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1- Introduction

The hook representation modules of the symmetric groups have been given first in 1971 by M. H. Peel in [1], and
later in 1975 in [2]. In 1977 M.A. Eyad presents in [3] the analogues of some results in [1] and [2] for the Weyl
groups of type Bn. In 1997 F.N. Jinan in[4] present the analogues of more result in the symmetric groups for the
Weyl groups of type Bn.

The purpose of this paper is to prove the sequences of FWs - pair of hooks representation modules are exact and
split. When F is a field of characteristic 3.

8
0 > Ug > N ', Mg — O

h ¥
0 > UF > N7 » Mf — 0

2- The Weyl group W,

Let x4, ..., Xn be independent indeterminate over a field F of characteristic p where (p=0 or prime number not
equal to 2).let W, be the set of all bijection mapping w from the set {* xi, ..., + xa} to itself such that w(-x;) = -
w(xi), i=1,..,n. The pair (W,, o) forms a group known as the Weyl groups [4]. The elements w of W, is called a
permutation and can be represented as

w = X1 . Xn - X1 . -Xn
w (X1) ... W (Xn) -w (X1) . -W (Xn)
The order W, is denoted by | W, | which is equal to 2n!.

3-The group algebra FW,
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Let F[x4, ..., Xa] be the set of all polynomials in x3, ..., xn with coefficients in the field F , any permutation w € W,
can be write as a one mapping from F[xy, ..., Xn] onto F[xy, ..., Xn] by defining wf(xy, ..., xn) = f(wxy, ... ,wxa) for
each Polynomial f(x1, .. , Xn) € F[X3, ... , Xn]. That is w changes each variable x; by the variable w(x;) in each
polynomial f(xy, ..., Xn) € F[X1, ..., Xa]. Now since cf(xj, ..., Xn) € F[X1, ..., Xa] for each polynomial f(xy, ..., xa) € F[x3,
..., Xn] and for each c€ F, then the multiplication of a permutation we W, by a scalar c€ F is a function cwf(xy, ...
, Xn) = cf (WX1, ..., wxn) foreach f(xy, ..., Xn) € F[X1, ..., Xn].

Let FW, be the set of all c-linear combination of the permutations w; € Wn , i.e. FW,={Z c¢i wi / ci€ F}.

4- Example

Let Z; be the field of integers modulo 7 and let

flxy, 300,50 = xPxd + deyxf +xfxfx? e Z; [k %, %]  and let wy = (% —=x;)and wy = (%, x; — %) which
belong to W; and let ¢; = 3 and c; = & which belong to Z- . then

(cawy + cqwy) (flxy, 3, %3))

= 3':3‘51. - x::]{ ffxl,x:,x!:]} +60 xm - xz]{ ffx,_, x:,x!:]}
= 3(6xfxd + 3 xd +xfxfxd) + 6(xixd + 4xoxf + xfxixd)
= dxixd + 2ot + 3xfxixiv6uixd + 3ol + 6xfxdud

= hfx:! + 2x, x-_,g + 2xfx§x§+ﬁx§x§ + 3x:xf € Z- [xl, x:,x!]

Finaly it be useful to introduce the following denotations:-

¢ i denotes to the monomial x; Xj Xk Xp Xq, where 1 <i<j<k<p<q<6 and{x}U{xi,x;,Xx,Xp ,Xq}=
{x1,X2,X3, X4, X5, X6}

In another word pr denotes to the monomial X1, X2, X3, X4, X5, X6 in which x; is omit, wherer € {1, 2, 3,4, 5, 6}.
* U, s denote to the monomial p, in which x; is of degree 3, where s € {], j, k, p, q}. note that pr x% =, s .
* L, 5« denote to the monomial p in which xs, xc are of degree 3 and 5 respectively, where s, t € {i, j, k, p, q}. note
that pr X2 X% = Ur, 5.t -
* s, Br,s,: denoted to the monomials X: X% and X: X%, X4 respectively, where s, t € {i,j, k,p,q} and {x} U {xi, xj,
Xk, Xp, Xq} = {X1,X2,X3, X4, X5, X6}

