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Abstract

In this paper, we determine the form of Jordan left derivation and Jordan Left
Centralizers of a Skew matrix ring M,(R; 6,q) overaring R .
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1-Introduction

Let R be a ring .An additive mapping D:R— R is said to be a derivation
(resp.,Jordanderivation )if D(xy)=D(x)y+ xD(y) for all x,yeR (if D(x?) = D(x)x +
xD(x) for all xeR.An additive mapping D:R— R is said to be a left derivation
(resp.,Jordan left derivation )if D(xy)=xD(y)+yD(x) for all x,yeR (if D(x?) = 2xD(x)
for all xeR.the concept of left derivation and Jordan left derivation were introduced
by Bresar and Vukman in [1 ] .For result concerning Jordan left derivations we refer
the readers to [ 2,3 ,45].An additive mapping T:R—-R is called left
centralizer(resp.,Jordan left centralizer)if T(xy)=T(x)y for all x,yeR(resp.,T(x?) =
T(x)x.An additive mapping T: R— R is called a Jordan centralizer if T satisfies
T(xy+yX)=T(X)y+yT(X)=T(y)x+xT(y) for all x,yeR.For result concerning left
centralizer we refer the reader to [6,7,8].In [9 ],Hamaguchi,give a necessary and
sufficient condition for a given mapping J of a skew matrix ring M,(R;c,q) into
itself to be a Jordan derivation also show that there are many Jordan derivations of
M, (R;0,q) which are not derivations and refer to the properties of Jordan derivations
of M, (R),and derivations of M, (R; 5, q).Also the author consider invariant ideal with
respect to these derivations .In this paper, we determine the form of Jordan left
derivation and Jordan Left Centralizers of a Skew matrix ring M, (R; 6, q) over a ring
R .Now, we shall recall the definitions of Skew matrix ring which is basic in this

paper .

Definition 1.1 :-[ 10 ] Skew Matrix ring
Let R be aring ,q an element in R and o an endomorphism of R such that
o(q) = qando(r)q = qrvr € R.Let M,(R; 5, q)be the set of 2 x 2 matrices over R
with usual addition and the following multiplication
[X1 Xz] Y1 Yz] _ [ X1y1 1 X2y3q X1Y2 T X2¥4 ]
X3 X4llyz VYa X36(y1) +X4y3 X3 O'(YZ)q + X4Y4
M, (R; o, q)is called a skew matrix ring over R .
We should mentioned the reader that a matrix [i g]is denoted by e;; a+e;;b +

e,1C+ eyod
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2-Jordan Left Derivation of Skew Matrix Rings
In this section ,we shall determined the form of Jordan left derivation of skew matrix
ring.Let J be a Jordan left derivation of M, (R; o, q) .First ,we set
_[f1@) f; (3)] _ [h1 (b) hy(b)
J(ell a)_ [lf3((a)) lf4-((a)) 1\](e12 b)_ h?(:él))) h%él)))
] :[1(3 zc],‘] d:[g1 82
2195, L@ 12D g, @) gi(@)

Where f;, h;, g;, 1;: R = Rare additive mapping .

Lemma2.1:- For any aeR
1. f;,f,are Jordan left derivations of R .

2. f3(a2) = 0
3. f4(a2) = 0
Proof:-Since

J(e11a%) = 2e4;a)(eq12)
lfl(aZ) fz(az)lzz[a 0] [f1 (@ £
fz(a®) f,(a®)| Lo ollfz(d) fu(a)

Ifl(az) f,(a?) :[Zaf1 () 2af2(a)]
fs(@®) fi(a®) 0 0
Thenf, (a® = 2af,(a),f,(a?) = 2af,(a),f;(a?) = 0 and f,(a%®) = 0.
So,we get the result .

Lemma2.2 :- For any deR.
1. gs,g,are Jordan left derivations of R .

2. g1(d®) =0
3. g,(d)=0
Proof:-Since

J(e22d?) = 2e5,d J(e;2d)
g1(d?) gz(dz)]zz[o 01[82(d) g2(d)
g3(d®) g4(@®)l 10 dllgs(d) g4(d)

g1(d*) gz(dz)]:[ 0 0 ]
g:(d?) g,(d?»)] [2dgs(d) 2dgs(d)
Theng;(d®) = 2dgz(d), g4(d*) = 2dg,(d) ,g1(d?*) = 0and g,(d*) = 0..

