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1. Introduction

The concept of fuzzy sets and fuzzy functions were firstly studied by [6,25]. Then the definition of fuzzy numbers
and its applications in approximate problems and control theory were presented in [26,5]. One of the most
important applications of fuzzy seta is fuzzy integral equations which play roles in variant areas [3,4,17]. In recent
years, numerical and approximate methods have been suggested for solving fuzzy integral equations. For examples,
In [11], an analytical and numerical methods are used to solve fuzzy Volterra integral equations while the Taylor
expansion and the variational iteration methods were applied to secondkind fuzzy linear Volterra integral
equation[12]. In [1], the fuzzy Gauss quadrature formula was utilized to solve fuzzy integral equation
approximately. Furthermore, a new method was proposed by [10] which is based on artificial neural networks for
approximate results to Fredholm fuzzy integral equations of the second kind. In [7], hybrid of block-pulse functions
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and Taylor series were employed to solve linear Fredholm fuzzy integral equations of the second kind. Other works
for approximate solutions to fuzzy integral equations can be found in [16,19,22] .This research is an attempt to
propose the developments of the homotopy perturbation method [13,18,21,23,27] with Hermite polynomials by the
use of an accelerating parameter for the approximate solution to both second kind fuzzy Fredholm and Volterra
integral equation .

The structure of this paper is organized as follows: in section 2, basic definitions and notions of fuzzy numbers and
fuzzy continuous function are listed. Section 3 gives the definition of Hermite polynomials and some of their
important properties while fuzzy integral equation is introduced in section 4. Section 5 provides an approximate
solution with Homotopy perturbation technique for fuzzy integral equation. The description of the proposed new
method for solving both Fredholm and Volterra fuzzy integral equation are described in section 6. Illustrated results
with some examples and the conclusion are introduced in section 7 and 8 respectively.

2. Preliminaries and notations
Some necessary definitions and mathematical preliminaries are given in the present section which are farther used in
the next sections.

Definition2.1[15] :A fuzzy number # is a fuzzy interval with the following properties:
1-1i is normal, i.e., 3 X € R such that U(x.) = 1.

2- i is convex, i.e,Va,b € Rand § €[0,1], %(6a+ (1 — &)b) = min{ii(a),@i(b)}.

3- @i is upper semi-continuous on R.

4-suppii = {U(y) > 0|y € R}is the support of the ii.

The set of all fuzzy numbers is denoted by E* . The r-cut of a fuzzy interval & € E! withr € (0,1] is:

. _({ti(y) = 0]y € R} ifr € (0,1]
[u]r—{ cl(suppii) ifr=1

Definition 2.2 [2]: A is a pair (u,u) of functions u (r), u (r) represent fuzzy number & where r € [0,1] and the
following points are satisfied

a) u (r), is increasing left continuous and bounded monotonic function,

b) u (r) is decreasing left continuous bounded monotonic function,

grelol],u(@) =u(@) .

we define addition, subtraction, scalar product by k respectively for fuzzy number @ = (u (r),u (r)) and ¥ =

(v (), v (r)) ,r €[0,1] ,and scalar k as follow:

* addition: u+v)@M)=u@)+v@) , wW+rv)y@=ur+v{@) .

e subtraction: (u—v)(r)=u@)—v@) , @—=—vV)@)=ul)—-v ()

(kg(r),kﬁ(r)) k >o
(ku(), ku(m) k<o

e scalar product: ku(r) =
Definition 2.3 [20]:let & = (u (v),u (r)) and ¥ = (v (), 7 (r)) be a fuzzy number .The distance between & and ¥
is

D (&, ) = max{suposr<1 [u(r) — v()|, suposr<s [ (1) =7 ()] 3.
and satisfy following properties

() D@ + 2% +%) =D(@L,¥), Vi vz € El
(ii) D(k@i, k¥) = |k|D(@,¥), Vk € R, ¥ € E,
(i) D@ + 7,2 + &) < D(@,2) +D($,8), Vi, ¥z2é € E
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(iv) (D,EY) is a complete metric space.