5- Partitions and tableaux

The pairs of partitions of the number 6 are

((6),()) (().(6))
(5D, 0)) (). 6G1)
((411),()) () (411))
(B1L11),()) ((),B1LL1))
(21151, ()) ((), (21111))
((1L,1,1,1,1,1),()) ((),(1,1,111,1))
((5), (M) ((1),(3))
((41),(1)) ((1), (1))
(L1, (1)) ((1),3B11))
((2111),(1)) ((1),(2111))
((1,1,1,1.1), (1)) (1), (L1LL1.1))
((4),(2) ((2),(4)
((31),(2)) ((2),31))
((211),(2)) ((2),(211))
((1,1,1,1),(2)) ((2),(1L1,11))
((4), (L) ((11),(4)
(31, [11)) ((1L1), (1)
(211, (1L1)) ((1L1),(211))
((1L,111),(11)) ((1L1D),(111,1))
((3),.3)) (21, (21)
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((3).(2)
((3),(1L11))
((21),(111))
((1,1,1),(1,1,1))

((21),03))
((1,11),(3))
(1L, (21)

¢ A row standard tableau is a tableau such that the variables

Occur in increasing order along the rows from left to right so there are exactly 30 row standard

tableaux corresponds to the pair of hook partition ( (4,1), (1) ).

X1 X2X3Xy X6 X1 X2X3X5 X¢ X1 X2X3X¢6 X4 X2X3X5X¢g Xy
X5 Xy X5 X/
X1 X2X3X4 X5 X1 X2X3X5  Xy4 X1 X2X3Xs  Xs X3X4X5X5 X
X6 X X4 X7
XiXoX4X5 X3 X;XoX4Xs X5 XjX2X5Xs X4 XoX4X5Xs X3
X6 X3 X3 X1
X1 X2X4X5  Xg X1 X2X4Xs X3 X1 X2X5X6 X3 X2X4X5Xs X
X3 Xs X4 X3

X,
X1 X3X4X5  Xg X1 X3X4X5  Xs X1 X3X5X65 X4 ~3Xg4X5Xs X
X X7 X2 X2

Xy
X1 X3X4X5 X2 X1 X3X4X5 X2 X1 X3X5X5 X2 -2 X3X5Xs X
X6 X5 X4 Xq
X1 X4X5X¢6 X3 X2X3X4X5 X6 X2X3X4X X5 X
X2 X7 X7
X1 X4X5X6 X2 X2X3X4X5 X X2X3X4Xs X
X3 X6 X5
Xl Xl Xl

6- FW¢ - modules

We are interesting in the following FWs - modules which we are dealing with in this paper.

(see [3], [5])

i- M!r and M? are the second pair of hooks representation modules corresponding to the pairs of partition (
(4,1), (1)) and ( (1), (4,1) ) respectively. M!; is generated over FWs by pes and consists of all polynomials in
X1,X2,X3,Xs,Xs,Xe Of the form:

2

l=si<jch<<p=g=6

q
2
M, E Cijkpas Xs »wWhere Gy pqs €F

=i
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M2 is generated over FW¢ by 3¢5 and consists of all polynomials in x1, X2, X3, X4, X5, X6 of the form:
q

2
E X, E Cijkpaqs Xs »Where ¢y ,qas €F

lzi<jshksp<=g=6& s=1
and {x:} U {xi, X, X, Xp, Xq} = {X1, X2, X3, X4, X5, X6}
ii- N1p and NZ are the third pair of hooks representation modules corresponding to the pairs of partition ( (3,1,1),
(1)) and ( (1), (3,1,1) ) respectively.
N1g is generated over FWe by s 4, 5 and consists of all polynomials in x1, X2, X3, X4, X5, X6 0of the form:
q q
Z u Z Cijkpas Xs Xt ,Where ¢ pqst € F

lzi<j<k<p<g=6 s=i t=1i

NZ2g is generated over FWg by 64,5 and consists of all polynomials in x1, X2, X3, X4, X5, X6 of the form:

Q qQ
E E E - §
Xr Cijkpas s Xt

1l=zi< jk<p<g=6 s=1i t=1i

t==
where ¢k pqst € Fand {x} U {xi, Xj, Xx, Xp, Xq} = {X1, X2, X3, X4, X5, X6 }-
iii- Ulpis the FW¢- sub module of the module N1, generated by ps (x21x%3 - x21x%;). and consists of all polynomials
inxi,X2,X3, X4, Xs, X of the form:
q q

E E E Z 4

Hr Ci,j,k,p,q,s X X¢
lzi<jak<p<g= 6 s=i t=i
t=s=s

=1
where Gy pqst € F,and E Cijkpqst — O

t=1

t=s
iv- U2 is the FW¢ - sub module of the module N2z, generated by x¢ (x21x*3 - x21x%,). and consists of all polynomials
inxi,X2,X3, X4, Xs, X of the form:

q q
§ E § 2 4
XEr CLj,k,p,q,s He X¢

1l=zi<j<hk<p<g=6&6 s=i t=1i
t=E s

where Cijkp,qst€F, {X} U {Xi, X, Xk, Xp, Xq} = {X1, X2, X3, X4, X5, X6}
q

and § Ciikpagst — O
t
it

i
=

#

7- Basis and dimensions of FW¢ - modules

eThe set:-

BY = {16, U15, M14, 1,3, U2, P21, M23, H24, K25, K26, M31, M32, 34, U35
y M36, U41, Ua2, U4,3, U45, Ua6, U51, U52, U53, U54, U56, He1, U622, U63
, Me4, Ues}

is F - basis of the module Mg, and dimg M1 = 30.
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eThe set:-

B2={B12, B13, P14, P15, Pis, P21, B23, P24, P25, Bzs, P31, P32, B34,
B35, B36, Pa1, Baz, Ba3, Bas, Pas, P51, Pz, Bs3, Bsa, Bse, Bei,
Bsz2, P63, o4, Bos}

is F - basis of the module M2¢, and dimg M2 = 30.

eThe set:-

Cl= {,u1,2,3 y M1,32, M1,24, U142, U1,25, U1,52, M1,26, U162, U1,34, U1,43, M1,35 M153, U136, U163, M1,45, U1,54, U146, U164,

Hi156, U165, U213, U231, U214, U241, U215, U251, U216, U261, U234, U243, U235, U253, U236, U263, U213,
MH2,45, U254, U246, U264, U256, U265, U312, U321, U314, U341, U315, U351, U316, U361, U324, U342, U325,
M35z, U326, U362, U345, U354, U346, U364, U356, U365, U412, M421, U413, U431, M415, U451, U416, U461,
H423, U432, U425, U452, U426, U462, U435, U453, U436, U463, U456, U465, U512, U521, U513, U531, U514,
Ms54,1, U516, U561, U523, U532, U524, U542, U526, U562, U534, U543, U536, U563, U546, U564, U612, H62,1,
Me6,1,3, U631, U614, U641, U615, H651, 623, U632, U624, U642, 625, U652, U634, U643, U635, U653, H645,

Ue,54}-

is F - basis of the module N1¢, and dimr N1z = 120.

eThe set:-

Cz= {ﬁ3,1,2 ’ ﬁ3,2,1 ’ ﬁ2,1,3 ’ ﬁ2,3,1 s ﬁ1,2,3 ’ ﬁ1,3,2 ’ ﬁ4,1,2 ’ ﬁ4,2,1 ’ ﬁ2,1,4 ’ ﬁ2,4,1 ’ B1,2,4; ﬁ1,4,2 ’ BS,I,Z s 35,2,1 s BZ,],S s 32,5,1 s BI,Z,S s 31,5,2 s

