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1.Introduction

The notion of convergence is one of the basic notion in analysis. There are important type of convergence
theories used in general topology, which goes back to work of Cartan [3] in 1937, Willard [8] in 1970 and Bourbaki
[2] in 1989, is based on the notion of a filter, while the cannotation of B*c —open sets was introduced by Karim [4]
in 2018, which are dependent on the cannotation of (3 —open sets and that goes back its work to Abd El-monsef [1]
in 1983. Through the previous two concepts we were able to get some theories, properties and important relations
between them. We also in this work found some examples of some reverse cases that are generally incorrect.

2.Preliminares
Now, we introduce some elementary concepts which we need in our work.

Definition (2.1):[1]

Let (X, T) be a topological space. Then a subset A of X is said to be
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(i) B —open set, if A € cl (int(cl A)).
(ii) B —closed set, if int (cl (int A)) € A.
The family of all § —open (resp. f —closed) sets of a space X denoted by Bo(X) (resp. Bc(X)).
The complement of § —open set in a topological space (X, T) is called is § —closed set.
Theorem (2.2):[1]
Let (X, T) be a topological space. Then:
(i) Every open setis § —open setin X.
(ii) Every closed setis 3 —closed set in X.
Theorem (2.3):[1]
Let (X, T) be a topological space, then the following statements are holds:

(i) The union of 3 —open sets is § —open set.

(ii) The intersection of 3 —closed sets is 8 —closed set.

Remark (2.4):[4]

(i) The intersection of any two $ —open sets is not § —open set in general.

(ii) The union of any two 3 — closed sets is not § —closed set in general.
Definition (2.5):[4]

Let (X, T) be a topological space and A € X. Then a B -open set A is called a B*c —open set if for all x € Atheir
exists F closed set such thatx € F € A. Ais a B*c —closed set if A°is a B*c —open set, the family of all B*c —open
(resp. B*c —closed) set subset of a space X will be as always denoted by B*co(X) (resp. B"cc(X)).

Remark (2.6):
From definition (2.5) note that:
(i) Every B*c —open set is § —open set.
(ii) Every B*c —closed set is  —closed set.
Proposition (2.7):[4]
Let (X, T) be a topological space. Then:
(i) the union family of B*c —open setisa B*c —open set.
(ii) the intersection family of B*c —closed setis a B*c —closed set.
Remark (2.8):[4]
(i) The intersection of any two B*c —open sets is not B*c —open set in general.
(ii) The union of any two B*c —closed sets is not B*c —closed set in general.
Theorem (2.9):
Let (X, T) be a topological space and A € X. Then:
(i) y € B —cl(A) ifand only if for all  —open set N and y € N such that NN A # 9. [1]
(ii) y € B*c —cl(A) if and only if for all B*c —open set Nand y € N such that NN A # @. [4]
Theorem (2.10):
Let (X, T) be a topological space and A € X. Then:
(i) Ais a3 —closed setifand only if A = § — cl(A). [1]
(ii) Aisa B*c —closed setif and only if A = B*c — cl(A).[4]
Definition (2.11):[6]

Let (X,T) be a topological space and x € X. A subset N of X is called a § —neighborhood of x, if there exists V
a3 —opensetin X suchthatx € V € N.

The collection of all B — neighborhoods of x always denoted by Ng(x).
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Definition (2.12):

Let (X, T) be a topological space and x € X. A subset N of X is called a B*c —neighborhood of x, if there exists V
aB*c —opensetin X suchthatx € V C N.

The collection of all B*c —neighborhoods of x always denoted by Ng:.(x).

Definition(2.13):[7]

A function f: X — Z from a topological space X in to a topological space Z is said to be B —irresolute if f~*(4) is an
B —opensetin X for every 3 —open set A in Z.

Theorem (2.14):[7]

A function f: X — Z from a topological space X in to a topological space Z is 3 —irresolute if and only if for each
x € X and each 3 —neighborhood W of f(x) in Z, there is an 3 —neighborhood N of x in X such that f(N) € W.

Definition (2.15):

Let X and Z be two topological spaces. Then a function f: X — Zis called B*c —irresolute function if for all
B*c —openset A in Z, then f~1(A)is an B*c —open setin X.

Theorem (2.16):

Let X and Z be two topological spaces. Then a function f: X — Z is called B*c —irresolute function if and only if for
each x € X and each B*c —neighborhood W of f(x)in Z, there is an B*c —neighborhood N of x in X such that
f(N)cw.