Definition2.4 [24]: Let f : [a,b] € R — E! be a fuzzy valued function. f is called fuzzy continuous in t- € [a, b] if
thereis o > 0 for each >0 such that D(f(¢), f(t-)) < u whenever |t € [a,b] and |t — t-| < o.

3.Hermite Polynomials [14]
Let = (—o0, +0), then Hermite polynomials H, (x) have the explicit form given by :

(/2] . ,
Y O @
G =t Z ERCEN

and they are satisfied the three terms recurrence formula
H,.,(x) = 2xH, (x) — 2n H,_,(x) , for n=2,3,...
where Hy(x) = 1,H;(x) = 2x

Some of Hermite polynomials are
Hy(x) =1
H;(x) = 2x
H,(x) = 4x% -2
Hs(x) = 8x3 — 12x
Hy(x) =16 x* — 48x% + 12
Hs(x) =32 x5 —160x3 + 120 x

4.Fuzzy Integral Equations

There are three main types of fuzzy integral equations. In this section, the integral equations which are discussed are
Fredholm and Volterra integral equations .Second kind Fredholm integral equation is given by [8]

b

y(x) =g +A [, k(x,)y@®)dt (1)
Where A is a positive parameter and k(x, t) is represent kernel function for a < x,t < b and g(x) is a function of
x:a<x<bh

Now with respect to definition (2.2) , we introduce parametric form of a Fuzzy Fredholm Integral Equation of the
second kind (FFIE-2). Let (g(x,7), g (x,7))and (y(x,7),¥ (x,7)),r € [0,1] and x € [a, b] are parametric form of
g (x) and y(x) then, parametric form of second kind fuzzy Fredholm integral equation is
y@or) =glx,r) + Afab U(t,r)de
(2)
¥ (1) =g @) +af, Ut r)dt

k(x, ) y (&), k(x,t) =0

U, r) = { k(x, )7 (t,7), k(x,t) <0
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and
_ k(x, )y (t,1), k(x,t) =0
vn 2{ kG, O y(61), k() <0

foreacht >0, b>x andr € [0,1].

5.Homotopy Perturbation Method for Solving Fuzzy Integral Equations

Consider the nonlinear Volterra fuzzy integral equation as follows
X
y(x,r) =g(x,7) +f k(x, ©)[y(¢t,r)]9dt

a

(3)

7oor) = §0or) +f k(O (6, r)]%de

Rewrite eq.(3) as:
L(w) = u(x,r) — g r) — [ kG, O)[u(t,r)]9dt = 0.
(4)

L) = u(x,r) —gxr)— ka(x, O[u(t,r)]idt=0

with solution u(x,r) = Z(x, r),ul,r)=y(r)

Homotopy H(g, p), H (u,p) define as follows:
{H (w0)=F(w), H(w1)="L(u) 5)
H,0) =F), H(w,1) = L(u)

Where F(g), F(u) are functional operators with solutions, say u, , u, . We choose a convex homotopy

{H(w) =1 -p)F(w) +pL(u) =0 ©)
Hup)=A-pF@+pL) =0

where p € (0,1]
U= YnsoP " Un
(7)
i= ) P,
n=0
One can get the approximate solution whenp - 1,
yCor) =limy u =Y ouy
(8)

7 (x,7) = lim a:Z Z,
p-1

n=0
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Taking F(g) =u(x,r)— g(x. r) and F(uw) = u(x,r) —g (x,r) ,with the aid of eqns.(6-7) and after equating powers

of p, yields
{ga (x,7) =g(x,7)
u(x,m) =g (x,7)

U (6, 7) = f kCr, ©)Hy (8, )t
a

X
Upsq (x,7) =f k(x, t)H,,(t, r)dt

where the Hn’s are the so-called He’s polynomials [9] which can be calculated by using the formula

Hp (t.r) = Hn(Eo:Elvﬁz: ) = ﬁa((zr’ uk)q)p 0

o (1) = Ho T T Ty ) = ((Zp )=

In the same way the homotopy method can be explained for the fuzzy Fredholm integral equation.

