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1. Introduction

In 2002, Maji et.al gave a new concept called fuzzy soft set, After the rontier work of Maji, many investigator have
extended this concept in various branches of mathematics and Kharal and Ahmad in [3] introduced new theories like
new properties of fuzzy soft set and then in [2] defined the concept of mapping on fuzzy soft classes and studies of
fuzzy soft in topological introduced by Tanay and Kandemir [4].Mahanta and Das [5] continued studies . we
essentially concerned in theory of fuzzy soft normed spaces and their generalization . In this paper we have studied
the continuity and boundedness in fuzzy soft in this structure we prove some separation theorem in fuzzy soft
normed space .

2. Preliminaries

Definition 2.1 [1] : A pair (f,E) is called a fuzzy soft set over X, F.S set briefly if f is a mapping given by f: E - [* . So
Ve €A,f(e)isafuzzy subset of X, with membership function fe: X = [0,1]

In fact, the membership function f. indicates degree of belongingness of each element of X has the parameter e € E .

Definition 2.2 [7]:Let X be an absolute soft liner over the scalar filed K, suppose * is continuous t-norm ,R(4*) is the
set of all non negative soft real numbers and SSP(X) denote the set of all soft points on X. A fuzzy subsetT' on
SSP(X)xR(A") is called fuzzy soft norm on X if and only if for X.,y.- € SSP(X) and k € K (where k is a soft scalar )
the following conditions hold

1. I'(%,,E)=0 Vi ER(A")with £ <0

2. I'(%,,t) =1V EER(A") witht S 0ifand onlyif %, = 6,
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3. F(E}?e,f)=l"()?e,m)if k+0viER@AY), 50
4. T(%,®F, ,t®5) ST (X, t)*I(¥,,5) VI ,§ ER(A") and X, ,y,/ € SSP(X)
5. T(%,,.) is a continuous nondecreasing function of R(4*) and lim;_, ., ['(Xe,t) =1

The triple (X, T, ||.]| ) will be refered to a fuzzy soft normed linear space.

The above definition includes a fuzzy soft normed space on soft vector space .In our research , we need to define the
definition of Fuzzy soft normed space on normal vector space and thus we define as follow .

Definition 2.3 :Let X be a vector space over the scalar filed K, suppose * is continuous t-norm, and. A fuzzy sub
set E on X x (0,0) is called fuzzy soft norm on X if and only if forx e,y e~ €Xand k € K the following condition
hold

1) E(xe,t)=0Vt <0
2) E(xe,t)=1Vt = 0ifand onlyif xe =6,

3) E(kxe,t):E(xe,lz—l)ifk £0V ¢t >0

4) E(Xe @ Xe~ ,t®s) =2E(Xe,t)*E(ye - ,s)Vt,s > 0 and Xe,ye €X

5) E(xe,.) is continuous function and lim;_, , E(x.,t) =1

The triple (X, E, ||. || ) will be refered to a fuzzy soft normed space

Remark 2.4 :

1) Foranyr;,r; € (0, 1) with ry > r,, there exist 13 € (0,1) such that
n*xTr =1

2) Foranyr, € (0,1), thereexistrz € (0,1), such that
Ts* 15 =21,

Definition(2.5)[7]: Let (X, ||.]| ) be a fuzzy soft normed linear space and £ S 0 be a soft real number . We define
an open ball, a closed ball and sphere with center at X, and radius r as follows

B(%,, ,7,t)={J., € SSP(X):T(Xe, = o, , £) S 1 -1}
B(%e, ,7,t)={Fe, €SSP(X ) : T (%o, = Fo, 1) S1—1}
S(Xe, , 7, E)={Fe, € SSP(X ):T(%e, — Fe, 1) =1—1}

SFS(B(%,, , 7, t)), SFS(B(%,, ,r, t)) and SFS(S(%,, , 7, t)) are called fuzzy soft open ball, fuzzy soft closed ball ,fuzzy
soft sphere respectively with centerx, and radius r.

The above definition includes fuzzy soft open ball, fuzzy soft closed ball and sphere in fuzzy soft normed linear
space .In our research, we need to define the definitions in fuzzy soft normed space .

