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1. Introduction

stochastic differential equation play an important role in many branches of the natural sciences and
engineering. Neutral stochastic functional differential equations (NSFDEs) involve derivatives with delays , also
depends on past and present values. The (NSFDEs) have been invistigated by many authors, see [2, 5, 7, 8,9, 13, 14,
17]. Many articles studied The existence and uniqueness of solutions to NSFDEs by imposing Lipschitz condition, for
example see [3, 14, 19,20]. Anguraj et al. [1] have established the impulsive NSFDEs under non-Lipschitz condition
and Lipschitz condition. A. Lin et al. [11] studied the neutral impulsive stochastic integro-differential equations with
infinite delay via fractional operators. In recent years, there is an increasing interest in the theory of existence and
uniqueness of solutions of (NSFDEwID). H. Bin Chen[6] and W.Lin et al. [12]have proved the existence and
uniqueness for the solution of neutral stochastic functional differential equations with infinite delay(NSFDEwID).
Bao and Hou [4], have investigated the existence and uniqueness of mild solutions to stochastic neutral partial
functional differential equations under a non-Lipschitz condition and a weakened linear growth condition.
Mohammed [15] proved that the solution maps of SFDEs with finite delay on appropriate phase spaces have Markov
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property. Wu et al. [18] investigates existence and uniqueness of solutions, Markov properties, and ergodicity of
SFDEs with infinite delay by using phase state C, . Ren and Xia [16] have studied existence and uniqueness of
solutions with infinite delay at phase space BC((—o0; 0]; R%) which denotes the family of bounded continuous R%-
value functions with norm ||@||sup_wo<g<ol® ()| under non-Lipschitz condition.The aim of this paper is to
investigate the existence and uniqueness of NSFDEwID under local Lipschitz condition and Linear growth condition
which can be obtained in the state space C, .This paper is organized as follows, some useful preliminaries are
introduced In Section2 .In Section3, we addressed existence and uniqueness of maximal local strong solutions of (2)
by local Lipschitz condition and Linear growth condition.

2. Preliminaries

Throughout this paper, we adopt the symbols as follows. R¢ denotes the usual d-dimensional Euclidean space, | - |

norm in R%. If Ais a vector or a matrix, its transpose is denoted by AT ; and, |A| = \/trace(AT A) its trace norm.
Denote by XTY the inner product of X, Y € R% . We choose the state space with the fading memory to be C, defined
as follows: for given positive number r,

Cr={p €C((=,0::RN):l @ Il,= sup e™|p(8)| < ), (1)

—0<0<0

where C((—, 0); R%) denotes the family of all bounded continuous R%-value functions ¢ defined on (—oo, 0) to R%
with the norm || ¢ Il.. M2([a, b]; R%) is a family of process {¢(t)}4<t<p in L2([a, b]; R%) such that E ff lo()|?2dt < oo.

1
Forg € M?,let|l @ |2:= (f_ooo e?™%|(6)|?)z. Then M? is a Hibert space equppied with the norm ||-|l, and (C,, lI-ll,.) is

a Banach space which is introduced in [10], contains the Banach space of bounded and continuous functions and for
any 0 <7 <1, <o,C, CCp,. Let (Q,F,P) be a complete probability space with a filtration {F;};e[o,+] Satisfying
the usual conditions (i.e. it is right continuous and ¥, contains all P-null sets).

Let Iy denote the indicator function of a set B. Consider a d-dimensional neutral stochastic functional differential
equations with infinite delay

d{x(t) — D(x;)} = b(xp)dt + o(x;)dw(t), on t =0, (2)
with the initial data:
X =¢ ={(0):—0 <6 <0}€C, (3)
where
Xe=x(t+6)—0<0=<0

and b, D: C,, » R%; 0: C, » R¥™ are Borel measurable, w(t) is an m-dimensional Brownian motion. It should be
pointed out that x(t) € R% is a point, while x, € C, is a continuous function on the interval (—oo, 0] taking values in
R4,

Definition 2.1[14]: R%-value stochastic process x(t) defined on —co < t < T is called the solution of (2) with
initial data (3), if x(t) has the following properties:

(i) x(t)is continuous and {x(t)}¢,<¢<r is F-adapted;
(i) {b(x.)} € L([0.T]; R*) and {0 (x,)} € L*([0.T]; R**™)