Bs1.2, Be21, P16, B261, Pr26 Prez, Po13, Pas1, B34, P34, B134, P143, P53, Bssi, B315, B3si, Pr3s P53,
Bs13, Bs31, P3is, P3s1, Pr3es, Bres, Psia, Psat, Pais, Bast, Pras P15, Bera, Beat, Pars, Pasi, Bras, Pres,
Bs15, Bss1, Pras, P54, Bsi4 Poa1, Pais, Pasis Bras, Brss, Psis, Bssi, Bsie, Bse1, Buse, Pres, Pazs B3z,
B324, P342, P243, 234, P523, B532, B325, P352, P253, B23s5, B524 Bsaz, Przs, Besz, Pzse, P245, Pez3, Pe3z,
B326, B362, B263, P36, Po24 Poaz, Pozs, Pasz, Pass, B2as, Pozs, Pssz, Psze, Bsez, P65, Bzse, Psz4 Bsas,
B35, P53, B354, B3as, Pesse, Psa3s, Pazs, Pas3, Bass, Paas, Ps3s Pssz, Bsze, Psez, Bass, P3se, Psas, Pesa,
Bs46, Bsea, Bass, Pasel

is F - basis of the module N2g, and dimr N2 = 120.

eThe set:-

Di= {uy(X{X3 — XiX3), us(Xi¥3 — XiX3) ,  ps(Xi%3 — X1%3)
us(X1Xg — XiX3) ,  ps(XiXs— XiX3) ,  ue(X1Xs — Xi%3),
ps(x3xs — xixs), s (%5xs — x3%5) us(x3x: — x2xd),
s (%1%g — X1%3) wa(Xi%g — Xix3) us(X{%g — X{x3),
i (%3%5 — X3%7) us(%3%3 — X3%7) U (%3%3 — X3x3),
ws(X3%5 — XIXY),  ps(R3x{ — xIXY) , pe(xIX§ — x3x3),
ua(X3XE — XIXY),  ma(EiNg — xIXY), pe(x3xg — xixj),
ws(X3%g — XIXY),  wa(S3¥g — XIXy) ,  us(XI¥g — X3Xy),

2.4 2.4 2.4 2.4 2.4 2.4
Pa(¥3Ey — X3Xq), Ps(¥3¥y — X3Xq) , Yo (¥3Xy — X3Xy),
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Ho(X3¥s = X3X1),  ps(XaXi < XgXY) ,  ue(¥3Xg — X3Xj),
Ho(x3¥s — X3X{),  pa(¥3Xs < X3XY) ,  Me(¥3Xs — X3Xj),
ue (X3%2 — X3X7) na(X3%E — X3X3) us(X3%E — X3X3),
us (x5%35 — Xixy), us(x5%3 — Xixy) He (%55 — XixXY),
He(xi¥s — XGX{),  ps(XEXs — XEXY) , Me(¥5Xs — XiX{),
ue (X3%g — X3X1) us (X3%g — X3X) us(X3%g — X3X7),
;13(}{&:{1‘.’ - xéxf} ) m(xéx? — xéxf) ) yé(xéxi‘.’ - xéxf),
yz(xéxg - xéxf) ) m(xéxg — xéxf) ) ye(xéxg - xéxf},
,llz(XEXg - xéxf) ) yg(xéx;’ — xéxf) ) ye(xéx;’ - xéxf},
we(xdxg — xixi),  ps(xixg— xIx)) . ma(xgxg — xIxY),
us (X33 — XGXi) ue (XG5 — XgXY) us(Xg¥X; — XgX3),
pe (X3 — XiXy) pi(Xe¥g — XEXY) us(Xe¥g — XEXY),
ue (XE%5 — XZXP), us (%55 — XEX) us (XEX5 — XZX3),
ne(xixs — xgxi),  ps(xExE— XEX]),  ma(xgxg — Xgxy),
(1% = X3X5),  pe(xiXE— XIXY),  we(¥{Xg — Xxg),
wi(3EE = X3X5),  w(k5XE— XIXY),  wi(¥3XE — X3x5),
i (X3XE — x3x%3) ui(x3%3 — x3x3) , wi (R3%E — X3X3),
i (X5%; — Xix3), ui(%3%3 — X3%3) wi (X5%g — Xix3),
w(dxg — x3xg),  pi(xdxg— xEx3) . mi(xgxg — X2xy),
wi(Xe¥3 = XgX3),  w(¥eXs— XgX3) ,  u(xixi — xix3)

is F - basis of the module Ulf, and dimr Ulr = 90.