6. Description of the New Method
The main goal of this section is to present a modification of MHPM based on Hermit polynomial and a parameter
depended on the HPM. To realize our goal, we first reconfigure Eq. (3) as follows:

Y1) = Do B (6 7) = S B G, 7) + g, 1) + [ k(O y (¢, )]0t
9)

N N b
T = ) P (ir) = D BunCir) + ) + | kCuOLT (6 rlede
m=0 m=0 a

By using the HPM, we let

( N
F(u) =u(tm) = ) Brnwn(x,1)
N
|F(® =T - mzzoﬁmam (1)

So a new convex homotopy perturbation can be define as follow:

N b
Hg(w,p) = ulx,m) — pg(x,r)+(@—-1) [Z Bmwm (x, 7”)] - Pf k(x, £)[u(t.r)]%dt =0 (10)

N b
Hg(u,p) = u(x,7) —pgx,m)+ (@ —-1) [Z B @m (X, T)l - PJ- k(x, Ou(t.r)]9dt =0 (11)

where f = [f,,] and S, .m = 0,1,2, ... N are said to be accelerating components of the parameter, and
{Q(x,r) = [wn(x,7)]

@(x,7) = [0y (x,7)]
are selective functions taken from Hermite polynomials .

=012, ..N

7. Numerical Examples
In this section, three examples were considered to explain the new method of solving fuzzy integral equations.
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Example 1: Consider Fredholm fuzzy integral equation with
g(x,r) =3(@? —-2))(9x2 —10) + x3(r> + 2r) —r(r* + 2)(3x2 + 2)
90,1 =30?-2)(3x2+2) —x3(3r2 —6) —r(r* + 2)(9x% — 10)
and kernel k(x,t) =3(2—-t?+x?) 0<t ,x<2anda=0 ,b=2.
The exact solution in this case is given by
y(o,r) = x3(r® + 2r)
y (x,7) = x3(6 — 3r?)
We apply Hg (u, p) method for upper and lower case respectively to approximate the solutions. We will choose in
this example, w,(x,r) = rH;(x) = 2rx and w,(x,7) = rH;(x) = r(8x3 — 12x) for lower case.
The homotopy equation, Eq. (10), becomes
Hp(u,p) = u(x,7) —p rg(xr + @ —1) 2frx + pyr (8x3—12x))—p foz 32— 2+ xH)[u(t,M]dt =0 (12)

with the aid of eqns.(7-12) and after equating powers of p, yields
" us(x,7) — (2Berx + fy7 (8x° — 12x)) = 0= we(x,7) = 2ferx + 8fyrx® — 12f7x

2
priu (x,7) — g(x,1) + (2ferx + Bir (8x3 — 12x)) — f 32 = t? + x»ue(t,r)dt = 0
et g , el
= uy (x,7) = (60 — 307> — 2r° — 4r — 64rBy) + (1287 — 2Ber)x + (27r% — 54 — 3r° — 61 + 12fer + 24 1, ) x?
+(r® + 2r — 88;7)x3

2
p?u,(x, 1) —f 32—t +x%) u(t,r)dt=0
U . W

2
= u,(x,r) = f 32—t +x%) u,(t,r)dt
U2 ; Y

and in general
b

En"'l(xlr) =f Hnl(t,r)dt

a

So, to find B- and B, such that u; = 0, we should have

126, —2Br =0
271 =54 —3r5 —6r+ 12B.r + 24718, =0
kr5+2r—8,81r= 0

{60 —30r2 —2r° —4r — 64rB, =0

5
thus B = 6B, and B, =-— e

8r

Therefore, we obtain
vy, )=u(x,7) = 2forx + 8frx® — 12Brx = (r° + 2r)x3

which is the same as the exact solutions for lower case.

