) 𝑡ℎ𝑒𝑛    𝑟′ ∈ (0,1) 

  𝑡ℎ𝑒𝑛 𝐸(𝑥, 𝑡) > 1 − 𝑟 ∗  𝑟′ = 𝛼 ∈ (0,1)  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝛼   = 1 − 𝑟 ∗  𝑟′ 

 ∴ 𝐴 ⊂ 𝐵 

 ⟸ 𝑙𝑒𝑡 𝑥 ∈ 𝐵 

then  𝑃𝛼 (𝑥) < 𝑡  

𝑡ℎ𝑒𝑛  𝐸(𝑥, 𝑡) >  𝛼  ,   𝛼 ∈ (0,1)  

Let    𝑟 =1- 𝛼   

 then   𝑟 ∈ (0,1)   

 then 1 − 𝑟 = 𝛼  

 𝐸(𝑥, 𝑡) > 1 − 𝑟  = 𝐸(𝑥 − 0, 𝑡) > 1 − 𝑟   

 then  𝐵(𝑥, 𝑟, 𝑡) ⊂ 𝐴 

 ∴ 𝑥 ∈ 𝐴  

 ∴ 𝐴 = {𝑥 ∈ 𝑋 ∶ 𝑃𝛼 (𝑥)  < 𝑡 } 

Theorem 3.4:  Let (𝑋, 𝐸 , ‖. ‖) 𝑏𝑒 a fuzzy Soft  normed space satisfying the  

condition (𝑥𝑖) , and 𝑥0 ∈ 𝑋 , 𝑖𝑓 𝐴 is an open set such that 𝑥0 ∉ 𝐴  ,  then there exists 𝑓 ∈ 𝑋∗such that 𝑓(𝑥0) =
1   𝑎𝑛𝑑   𝑓(𝑥) < 1  ∀ 𝑥 ∈ 𝐴. 

Proof : If  0 ∈ 𝐴,since 𝑥0 ∉ 𝐴, then 𝑥0 ≠ 0 . 
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Let    𝑃𝛼 ∶   𝑋 → 𝑅 such that   𝑃𝛼(𝑥) = 𝑖𝑛𝑓{𝑡 > 0 ∶ 𝐸(𝑥, 𝑡) >  𝛼  , 𝛼 ∈ (0,1)}   ∀𝑥 ∈ 𝑋 

 𝑡ℎ𝑒𝑛 𝑃𝛼  is sub-linear  and  𝑃𝛼(𝑥) ≥ 0   ∀𝑥 ∈ 𝑋   

Let Μ = [𝑥0]  𝑡ℎ𝑒𝑛     𝛭 =   {𝑡𝑥0    , 𝑡 ∈ 𝑅} 𝑡ℎ𝑒𝑛  𝛭  is sub space of 𝑋 

Define  𝑔 ∶  𝛭 ⟶ 𝑅   ∋ 𝑔(𝑡𝑥0) = 𝑡     

𝑡ℎ𝑒𝑛  𝑔 ∈ 𝑀′  and 𝑔(𝑥)  ≤  𝑃𝛼(𝑥)     ∀ 𝑥 ∈ 𝑀 

By Hahn Banach theorem   ∃ 𝑓 ∈ 𝑋′     ∋   𝑓(𝑥) = 𝑔(𝑥)   ∀𝑥 ∈ 𝑀 

 then 𝑓(𝑥) ≤ 𝑃𝛼(𝑥)    ∀𝑥 ∈ 𝑋. 

  𝑆𝑖𝑛𝑐𝑒 𝑥0 = 1. 𝑥0  ∈ 𝑀  𝑡ℎ𝑒𝑛   𝑓(𝑥0) = 𝑔(𝑥0) = 𝑔(1. 𝑥0) = 1 

and since   𝐴  is open  set  𝑡ℎ𝑒𝑛  𝐴 ={𝑥 ∈ 𝑋  ∋  𝑃𝛼(𝑥) < 𝑡} 

If   𝑡 = 1   𝑡ℎ𝑒𝑛   𝑓(𝑥) ≤ 𝑃𝛼(𝑥) < 1   ∀ 𝑥 ∈ 𝐴 . 