Definition 2. 6 : let (X, E, ||. || ) be a fuzzy soft normed space and t > 0 we define an open ball, a closed ball and
sphere with center at Xe and radius « as follows

B(xel,r,t)={yeZEX:E(xel—yez,t)>1—r}
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B(Xe1,7,t)={ye2 EX: E(Xe1 — Ve2,t)=1—71}
S(Xe1,7,t)={ye2 EX: E(Xe1 — Ve2,t)=1—1}

SFS(B(Xe1,r,t)), SFS(B(xe1,7,t)) and SFS(S(xe1, 7, t)) are called fuzzy soft open ball, fussy soft closed ball, fuzzy
soft sphere respectively with center x. and radius r

Definition 2.7 : Let (X, E, ||. ||) be a fuzzy soft normed . A sub set A of X is said to be open set, if for all
x € A, there eixest r € (0,1),t € (0, ) such that B(Xe1,7,t)c A

Theorem 2.8: In fuzzy soft normed space. Then the intersection finite numbers of open sets is open .
Proof: Let (X, E, ||.||]) be afuzzy normed space and let
{B; : i = 1,2,...,n} be afinite collection of open sets in the fuzzy soft normed
space,let H=n{B; :i=1,2,...,n} To prove that H is an open set.
letx € H thenx €B; , Vi=1.2,..,n
Since B; openset Vithen there exisetr; € (0,1) andt; >0
Such that B(x,7;,t;) < B; ,i=1,..,n
Let t, = max{ty, ty, ..., t,} and 1, = min{r,, 1y, .., 1}
Then B(x,1,t,) € B; forall i =1,23,..,n
Then B(x,7,ty) € NB;
Then B(x, 1, t,) € H
~ His open set
Theorem 2.9 : In fuzzy soft normed space, the union of an arbitrary
collection of open sets is open .
Proof: Let (X, E, ||. || )be fuzzy soft normed space and let {G,: 3 € A} be an
arbitrary collection of open sets in X.let G =U {G,: J € A} we must to
prove G is open, now let x € G then x € G, for some 3 € A since G, is
open set then there exist r € (0,1),t > 0 such that B(x,,,7,t) € G,
and since Gy, € G Then B(x.; ,7,t) € G then G is open set
Theorem 2.10 : Let (X, E, ||. || ) be fuzzy soft normed space if 4 is open set in
a vector space X and B € X then A + B is open set in X.
Proof: Let x € X and a € A since A is open set then there exist
r € (0,1)such that B(x,,,7,t) € A then B(x.,,r,t)+xcA+x
then B(a, +x,7,t) c A+x
then A + x is opensetin X forall x € X

andsinceA+ B =U{A+b:b €B}
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then A + Bisopensetin X

Theorem 2.11: Every open ball in fuzzy soft normed space (X, E, || ||)
is open set.

Proof: Let B(x,,,7,t) be an open ball and y € B(x, r, t) implies that
Ex—y,t) >1—1r...(¥)

Then there exist t, € (0,t), the relation (x) is true .So for t, € (0, t).
Ex—y,t))>1—7r

Letry =E(x —y,ty) > 1 —1r sincer, > 1 —rwecanfind 0 < s < 1,such that
rpn>1—-s>1-r

Now for a given 1, and s such that ry > 1 — swecan findry,

0<mn <1,suchthatry*r, >1—s

Now consider the ball B(y,1 —1,t — t;) we claim that

B(y,1—r,t —ty) € B(xeq,1,t)

Letz € B(y,1 —r,t —t,) then E(y — z,t — t,) > r; therefore
E(x—2zt)ZEx—y+y—zt—t,+¢ty)

2 E(x —y,t) *E(y —z,t — &)

> =21l—-s>1-—r

Therefore z € B(x,r,t) and hence B(y,1 —n;,t — t,) € B(x,r,t)

Definition2.12 [7]: Let (X,T, ||.|| ) be a fuzzy soft normed linear space , then :

a) A sequence {¥;;}of soft vectors in fuzzy soft normed linear space .

Then the sequence is converges to fgj with respect to fuzzy soft norm I’

IFT (%~ 3?2]- ,£)= 1 — a for every n = noand a € (0,1) where nyis positive integer and £ S 0

Orlim, o, I (%}; — X0;,) =1 ast — o

Similarly if lim,,_,., A (%g; — ;zgj ,)=1ast — oo then { £7; } is convergent sequence in fuzzy soft metric space

()?,A,*)

b) A sequence{%;;}of soft vectors in fuzzy soft normed linear space is said to be Cauchy sequence if I' (X;; — %2, 1)

>S1—-a

for everyn,m >noand a € (0,1] where no is positive integer and £ = 0

ej’

Or limy, oo [' (X7} — X7},©) = 1ast — oo.then {J?Qj}is Cauchy sequence in fuzzy soft metric space (X, A ,* ).