Now, we choose w; (x,7) = 72H; (x) = 2r®x and w,(x,7) = r3H,(x) =r3(8x3 — 12x) for upper case.
Therefore, Eq. (11) can be written:
Hp(w,p) =u(x,7) —pg(x,7) + (p — D(2B-r?x + Pir’(8x° —12x)) —p foz 3(2 —t? + x*)[u(t,r)]dt = 0

rearrange the above equation to obtain
P Us(x,7) — 2Br?x + Bir3(8x3 —12x)) =0
= w(x,r) = 2Fr’x + By7r3(8x3 —12x))

2
pt:u (x,7) —glx,7) + 2Br?x + Byr3(8x3 — 12x)) — f 32 —t%2+x?) u.(t,r)dt =0
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u; (x,7) = (6r% — 12 + 107° + 20r + 64p;73) + (12,73 — 2Br?)x + (9r? — 18 — 91> — 18r + 12B.12 + 24B,73)x?
+(6 —3r2 — 8B, r3)x3

2
pZ: ﬁz(x,r)—f 32—-t2+x%) u(t,r)dt=0

0
2
u, = f 3(2 —t?2 +x?) u,(t,r)dt
0
and in general

b
Tpr (6 1) = f Hy (6, 7)dt
a

Now we find . and 3, in such a way that u; =0, if u; = 0then u, =u; =---=0, and the exact solution obtained by
¥ (x,r)="u.(x,r); therefore for each values of x we have
|f6r2 —12 +107° + 20r + 648,73 = 0
128,13 — 2B1?2 =0
9r2 — 18 — 9r> — 18r + 12812 + 24,73 =0
| 6-3r2-8p,13=0

6—3r2

then S =6rf; and f; = o
Thus, the solution would be as follows:
¥ (x,7)= w(x, 1) = 2Br%x + Br3(8x3 —12x)) = (6 — 3r?)x5.

Example 2: Consider Fredholm fuzzy integral equation with
1
gx.r) = r(% X— 5)

_ 1 1
g(x,r) = (2 _T)(E X—§)

and kernel k(x,t) =x+t 0<x ,t<landa=0 ,b=1.Theexactsolution in this case is given by

Z(x, r)=r1x

y(r) =02 -r)x
The approximate solution can be obtained by the method Hp (g, p) method with w(x,r) = rH,(x) =2rx for lower
case.
Therefore, Eq. (10) can be written in the following form:

Hp(wp) = ulx,r) — prg(x ) + (p — D(2Pra) —p [{(x + Ofuen)]de =0 (13)

By the same steps as listed in example 1, one can get

p°:E(x, r)— 2frx =0= E(x,r) = 2frx

1 1 1
ptiu (x,7) — r(z X— 5) + 2Brx — f (x + Du.(t,r)dt =0
Lot . faed

= uy(xr) = (;ﬂr —%r) + <1r—ﬁr>x

1 1
p2uy(x,7) —f x+u(t,r)dt=0 = uy(x,r)= J- (x + u, (¢, r)dt
2 o hae' S -2 o hat'§
and in general

b
En+1(X,I') =J- Hnl(t,r)dt

Now we find 8 in such a way that u; =0, ifﬂ =0 then U =uz=---=0. Thus for each values of x we should have
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1
3

! =0
zr Br =

1
thus § = 3
So we have
y(x,7)=u-(x,r) = 2Brx = rx , which is the same as the exact solutions for lower case.

Now , we choose w(x,7) = 72H; (x) = 2r?x for upper case.
Therefore, Eq. (11) can be written as follows:

Hg(u,p) = u(x,r) —pg(x,r) + (p — D2Prx —p fol(x +[ult,r]ldt =0 (14)
with the aid of eqns.(7-14) and after equating powers of p, yields
P’ Ue(x,7) — 2Br?x = 0= U.(x,7) = 2pr?

1 1 1
Lo (xr) — (2 — e 2081r%x — u(t,r)dt =0
ptu () —( r)(zx 3)+ Brex fo(x+t)u(tr) t

_ 12 2 1 5
= ul(x,r)=(§r—§+§[3r )+(1—Er—ﬁr )x

P uy(x, 1) — f (x+)u(t,r)dt=0
0

= U (x,1) =f (x+t)u(t,r)dt
0

and in general
b

Ups1(X,1) =f H,,(t,r)dt

a

Now we find f in such a way that u; =0, if u; =0 then u, =u3 =---=0.Thus for each values of x we should have
1 2 N 2
373 t3FT =
1 1 2 _
> r—pfre=
thus = iz — 2 and the solution s :
r 2r

y (x,7)= w(x,7) = 2Brix =2 (riz — 5) r2x = (2 — r)x , which is the same as the exact solutions for upper case.