We must to prove 𝑓 is continuous that’s equivalent to prove 𝑓 is bounded 

Let 𝑥 ∈ 𝑋   𝑡ℎ𝑒𝑛 𝑓(𝑥) ≤  𝑃𝛼(𝑥) 

if 𝑥 ∈ 𝐴    𝑡ℎ𝑒𝑛    𝑃𝛼(𝑥) < 1   𝑡ℎ𝑒𝑛  𝑓(𝑥) < 1 

if 𝑥 ∈ −𝐴  𝑡ℎ𝑒𝑛   − 𝑥 ∈ 𝐴    𝑡ℎ𝑒𝑛  𝑓(−𝑥) < 1  𝑡ℎ𝑒𝑛  𝑓(𝑥) > −1 

 ∴ −1 < 𝑓(𝑥) < 1       ∀𝑥 ∈ 𝐷 = 𝐴 ∩ −𝐴 

∴ 𝑓 is bounded on the set 𝐷 and 𝐷 is open set  ,0 ∈ 𝐷 

 𝑡ℎ𝑒𝑛 𝑓 is bounded . 

If 0 ∉ 𝐴, take 𝐴1 = 𝐴 − 𝑥0  ,     𝑥0 ∈ 𝐴  𝑡ℎ𝑒𝑛 0 ∈ 𝐴1 

And can prove same that last method . 

Theorem 3.5:  Let 𝐴 and 𝐵 be disjoint ,nonempty, convex set in a fuzzy soft   

normed space  (𝑋, 𝐸, ‖. ‖).If 𝐴 is open set in 𝑋 ,then there is 𝑓 ∈ 𝑋∗and 𝜆 ∈ 𝑅 such that 

                   𝑓(𝑥) < 𝜆 ≤ 𝑓(𝑦) for all 𝑥 ∈ 𝐴 and 𝑦 ∈ 𝐵. 

Proof : let 𝑥0 = 𝑏 − 𝑎  where 𝑎 ∈ 𝐴   , 𝑏 ∈ 𝐵 . 

Let    𝐷 = 𝐴 − 𝐵 + 𝑥0    𝑡ℎ𝑒𝑛     𝐷 = (𝐴 − 𝑎) − (𝐵 − 𝑏) . 

Since    𝐴 , 𝐵 convex   𝑡ℎ𝑒𝑛    𝐷 is convex and since 𝐴 is open then 𝐷 is open  

 ∵ 𝑎 ∈ 𝐴    𝑡ℎ𝑒𝑛   0 = 𝑎 − 𝑎 ∈ 𝐴 − 𝑎   

 0 = 𝑏 − 𝑏 ∈   𝐵 − 𝑏 

 𝑡ℎ𝑒𝑛    0 ∈ 𝐷 

we must to prove 𝑥0 ∉ 𝐷 . 

Let 𝑥0 ∈ 𝐷   𝑡ℎ𝑒𝑛    𝑥0 ∈ 𝐴 − 𝐵 + 𝑥0  𝑡ℎ𝑒𝑛        0 = 𝑥0 − 𝑥0 ∈ 𝐴 − 𝐵 

 then   0 = (𝑏 − 𝑎) − (𝑏 − 𝑎) ∈ 𝐴 − 𝐵 , 𝑎 ∈ 𝐴   𝑎𝑛𝑑  𝑏 ∈ 𝐵   
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 0 = (𝑎 − 𝑎) − (𝑏 − 𝑏) 𝑡ℎ𝑒𝑛 𝑎 = 𝑏   𝑡ℎ𝑒𝑛   𝑎 ∈ 𝐴 ∩ 𝐵 𝑎𝑛𝑑 𝑏 ∈ 𝐴 ∩ 𝐵 

  𝑡ℎ𝑒𝑛  𝐴 ∩ 𝐵 ≠ ∅      that’s contradiction . 

By Theorem(3.4) there exist   𝑓 ∈ 𝑋∗    ∋ 𝑓(𝑥0) = 1 and  𝑓(𝑥) < 1 for all 𝑥 ∈ 𝐷 now for all 𝑎 ∈ 𝐴   and all  𝑏 ∈ 𝐵   

 𝑎 − 𝑏 + 𝑥0 ∈ 𝐷   𝑡ℎ𝑒𝑛   𝑓(𝑎 − 𝑏 + 𝑥0) < 1 

then 𝑓(𝑎) − 𝑓(𝑏) + 𝑓(𝑥0) < 1 

then  𝑓(𝑎) < 𝑓(𝑏) . 