(iii) x;, = ¢, foreach ty <t < T,
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t

x(t) = D(x;) +x(0) — D(x,) + f b(xg)ds + f o(xg)ds
0 0

Asolution x(t) is called as a unique if any other solution X(t)is indistinguishable with x(t), that is

P(x(t) =x(),forall —o <t <T) =1

3. Wellposedness under Local Lipschitz Condition

To address existence and uniqueness of maximal local strong solutions of (2), let us first impose the following
conditions for b, o and the neutral term D:

(H1) ( The local Lipschitz condition) For any n > 0, there exists a k,such that
|b(¢) —b(p)|V]a(P) —a(@ <k Il d—ol, (4)
where ¢, ¢ € C, with || ¢ II,VI ¢ II,.< n.

Remark 3.1: [19] If we define two stopping times: 7, = inf{t = 0, |x(¢t)| > n}, and p,, = inf{t =0, x; lI,> n},
then t, = p,.

(H2) Thereis a k € (0,1) such thatforall ¢, ¢ € C,,
ID(¢) —D(p)|<kll¢—¢l,Andand D(0) =0 (5)
Remark 3.2: Note that (H2) implies that for any ¢ € C., [D(¢)| <k Il @ I, if we suppose D(0) = 0.
(H3) (Linear growth condition) For any ¢ € C,., there exists a positive number ¢ such that:
[b(PV lo@)] < cA+l ). (6)

Keeping in mind the end goal to demonstrate the theorem of existence and uniqueness of the solution to the
equation (2) under the local Lipschitz condition, we initially set up these two lemmas.

Lemma 3.3: Let (H2) and (H3) hold. Let x(t) be a solution to equation (2) with initial data (3). Then

VE+k(e2Tt-1) = 3e?"T(1+cT(T+1))
rt 2 < 2
]E( Sup T(e |x(t)|) ) - ]E " f "T+ [( (l_ﬁ)z (1—k)(1—\/F)

—oo<t<
3¢Te?™ T (T+1) 3¢e2™TT(T+1)

a—oa—m ] < P a—m

E I € 112
(7)

Where, particularly, x(t) € M?((—o0, T]; R%).

Proof: For every integer n > 1, define the stopping time
T, =T Ainf{t € [0, T]: Il x; .= n},
itis clear that 7, T T a.s..Setx? = & and x™(t) = x(t At,) fort € [0,T].Thenfor0 <t <T

X*(£) = D(xf) = D) + &(0) + [;"™ b(xMyds + [,"™ o (xF)dw(s)

0

Let
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JHE) = €(0) + [, bxyds + [, o(xF)dw(s).

2 2
Then, applying (for any a,b and 0 < k < 1 we have (a + b)? < a? + 1b—_k) twice one derives that:

(O <Z D) - DOF + SO
< ket | xf = & I3+ |1"(t)|2 (8)
< VEe RO

Since

Zrt "x ”2 let sup (erelx?(e)l)z
—00<0<0

= sup (e |x"(t + 6)|)?
—00<0=<0

_sup (e™|x"(s)D? 9)
sup (e |x"(s))? + Sup (e™|x™(s)D?

—00<Ss<0

=Il § 7+ sup (e™|x™(s))?.

0<s<t

IA

So, by substituting (9) into (8) one can get that:

e2rt|x™(t)|? <x/_llfII2+x/_sup(6”IX”(S)I)2

0ssst
|] HOlk 10
_%ﬂ”(n £12) R K(sup (e™* " (5)])? o
+2 g U,
Hence, by taking the expectation on both sides of (10) with the Holder Inequality, one can get that:
B sup e x"(O17) < G E 1 € I+ s BCsup e (). (11)

On the other hand, by Holder Inequality, the Burkholder -Davis-Gundy inequality and (H3) (Linear growth
condition) we can get that:

E( sup et M(B)I?) < 3ePTE( Sup. [EO)IZ + 1 ;"™ beyds|? + 1 f;"™ o (X dw(s)[2])

t/\‘rn TATp

< sleTE [ f ”T+ 3eZTTIE( Sup (f |b(x )D dS) + 12Ef | (x )l ds

< eZ‘rTE I f ”T+ STeZT‘T fo Elb(x;")lzds + 1262rT fO Elo'(x;l)lzds
< 3e?TE || € 12+ 3ce (T +4) [, E(1+I xZ 12)ds
3e¥TE || € 124 3cTe? (T + 4) + 3ce? (T + 4) fOT E |l x* 12 ds (12)
< 3e?TE || & 1124 3cTe? (T + 4) + 3ce? (T + 4) fOT E( sup e*®|x"(s + 0)|*)ds
—00<0<0
< 3e?TE || € 124 3cTe? (T + 4)
+3ce?Te™2"S(T + 4) fOT E(ll € 124+ sup e?™|x™(w)|?)du
0susT
32 T(1+ cT(T + 4)E | € 12+ 3cTe? (T + 4)
+3ce?T(T +4) [ E( sup e?™|x"(w)[?)du.
0<sus<T
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Substituting (12) into (11) yields that

VE+k(e2Tt-1) | 3e2"T(1+cT(T+4))
Tt [N 2 < 2
E(Ossli‘lgT (e |X (t)l) ) — ( (1_\/E)2 + (1—k)(1—\/E) )IE ” E ”7’

13)
3cTe?™ T (T+4)  3ce?T(T+4) (T 2 (
]E ru n d .
RGBT amaD b (OSSﬂET(e QoD ) du
Hence, by the Gronwall inequality:
VE+k(e2Tt-1) | 3e2"T(1+cT(T+4))
21t .M 2 < 2
B(gup e " OF) S GG+ i DR I (14)
3cTe2rT(T+4)] (3ceZTTT(T+4))
a-k)a-Vk) a-kK)@a-ve)
Note that:
E( sup_ (e 1x™()?) < E( sup 0(e”IX"(t)I)Z) +1E(OSltlpT(e”Ix"(t)I)2)
2 VE+k(e2Tt-1)  3e2"T(14cT(T+1)) 9
<ENE N+ [C V)2 AR YE N E N7 (15)
3¢cTe?T(T+1) 3ce2"TT(T+1)
aoavm 1 X PCoam )
That’s means:
VE+k(e2Tt-1) = 3e2"T(1+4cT(T+1))
rt 2y < 2 2
IE(_:)E?ST Elxt AT YD) SENE I+ [ P2 + FRTye YENE N7 6
3cTe2TT(T+1)] X ex (3ce2TTT(T+1))
(1-k)(A—Vk) Pratoa-—vio
If n - oo then (16) implies the following inequality and the proofis complete:
VE+k(e2Tt-1) = 32T (1+cT(T+1))
rt 2y <« 2 2
B(_sup (" HOD?) = B¢ I+ [+ ST N € 1 .
3cTe?™ T (T+1)
A-k)(1=Vk) **

To prove the Theorem 3.5 we utilize the standard argument, for instance, see [14, 3], which is the truncation
procedure, so we preclude it. For accomplishment, we present the accompanying Lemma.

Lemma 3.4: For any n, sufficiently large and n > n, define the truncation functions b, and o, as follows:

b@)  for N l<n,

()= {b(”;‘,—‘fjr) for 1 1>mn (18)
o(@) for Igl=<n

O-n(d)) = {O’(ﬂ) fOT o ll,>n. (19)

llplly

Then b,, and o, satisfy the global Lipschitz and the linear growth conditions.

Proof: By (18), b,,(¢p) = b(”ﬂrulm ¢) then by the assumption (H1) for any || ¢ II,- and Il ¢ I, belongs to C, we have

four cases:

Casel:Ifll ¢ I, Il @ II,< n:|b,(¢p) — by (@)| = |b(d) —b(@)|=ld—@ I,<k,ll @ —¢ |,
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Case 2: Now letll ¢ Il Il ¢ > n:

ne ne ne ne ¢ P
— =|b(—) — b(—)| < — = £ _
1bn (@) = bn ()] |b(||¢||r b(uqour)l S gl Nl = ey | gl Nl I
Dl@l—@ldl+dlpl—@lpl, dUl@l—lpl)+ldll-(p—¢)
= <
nky | Il < K | il I
plrlll@ly—lIplrly+idl ld—pl
San¢r Pl ¢”<;":+¢r¢ (prSan ||¢_(p"r

Case 3: Suppose that | ¢ II.>n, |l ¢ II,< n:

- = by — ne _ _ 1 I¢=0lelr+IPl—@ldlrir
|bn (@) — bn(@)| = Ib(IIquI b(@)| < ky wor. @ M= kn o,