eThe set:-
Di= fu(x1%; — X{%3) , Xs(X{Xg ~ X1X3) ,  x(X{Xg — ¥i%3),
X(X{X = Xi%3) . w(KIE T KX, % (GE %K),
xdxfxé — 1!':%1!':1‘.1 , m(xfxg — xfxi‘.}) , xs(xfxg — 1!':%1!':1‘.1 ,
(X% T KXY, x(5Xg T X%, xs(¥i¥ — X{Xp),
xa(X3%3 — X)), xs(5X3 T XKD, xe(¥3%g — XXy,
x(X2%X5 = X3¥p),  xs(XS T XXy, x(%pE;— X)),
xﬂxfxé — xgxf) , X4 (:':22:':5‘1 — xfxf) , xdx%xé — xzzxf),
(%05~ X3¥1),  x(GE T XXy, x(¥3E — %K),

2.4 2 2.4 2.4 2.4 2.4
Xq(¥3gXy — X3Xy), X5 (¥3Xy — X3Xy) Xs(¥gXy — HgXy),
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x(X3%X5 < X3¥p),  xs(RXS T X3XD) L x(%aE — XXj),
xZ(xazxg - xgxf‘) , X4 (}':32}':54 - xgxf‘) ) x6(x§xg - xazxf),
w(X3Xg — X3X{),  x(X3¥Xe — X3Xp) ,  xs(X3%E — X3xj),
w(X3%3 — xixD),  xs(xixs — xiXD), xe(xEX; — xix)),
x(X5X3 < X§¥D),  x(SX3TOXEXD) L (%R~ X3Xj),
xZ(xixg — xixf‘) , X3 (xixg — xixf‘) ) xdxixé — xixf},
0 (X% — XiX{),  x(xi%E — XiXD), xs(XEXE — Xix[),
xs(xix; — xix)), xe(xix; — xixd) X (XEx5; — XEXT),
x2(xixg — xIix)), xe(xixg — xIx) X (¥Ex%5 — XEXT),
xZ(xéxi - xéxf‘) , X3 (xéxg - xéxf‘) , xdxéxi - xéxf},
xZ(xéxg - xéxf‘) , X3(X§Xg - xéxf} p x4(x§xg - xéxf},
x(XeXy = XgXD),  xi(¥eXp — XgXY) ,  xs(¥eR; — XXj),
x(XeX3 — XgXD),  xi(¥eX3 T XgXD) ,  xs(¥e¥s — XXj),
X (XgXy — XEX{),  xs(XgX3— XgXp) ,  xs(XgXg — Xgxj),
xZ(xéxg - xéxf‘) ) X3 (xéxg - xéxf‘] , m(xéxé - xéxf},
R(E{XE— X{x3),  xixi-xix]), xEixi- xixj),
w (X35 — X3X3),  xi(xixf — xixd) ., x(X3xE— xix3),
X1 (¥3X5 — X3X3), Xi(%5%: — X5x%5) , X1 (X3%; — X3X3),
a(xixs — xix3),  x(xixi-xix), xixi— xix)),
X1 (xéxg - xéx?) ) X1 (xéxg - xéx?) , X1 (xéxg - xéxg),
a(X5Xs — XEX3),  xi(Xe¥s — XXa) xi(xixi — xix3)
is F - basis of the module U2, and dimr U2z = 120.
8- FWs - homomorphisms
We are interesting in the following FWgs -  homomorphisms throughout this paper.