Set 𝜆 = sup{𝑓(𝑎) ∶ 𝑎 ∈ 𝐴}, then it holds that  

 𝑓(𝑎) ≤  𝜆 ≤ 𝑓(𝑏)   ∀𝑎 ∈ 𝐴 , 𝑏 ∈ 𝐵 . 

To show that the first is strict , assume there is 𝑎′ ∈ 𝐴 such that  

𝑓(𝑎′) =  𝜆 , take 𝑘 ∈ 𝑋 such that 𝑓(𝑘) ≠ 0 . 

Since 𝐴 open set then 𝑎′ + 𝑘 ∈ 𝐴, then 𝜆 ≥ 𝑓(𝑎′ + 𝑘) = 𝑓(𝑎′) + 𝑓(𝑘), 

which is contradiction (since 𝑓(𝑘) ≠ 0) 

 then 𝑓(𝑎) < 𝜆 ≤ 𝑓(𝑏)        ∀𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵. 

Theorem 3.6: Let (𝑋, 𝐸, ‖. ‖) be a locally convex fuzzy soft normed space 

 and 𝐴 , 𝐵 convex , nonempty, and disjoint subsets of  𝑋, if 𝐴 is 

 compact , 𝐵 is closed ,then there exists a continuous linear functional 

𝑓 ∈ 𝑋∗and  𝜆 ∈ 𝑅  such that  𝑓(𝑎) < 𝜆 < 𝑓(𝑏)        ∀𝑎 ∈ 𝐴 , 𝑏 ∈ 𝐵 

Proof  :  let 𝑉 is a neighborhood of 0  then  

𝐶 = 𝐴 + 𝑉 is open , convex set , and still disjoint from 𝐵 

Now by theorem (3.5) there exists 𝑓 ∈ 𝑋∗and 𝛼 ∈ 𝑅 such that  

𝑓(𝑐) < 𝛼 ≤ 𝑓(𝑏)             ∀𝑐 ∈ 𝐶  , 𝑏 ∈ 𝐵 . 

Since  𝑓 is continuous and 𝐴 is compact ,𝑐 = 𝑎 + 𝑣  (𝑎 ∈ 𝐴 , 𝑣 ∈ 𝑉 ), then 

 𝑓(𝑎 + 𝑣) < 𝛼 ≤ 𝑓(𝑏)  ⟹ 𝑓(𝑎) + 𝑓(𝑣) < 𝛼 ≤ 𝑓(𝑏) 

 𝑓(𝑎) < 𝛼 − 𝑓(𝑣) ≤ 𝑓(𝑏)  . 

Put 𝜆 =  𝛼 − 𝑓(𝑣) < 𝛼 

   𝑓(𝑎) <  𝜆 < 𝑓(𝑏)                    ∀𝑎 ∈ 𝐴  , 𝑏 ∈ 𝐵     

Theorem (3.7): Let 𝐴 is convex , closed subset of a fuzzy soft  normed space  

(𝑋, 𝐸 , ‖. ‖)  and  let 𝑥0 ∈ 𝑋 , 𝑥0 ∉ 𝐴.  Then there exist 𝑓 ∈ 𝑋∗  and 𝜆 ∈ 𝑅  

such that  𝑓(𝑥0) < 𝜆 ≤ 𝑓(𝑥)  ∀ 𝑥 ∈ 𝐴   

Proof : Since 𝑥0 ∉ 𝐴 then put 𝑟 = 𝑀𝑑(𝑥0, 𝐴, 𝑡)  𝑡ℎ𝑒𝑛   𝑟 ∈ (0,1) 

since  𝐵(𝑥0, 𝑟, 𝑡) is open ball with center 𝑥0 and radius 𝑟 then 𝐵(𝑥0, 𝑟, 𝑡) is  
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open and convex set and  𝐵(𝑥0, 𝑟, 𝑡) ∩ 𝐴 = ∅ 

 By Theorem (3.5) there exists 𝑓 ∈ 𝑋∗and 𝜆 ∈ 𝑅 such that  

 𝑓(𝑦) < 𝜆 ≤ 𝑓(𝑥)   ∀ 𝑥 ∈ 𝐴 , 𝑦 ∈  𝐵(𝑥0, 𝑟, 𝑡) 

  In particular 𝑓(𝑥0) < 𝜆 ≤ 𝑓(𝑥). 
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