Lemma 2.3 :- For any a,be R
1. h;(ab) = 2ah;(b) + 2bf;(a)q

2. h,(ab) = 2ah,(b) + 2bf,(a)
3. hy(ab) =0
4. h,(ab) =0
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Proof:-Since
J(e;pab) = J(e;;aeq,b + e4,beqqa)
h;(ab) h,(ab)]_
[h;(ab) hi(ab)]_ 2eq aJ(eq2b) + 2 e;zlzb])(el:ﬂ‘)(b) @ b
a 0 0 b a a
= 2[5 ol nwl*?l e fo
_[2ah;(b) 2a hz(b)] n [Zb f;(a)qg 2b f4(a)]
0 0
[hl(ab) h, (ab) :[Za h,(b) + 2bf;(a)q 2ah,(b) + 2b f4(a)]
h;(ab) h,(ab) 0 0 '
Then ,we get the result .

Lemma 2.4 :-for any ¢c,de R
1. I;(dc)=0

2.1,(dc) =0
3. I3(dc) = 2dl5(c) + 2co(g,(d))
4, 1,(dc) = 2dl4(c) + 2co(g,(d))q

Proof:-Since
L g ]l(ezé dc) = J(ez; depiC + ez1cep, d)
[I;Edg ligdg = 2e5; dJ(e31C) + 2e51¢] (e, d)
0 ] [11 (©) lz(C) [ 0] [g1(d) gz(d)] [ ] 4
2d1113(c)  14(0) ZC g3(d) gu(d)I [2dl3(c) 2dlu(c)

ZCG(gl(d)) ZCG(gz(d))q]
li(dc) 1,(do)]_ 0 0
I3(dc) 14(dC)]_[2d13(C)+200(g1(d)) 2dl4(C)+ZCG(gz(d))q]'
Then ,we get the result .

Theorem 2.5 :-Let R be a ring and J be a Jordan left derivation of M, (R; 5, q).Then
a b] _ [f1(a) +h;(b) +1;(c) + g,(d) f,(a) + hy(b) +1,(c) + g>(d)
c d Ifz(a) +h3(b) +15(c) + g3(d) fu(a) + ha(b) +1,(c) + go(d)f
such that
1. f3(@%) = 0,f,(a?) = 0,f,, f, are Jordan left derivations of R.
2. g,(d?) = 0,g,(d?) = 0g5 and g,are Jordan left derivations of R.
3. h;(ab) = 2a h,(b) + 2b f;(a)q,h,(ab) = 2a h,(b) + 2b f,(a)
h;(ab) = 0and h,(ab) = 0
4. 1;(dc) = 0,1,(dc) = 0,I5(dc) = 2dl;(c) + 2co(g,(d))and
1,(dc) = 2dl,(c) + ZCG(gz(d))q.
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Proof:-Since] [a b] =J(eq; a) +](e12 b) +]J(ez10) +](ez2 d)
_[f1 @ f (a)] 4 [hl (b) hz(b)] [11 © I (C) g1(d) g,(d)
fs(@) fu(@)l  lhg(b) hyu(b)l Lls(c) 14(c) 83(d) g4(d)
:[f1 (@) +hy(b) +1;(c) +g1(d) fr(a) +hy(b) +1;(c) + g,(d)
f3(a) + h3(b) +15(c) + g3(d) f4(a) +hs(b) +14(c) + g4(d)
By[Lemma 2.1], [ Lemma 2.2] ,[ Lemma 2.3]and [ Lemma 2.4] we get the result .

3-Jordan Left Centralizer of Skew Matrix Rings

In this section ,we shall determined the form of Jordan left centralizer of skew matrix
ring. Let J be a Jordan Left Centralizer of M, (R; o, q) .First ,we set
_[h@ £ (a)] _
hy(b) h (b)J(en a)_ [fg((?) o] ot ) g2(d)
1 2 1(C 2(C g1 g2
J(e,cC :[ ],J e, d :[
b hoPeoT e fole=T s
Where fj, h;, g;,1;: R = R are additive mapping.