(see [3], [5])
i- &: Nlf —* M1y , defined by:-

1 a*
& (Hroe) = o1 e (Hrse)-
k=1 K

= Hr.s

foralls,t, €{i,j, k p, q}, and {x} U {Xi, X}, Xk, Xp , Xq} = {X1, X2, X3, X4, X5, X6}

ii- W: N2g —* MZ%; , defined by:-
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1=
1 a*
¥ (Beed) = 37 D 3 (Beso)-
k=1 K

e
= Br,s

foralls, t, € {i,j, k p,q}, and {x:} U {xi, Xj, Xk, Xp, Xq} = {X1, X2, X3, X4, X5, X6}

9- Exact sequences:

Theorem (1):
The following sequence of FWs — modules is exact and split.
8 &
0 *Ulp * N1 * M1g *0
Proof: 0 is one - to - one map. (inclusion map)

Since Im ¢ = ¢ (N1f)
= (FWe He45)
=FWs ¢ (Ho45)
= FWs pea
= Mg
Thus ¢ is onto .

2.4 2.4 24 2_4
Now, & (ke (¥1¥3 — X1X3)) = ¢ (He (¥1%3 — Hg ¥1%3))

= (1) (H6,1,3 - IJ-6,1,2)
=¢ (Me13- P (Ke12)

=H61-He1=0
Furthermore ¢ [xfxg* - Xf X;) generates Ul
Hence Ulr c ker ¢
Also dimr ker ¢ = dimr N1 - dimr M1r

=120-30=90
= dimg Ulg
Hence ker ¢ = Ul

But Im 8 = Ul since 0 is inclusion map.
Therefore Im 6 = ker ¢, and the sequence is exact.

To prove that the sequence split, first define

FWs - homomorphism f: Mg —* N1; by :-

a
f(p,x2)= p, x2 Zx{“ , forallr,s.
t7s
wheres € {i,j,k,p,q},and {r} U {i,j, k p,q}={1,2,3,4,5, 6}
a
Then & f (1, x2) = b (i x2 > x)
tes

_ 2 a4 2 4 2 4 21
—q)(llrxs X5 + urxs *p +'-’l'rxs e urxs xd}
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= s + Hrs + Hrs + es where{a, b, c,d,s}={i,j, k p, q}
= HUr,s
= MUr Xg

Which proves that ¢f is the identity on M1z .
Therefore the sequence split. 0

Theorem (2):
The following sequence of FWs - modules is exact and split.
h W
0 * U2p * N2 * M2g *0
Proof: h isone - to - one map. (inclusion map)
Also Im W =W (N2%)

=W (FWs B6,4,5)

= FWs B4

=FWs pea

= M2;

Thus we need only to prove the exactness at N2g.

2 ik 2 ik _ 2.4 2.

W (Xg (X1X3 — X1X5)) = v (X (X1X3 X1X3))
=W (Bs13 - Ps1.2)
=¥ (Be13) - ¥ (Be12)
= B6,1- Bos1
=0

Furthermore Xg (XEX;" — XEX;‘ J generates UZg

thatis, U2 c ker¥

We prove the converse by counting dimensions
Dimp ker Y= dimp NZF - dimp MZF

=120-30=90
= dlmF UZF
Then ker W = U% , thatis:
Imh =ker ¥

Hence the sequence is exact.
Now as a first step to prove that the sequence split, define

FWs - homomorphism g: M2z —* NZ2; by:-

q
g(Br,s) = Br,s ZX;;L B forallr,s.
t=i

t #£=

wheres € {i,j,k,p,q},and {r} U {i,j, k p,q}={1,2,3,4,5, 6}

aq
Then W g (Brs) = W (Brx ) %)
=
t &=

=IP(BI',S X: + Br,s XI‘;.L + Br,s X:‘:L + Br‘,s Xi)

= Brs+ Brs + Prs + Brs where{a,b,c,d,s}={i,j, k p, q}
= Brs (since F of characteristic 3)

Which proves that W g is the identity on M2g.
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Therefore the sequence split. [
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