The above definition includes fuzzy soft convergent sequence, fuzzy soft Cauchy sequence in fuzzy soft normed
linear space .In our research , we need to define the definitions in fuzzy soft normed space .
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Definition 2.13 : Let (X, E, ||.||) be a fuzzy soft normed space, then:
c) Asequence {x;;}in X is said to be converges to xgj in X if for each

If (X¢}- ng,t) >1— a foreveryn = noand a € (0,1) where nois positive integer and t > 0

Orlim, ., E(X}; — XJ;, ) =1 ast > oo

ej’
d) A sequence {x;;}in X is said to be Cauchy if E(Xg; — ng, t)21—«a
foreveryn,m >=noand a € (0,1] where ny is positive integerand t > 0
Or limy, , o0 E (Xg; — Xgj,t) =last—o o

3. The Main Results

Definition 3.1 [6] : Let X be a vector space F. The function P:X — R is called Sub-linear functional on X if

1) P(x+y) <P(x)+P(y)forallx,y €X
2) P(Ax) =AP(x)forallx € Xand forallA =0
Theorem 3.2 :let (X, E, ||.|)) be afuzzy soft normed space, we further
assume that (x)axa =a Va €[01].
Define P, (x) =inf{t: E(x,t)> a} , @ €(0,1) ,t € (0,0) then
{P, : a €(0,1)} is sub-linear function on X.
Proof:
1-P,(x)+ P, (y)=inf{t>0:E(x,t) >a} + inf{s>0:E(y,s) > a}
t,s €(0,0) and a €(0,1)
=inf{t+s : E(xt)> a ,E(y,S) > a}
=inf{t+s : E(x,t)* E(y,s) > a*a}
>inf{t+s :E(x+y,t+s)> a}
=P (x+y)
2-If ¢c=0then P,(cx) = P,(0) =inf{t : E(0,t) > a}
Since ||(0,t)|| =1>a Vt€e(0,0) and V a€ (0,1)
Then inf{(0,) : E (0,t) > a}=0=cP, (x)
Ifc # 0then P, (cx) = inf{s: E (cx,s) > a }

= inf{s : E (x,ﬁ) > a}
Let t = s/|c|then P, (cx) =inf{|c|t : E(x,t) > a}
= |c|inf{t : E(x,t) > a}
= |c|P, (x) = cP, (x) (since c¢> 0 then |c| = c)
-~ P,is sub-linear functional .

Theorem 3.3 : If A is open setin fuzzy soft normed space (X ,E,||. )
satisfying the condition (x;) then A={x e X : P, (x) <t}

Proof:Let B= {x €eX : P, (x) <t},
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Letx € A then there eixest r € (0,1),t € (0,o) such that B(x,r,t) c A

thenB(x,r,t) ={yeX:E(x—y,t)>1—-r} CcA
ify =0 € X (since X vector space)
then B(x,r,t) ={0€eX:E(x,t) >1—-r}cA
Leta <1—r then a € (0,1)
then E(x,t) > «
~P(x)<t
~XE€EB
Ify+0
E(x,t) = E(x —y+y,t; +t,) suchthat t; +t, =t
2E(x—yt)*E(y.t;)
>1—r % E(y,t,)
Sincey # 0 then E(y,t;) # 1 and E(y,t;) >0
Then E(y, t,) € (0,1)
Letr' = E(y,t;) then r' € (0,1)
thenE(x,t) >1—r «*r'=a € (0,1) suchthata =1—7r *r'
~AcB
—letx€B
then P, (x) <t
then E(x,t) > a, a €(0,1)
Let r=1-«a
then r € (0,1)
thenl—r=a
E(x,t)>1—-r =E(x—0,t)>1—7r
then B(x,r,t) C A
~X€EA

~A={x eX:P(x) <t}

Theorem 3.4: Let (X,E,||.|) be a fuzzy Soft normed space satisfying the

condition (x;) ,and x, € X ,if Ais an open set such that x, A , then there exists f € X*such that f(x,) =

1 and f(x)<1Vx€A.