Lemma 3.1 :- For any a€eR
1. f;is Jordan left centralizer of R .

2. f,(@®>) =0
3. f3(a%) = f3(a)a(a)
4. f,(a®>) =0.

Proof:-Since](e;;a%) = J(e;1a)e 4 a
If1(32) fz(az)l [f1(a) fz(a) a 0
f;(a?) f,(a®)| f3(a) f4(a) 0 0
f; (a%) fz(az)]:[ fi@a 0
f3(a®) fy(a®)] lfz(a)o(a) 0
Then £, (a?) = f;(a)a, f,(a%) = 0,f;(a?) = f3(a)o(a)and f,(a®) = 0.
So ,we get the result .

Lemma3.2 :- For any deR

1. g, g,are Jordan left centralizers of R.
2. gi(d®) =0

3. gs(d®» =0
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Proof:-Since

J(ez2d?) = J(ez2d) e5,d
g1(d?) gz(dz)]:[gl(d) gz(d)] [0 0
g3(d®) g4(d®) gz(d) gi(dllo d

g:(d?) gz(dz)]:[O g2(d)d
g3(d*) g4(d®)] 10 gu(d)d
Then g, (d?) = 0,g5(d?) = 0&g,, g,are Jordan left centralizers ofR.

Lemma3.3 :- For any a,be R
1. hy;(ab) = h;(b)a
2. hy(ab) =f;(a)b
3. hs(ab) =h; (b)o(a)
4. h,(ab) = fz(a)a(b)q

Proof:-Since J(e;,ab) =J(e;1ae b + e1,beq;a)
[E;EZB EzEZB]: J(e11a)e1zb +J(ezb) €52
fi(@) f2(@)][0 by, [ha(b) hx(b)]ja ©
B [f3(a) f4(a)] [0 0] + [h3 (b) h4(b)] [0 0]
_ [0 f,(a)b h,(b)a 0
- [0 f3(a>c<b)q] hs (b)o(a) 0
hy(ab) hy(ab)]_[ hi(b)a f;(a)b
[hs(ab) h4(ab)]_[h3 (b)o(a) fg(a)G(b)q]’
then h;(ab) = h,(b)a, h,(ab) = f;(a)b,h;(ab) = h; (b)cs(a) and
h,(ab) = f3(a)o(b)q, so, we get the result .
Lemma 3.4 :-For any c,de R
1. 1;(dc) = gz(d) cq
2. 1,(dc) =1,(c)d
3. 15(de) = g4(d)c
4. 1,(dc) = 1,(c)d

Proof:-Since

li(de) 1p(de)
[13 (de) 14(dc)

J(GZI dC) = J(ezz dCZIC + €71CC2 d)
] = J(epd)eyic + J(ey0)es d

g(d) g,(d) 11(c) 1(c)
[g;(d) é(d)l Lo+l toll o

_lgz(d) cq Ol+[0 1,(c)d
g e 0 0 I4(c)d
_lgz(d) cq lz(c)dl

(g@e Ly(od

11(de) = g,(d)eq, 1,(de) =1,(c)d

I3(de) = g,(d) ¢,14(dc) = 14(c)d
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Theorem 3.5:-Let R be a ring and J be a Jordan left centralizer of M, (R; 5, q) Then
a b] _ [f1(a) +h;(b) +1;(c) + g,(d) f5(a) + hy(b) +1,(c) + g,(d)
c d f3(a) + h3(b) +15(c) + g3(d) f4(a) + hy(b) +1,(c) + ga(d))
Such that
1.f,is Jordan left centralizer of R ,f,(a%) = 0,f;(a?) = f;(a)o(a)andf,(a?) =0.
2.g,, g,are Jordan left centralizers of R, g;(d?) = 0and g5(d?) = 0.

3.h;(ab) = h;(b)a,h,(ab) = f;(a)b,h3(ab) = h; (b)o(a)and h,(ab) = f5(a)o(b)q

4.1;,(dc) = g,(d) cq,1,(dc) =1,(c)d, I5(dc) = g4(d)c and 1,(dc) = 1,(c)d.