< 2k, (=1l @ 1, +1l ¢ — @ I,) < 2k (Il @ Uy =11 § UMy +11 p — 0 1I,)
<2kl p— ol

Case 4: Suppose that || ¢ I, < n, Il ¢ II,> n:

_ _ P _ ey _ g, 19lelr—ololrt+elel-—nel
1b2($) = ba(@)] = [b(@®) = b Sk Il — o = ke o

<2k,(ld =@l +loll —n ) <2k, (1 p —@ Il 1l I =1l ¢ 1I,1I,)
<2ky -9l

Also we note that by the assumption (H3):

Iba (D)7 = B0 < (1 + 552 = (1 + G2,

Sense lelT/\ln < 1 thus |b,(x)|? < c(1 + |x|?). The proof is therefore complete.

We note that, for any initial data ¢ € C,, by (H1), coefficients b,, and g, satisfy the uniform Lipschitz

condition, which reveals the linear growth condition.

Theorem 3.5: Assume that (H1), (H2) and (H3) hold then there exists a unique Maximal Local Strong solution

x(t) to equation (2) with the initial data (3) in M?((—o0, T]; RY).

Proof: For each n > 1 define truncation functions b, and g, as in the equations (18) and (19), respectively, then by

the Lemma 3.4 they satisfy the uniform Lipschitz and the linear growth conditions. So that, for any initial data & €

C,,t = 0 the NSFDEwID equation,

¢ ¢
x™M(6) =D(x) = D(§) +£(0) + [ ba(x)ds + f; 0n(x§)dw(s), (20)

has a unique solution x"(t) € M?((—o, T]; R%).

Define the stopping time 7, = T Ainf{t = 0: || x{* l,= n}. We can show that

x™(t) = x"*1(¢t) if 0 < t < 7,,. Taking the expectation, and by Holder inequality, it deduces that

Elx™1(t) —x"(t)[? = EID({*) = D) + fy [bnaa (2 — by (xI)]ds
+ Jy [Ona (21 = 0 ()] dw (s) |
< KE Il 20— P 2+ | f (s (63%1) = by (x3)]ds |2

+ ﬁ—k E| f, [Ons1 (x2*1) = 0, (x)]dw (s)]?

4t t
< KE N2 = 2 134 7B f) [Dnaa (6571 = baa (D12 + [byaa (065 — b (x5 1% ]ds

4 t
+—E [§ (0041 (05 = 041 612 + 0341 () — 00 (x5 %] dls.

(21)
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For 0 < t < 7, we have known that: b, (x$) = b,(x) = b(x3) and
Ope1 (x) = 0, (x™) = o(x}) again by x™**1(s) = x™(s) = &(s), s € (—o0,0). We get that:

E(sup [x""1(1) —x"(D)I*) < ke > E(sup [x"*1(s) —x"(s)[*)

0<sst 0<sst (22)
=2rt
+ 2T [P E(sup x4 (s) — x™(s)|P)ds,
0<sst
thus,
4kp(T+1)e™27t T
E(sup [x"*(s) = x"(5)[") < S Jy ECsup [x"™(s) = x7(s)[7)ds. (23)

0<sst
From Grownwall inequality, one can see that

E( SuptIX”“(S) —x™"(s)|) =0, (24)

0<s=<
this means, for all 0 < t < 7,,, we always have
x"L(t) = x™(b). (25)

It then deduces 7, is increasing, that is asn — 0,7, = T a.s. By (H1), for almost all w € Q, there exists an integer

ny = ny(w) such thatt,, = T as n = n,y. Now define x(t) by

x(t) = xp,(t), t €[0,T]. (26)
By (25), x(t A 1,) = x™(t A T,,), and it therefore follows from (20) that

X(EAT) =D (Xenr,) — D(E) +E(0) + [J"™ ba(x)ds + [,"™ 0, (xs)dw(s)
= D(Xenry) — D) + £(0) + [ b(xg)ds + [;"™ o (xs)dw(s). (27)

Letting n — oo we see that x(t) is a solution of equation (2), that is

tAT

X(E AT) = D(xepr) — D) + £(0) + [, b(x)ds + [, a(x)dw(s), (28)
consequently,
x(t) = D(xe) — D(&) + £(0) + [ b(x)ds + [, o(xs)dw(s), (29)

which, by Lemma 3.3, belongs to M?((—o0, T]; R%).

The proof of existence is complete. The uniqueness can be proved via a stopping procedure. This completes the

proof.
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