Proof: If 0 € A,since x, € A,thenx, # 0.
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Let P,: X - Rsuchthat P,(x) =inf{t >0 : E(x,t) > a ,a € (0,1)} Vx€X
then P, is sub-linear and P,(x) =0 Vx €X
LetM = [x,] then M = {tx, , t € R}then M issub space of X
Define g: M — R 3 g(txy) =t
then g e M’ andg(x) < P,(x) VxeM
By Hahn Banach theorem 3 fe X’ 3 f(x)=gkx) VxeM
then f(x) < P,(x) Vx €X.
Since xo = 1.x, € M then f(xy) =g(x,) =g(1.x5) =1
and since A isopen set then A={x € X 3 P,(x) < t}
If t=1 then f(x) <P, (x)<1 Vx€EA.
We must to prove f is continuous that’s equivalent to prove f is bounded
Letx € X then f(x) < P,(x)
ifxeA then P,(x) <1 then f(x) <1
ifx € —A then —x €A then f(—x) <1 then f(x) > —1
~=1<f(x)<1 VxeD=AN-A
~ f isbounded on the set D and D is openset ,0 € D
then f is bounded .
IfO0¢ A takeAd; =A—x,, xy €A then0 €A,
And can prove same that last method .
Theorem 3.5: Let 4 and B be disjoint ,nonempty, convex set in a fuzzy soft
normed space (X,E,||.|]).If A is open setin X ,then thereis f € X*and A € R such that
f(x) <A <f(y)forallx € Aandy € B.
Proof:letx, =b —a wherea €A ,bEB.
Let D=A—B+x, then D=(A—a)—(B—-D).
Since A,B convex then D isconvex and since 4 is open then D is open
va€A then 0=a—a€A—a
0O=b—b € B-b
then 0€D
we must to prove x, € D .
Letx, €D then x, € A— B+ x, then 0=xy—xo€A—B

then 0=(b—a)—(b—a)€EA—B,a€A and bEB
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O=(a—a)—(b—b)thena=b then a€e AnNBandb€ANB

then ANB # @ that’s contradiction.

By Theorem(3.4) there exist f € X* 3 f(x,) = 1and f(x) < 1forallx € D nowforalla € A andall b € B

a—b+x,€D then fla—b+x) <1
then f(a) — f(b) + f(xy) <1
then f(a) < f(b).
Set 1 = sup{f(a) : a € A}, then it holds that
fla< A<f(b) VaeA,bEB.
To show that the first is strict, assume there is a’ € A such that
f(a') = A,take k € X such that f(k) #0.
Since A opensetthena’ +k € A, then A = f(a' + k) = f(a") + f(k),
which is contradiction (since f (k) # 0)
then f(a) < A < f(b) Va € A, b € B.
Theorem 3.6: Let (X, E, || ||) be alocally convex fuzzy soft normed space
and A, B convex , nonempty, and disjoint subsets of X, if 4 is
compact, B is closed ,then there exists a continuous linear functional
f €X*and A € R suchthat f(a) < 1 < f(b) Va€A, beEB
Proof : let V is a neighborhood of 0 then
C = A+ Visopen, convex set, and still disjoint from B
Now by theorem (3.5) there exists f € X*and a € R such that
flo) <a<f() VceC ,hbEB.
Since f is continuous and A is compact,c =a+v (a € A,v € V), then
fla+v)<a<fO) =fl@)+fw) <a<f)
fl@) <a-=f)<fb) .
Putl=a—-f(v)<a
fla) < A< f(b) Va€A ,beEB
Theorem (3.7): Let A is convex, closed subset of a fuzzy soft normed space
(X,E,|l.1) and letx, € X ,x, & A. Then thereexist f € X* andA € R
suchthat f(x;) <A< f(x) Vx€A
Proof': Since x, € A then putr = My (x,,A,t) then r € (0,1)

since B(x,,7,t) is open ball with center x, and radius r then B (x,, 7, t) is
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open and convex setand B(xy, 7, t)NA=0
By Theorem (3.5) there exists f € X*and A € R such that
fO) <A< f(x) Vx€A,y€ B(x1,t)
In particular f(xy) < A < f(x).
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