Proof:-Since ] [ | = J(es1 2) + (612 b) +J(e210) + ez @)
:f1(a) fz(a)]+[h1(b) hz(b)] [ll(c) 1,(c) g1(d) g2(d)
@ @] ha®) b)) o Lo le@ @
_[f1(@ +hy(b) +13(c) + g1(d)  f,(a) + ha(b) +13(c) + g2(d)

“1f3(a) + hs(b) +13(c) + g3(d)  f4(a) + hy(b) +14(c) + g4(d)
Also, by [Lemma 3.1],[Lemma 3.2],[Lemma 3.3] and [Lemma 3.4],we get the result .

Theorem 3.6 :-Let R be a ring with identity and J a Jordan Left centralizer of
M,(R; 5, q).Then there exist f;, f4,g,,g,;:R > Rand «,B,4,f,4,4,¢ ¢ €R.
Such that
ea f(a) eb
J(ejja) = [Bc(a) f4(a)] J(e2 b)= [Bc(b) Bo(b)
Jene) = <99 2| aen = [gﬁg Zj]

and][ ] l ga+ab + acq + g, (d) f,(a) +eb + Ac + ad l

Bo(a) + fo(b) + Ac + g,(d) fa(a) +Ba(b)q+éc+2d
Proof:-From [Lemma 3.1,3]

f3(a*) = f3(a)o(a)
Replace a by a+b
fy(a® + ab + ba + b”) = f3(a + b)o(a + b)
f3(ab + ba) = f3(a)o(b) + f3(b)o(a)
Replace b by 1,since R has identity
f3(2a)=f;(a)o(1) + f3(1)o(a)
f3(2a)=f3(a) + f3(1)o(a)
Then
f;(a) = f3(1)o(a)
Now,Letp = f5(1) .Then
f;(a) = Bo(a)
But g,(d?) = g,(d)d
g,((d+0)?) =g,(d+c)(d+0)
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g,(dc+cd) = g,(d)c + g,(c)d
Replace c by 1
g,(2d) = g,(d) +g,(1)d
g,(d) =g,(1d
Let = g,(1),Then
g,(d) = d,
and since g, (d*) = g, (d)d
By the same way ,we have
g,(d) = Ad,whereA = g, (1)
Also ,from [Lemma 3.1,1]
f1(az) =fi(@a
Then
f; (@) = ea,wheree = f,(1)
By[ Lemma 3.3,1], h,(ab) = hy(b)a
Replace b by 1 ,to get
hi(a) = hy(1)a,letd = hy(1)
Then
hi(a) = da,
sinceh, (ab) = f;(a)b
If b=1then
hy(a) = fi(a)= ea andhz(a) = h;(1)a(a), let B "= h3(1)
Then
h3(a) = B o(a)
And since h,(ab) = f3(a)o(b)q
Replace a by 1
h,(b) = f3(1)o(b)q
Since g = f;(1)then
h,(b) = B o(b)q
Now ,by [Lemma 3.4,1]
1;(dc) = g,(d)cq
1;(dc) = adcq,Replace c by 1
11(d) = adq
Since I,(de) = 1,(c)d,Replace c by 1
L(d) = L(1d, let A = 1,(1)
I,(d) = Ad,and since 1;(dc) = g,(d) c,

Then
15(dc) = Ad c.

Replace c by 1 ,to get
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13(d) = Ad
Now ,sincel,(dc) = 14(c)d,Replace c by 1 ,to get

Then
14 (d) = éd,

and since

J [2 3 =J(e11 a) +](e12b) +J(ez10) +J(ez d)

:[f1 @ f, (a)] n [h1 (b) h, (b)] [l 10 1, (C)
fs(@) fy(a)l * lhs(b) hyu(b)l L3(c) L, (C)
[gl(d) g2 (d)]: fi(@ +hy(b) +1,(c) +g,(d) f,(a) +hy(b) +1,(c) + g,(d)
g3(d) gu(d)] f5(a) + h3(b) +15(c) + g3(d) f4(a) +ha(b) +14(c) + g4(d)

Th ] [ ga+db + acq + g, (d) fo(a) + eb + Ac + ad l
L Bo(a) + fo(b) + Ac + g,(d)  fi(a) + o (b)q + éc + Ad
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