Example 3: Consider Volterra fuzzy integral equation with
22 3 _ 43 1 2, 2,1 1.
gx.r) =rx XCG I =Xt = o rxt Xt or— )

1
g, =2 —-1r)x —x2(§ rx3 ~3 rx? +Er_ﬁ)

and kernel k(x,t) = x?*(1—2t) 0<x ,t<xanda =0 ,b = 1.The exactsolution in this case is given by

Z(x, r)=rx
y(or)=2-r)x

we choose, w;(x,1) = rHy(x) = r and w,(x,r) = rH;(x) = 2rx for lower case.
The homotopy equation, Eq. (10), becomes
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Hﬂgm=z@ﬂ—p@®ﬂ+@—1M&%ﬂmm)—gﬁﬁﬂ—ZMMmﬂﬁ=0 (15)
0

now we substitute (7) into (15), we get

p E(x, r)—(Br+2Brx )=0= E(x,r) = for + 201X

pliug (1) — g 1) + (Bor + 2Byrx ) — fxxz(l — 28)us(t,r)dt = 0

0

11, . (1 LA 2 4
=>ﬂ(x,r)=(—[)’or)+(r—2[)’1r)x+(ﬁ—ﬁr)x + (B-r)x +(§r—1+ﬁ1r—ﬁor)x +(§—§r—§,81r)x
pZiuy(x, 1) — fxxz(l —2t) u(t,)dt =0

22 . bt §

= u,(xr) = f x2(1 —2t) u(t,r)dt
a2 . Lo §

and in general

b
Up (1) = f H,,(t,r)dt

a

So, to find B- and B, such that u; = 0, we should have

—pr=0
r—=26r=20

LI S

12 12~

por=0

1
Er—1+,81r—,8°r=0
4 2 4

3737 "3hr=0

thus fo=0 and f; = %
Therefore, we obtain
Z(x, )= E(x,r) = Bor+ 20;rx =1Xx

which is the same as the exact solutions for lower case.

Now, we choose w; (x,7) = r?Hy(x) =r% and w,(x,r) = r?H,(x) = 2r?x for upper case.
Therefore, Eq. (11) can be written in the following form:

Hg(@,p) = u(x,m) = pg(x,7) + (p = D(Br? + 2B72x) — p [ x*(1 = 20)[u(t, 7)]dt = 0

we have
P u(x,r) = (Br? + 2B;7%x) = 0
= U(x,7) = Lor? +26,1%x.

pt: uy(x, 1) —glx,7) + (Bor? + 2B,7%x) — fxxz(l —2t) w.(t,r)dt =0

_ 1 1 1 2 4
(1) =(—PrH)+Q2—-r—2p7H)x + (E - Er) x2 + (Br?)x® + (Er + Byr? — ﬁorz) x* + (—gr - §,I>’1r2)3c5

X

P uy(x,7) —j x2(1—2t) u,(t,r)dt =0
0
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X
u, =f x2(1—2t) u,(t,r)dt
0

and in general

b
Tpra (1) = f Hy (£, 7)dt
a

Now we find - and B; in such a way that u; =0, if u; =0then u, =u; =---=0, we should have
( —ﬁor =0
2—-r—=2B1%=0
1 1 _o
12 12"~
{ Br=0
1
STt pir? —Br2=0
2 4 )
- §7’ - §,81r =0
2-r
then fo=0 and pB; = Py
Hencey (x,7)= u.(x,7) = (B 7% + 2B,7%x) = 0 + 2r? (22%) x = (2 — r)x , which is the same as the exact solutions

for upper case.

8. Conclusions

New perturbation algorithm was proposed coupled with the homotopy approach with the aid of Hermite polynomials
for solving both Volterra and Fredholm fuzzy integral equations. In this method, a new homotopy Hg(u,p) was
erect where f = [f,,] representa parameter depended on HMP. This parameter accorded fast convergent rate
where only one iteration leads to exact solutions. This method realizes accurate results which are illustrated
throughout some examples.
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