Proof:

Let f: X — Z be an B*c —irresolute function and W be an B*c —neighborhood of f(x) in Z. To prove that there is
an B*c —neighborhood N of x in X such that f(N) € W. Since f is an B*c—irresolute then f~}(W) is an
B*c —neighborhood of x in X. Let N = f~*(W), then f(N) = f(f*(W)) € W and hence f(N) S W.

Conversely, to prove that f: X — Z is an B*c —irresolute function. Let W be an B*c —open set in Z. To prove that
f~Y(W)is an B*c —open set in X. Letx € f~1(W), then f(x) € W. Thus W is an B*c —neighborhood of f(x). By
hypothesis there is an B*c —neighborhood N, of x such that f(N,) €W = N, € f~1(W), for allx € f~1(W). Thus
there exists an B*c —open set U, of x such that U, € N, € f~1(W), forall x € f~1(W), thus Uxes-1w) Ux E frw).
Since f ' (W) = Uyer-1w){x} € Uxep-1w) Ux-Thus f 71 (W) = Uyep-1w) Uy , therefore f~'(W) is an B*c —open set
in Z. Hence f is an B*c —irresolute function.

3. 0n B*c —Convergence of Filters

In this section we introduce a new type of convergence namely, B*c —convergence of filters. Also, we give
examples and theorems about this subject.

Definition (3.1):[8]

Let X be a non - empty collection of a non - empty subset of a non - empty set X. We say that X is a filter on X if :
(i) F,,F, €%, thenF, NF, €.
(i) F, €eZand F, € F, thenF, € X.
Definition (3.2):[5]

A sub collection X. of a filter X on a non- empty set X is called afilter base if and only if each element of ¥ contains
some element of X..i.e. each F € X there is F- € % such that F- € F.

Remark (3.3):[5]

If %o is a filter base for a filter £ on a non — empty setX. ThenZ ={F € X: F. C F,for some F. € %.} is called
filter generated by Z..

Theorem (3.4):[5]
Let X+ @ and let . be a non — empty collection of a non — empty subset of X and

Y ={A cX,B S AforsomeB € Z. }. Then X is a filter on X if and only if for all C,D € X, there exists F € Z. such that
FcCnD.
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Theorem (3.5):[8]
LetX# @and @ # Y € X, if X is a filter base on Y, then X. is a filter base of a filter on X.

Definition (3.6):[5]

A filter £ on a topological space (X, T)is said to be convergent to a pointy € X (written £ — y) if and only if
N(y) € £. The point y € X is called a limit point of X, also, we say that y € Xis a cluster point of £ and it is denoted
by (2 « y)ifand onlyif FNV # @, forall F € £andV € N(y).

Remark (3.7):[5]
Let f be a function from a topological space X in to a topological space Z, then:
(i) If X is a filter on X.Then f(X) is a filter on Z having for a base the sets f(F), F € X.
(ii) If X is a filter base on X. Then f(2.) is a filter base on Z.
Theorem (3.8):[8]

Let f be a function from a topological X in to a topological space Z, y € X. Then f is continuous function if and
only if whenever £ = y in X, then f () = f(y) in Z.

Definition (3.9):

B
(i) A filter Z on a topological space (X, T)is said to be f —convergent to a point y € X (written £ — y) if and only if
Ng(y) € L.
B

B

Also, a filter X on a topological space (X, T) has y € X as 3 —cluster point (written Soy

each V € Ng(y).

) if and only if F € X meets

B*
(ii) A filter Z on a topological space (X, T)is said to be B*c —convergent to a point y € X (written £ -5 y) if and only
if Np:((y) € 2.

*

Also, a filter £ on a topological space (X, T) hasy € X as B*c —cluster point (written ZBoccy) if and only ifF € Z
meets each V € Ng=.(y).
Theorem (3.10):

A filter X on a topological space (X, T) has y € X as 3 —cluster pointif and only if y € N — cl(F), forall F € X.
Proof:

B

3oy & forall V€ Ng(y) and forallF € L, FNV # @.

& y€eB—cl(F), forall F € X.
< y € NP —cl(F).
Theorem (3.11):
A filter ¥ on a topological space (X, T) has y € X as B*c —cluster point if and only if y € NB*c — cl(F), forall F € X.
Proof:
B*c
Yxy

< forallV € Ng=.(y)and forallFEZ,FNV =@

< y € B'c—cl(F), forall F € X.
< y € NB*c — cl(F).
Theorem (3.12):

Let X be a filter on a topological space (X, T) and y € X, then:

(i)lfziy(zfcy)thenz—»y (2 o y).
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.. B B B*c B*c
(11)If2—>y(zo(y)then2—>y (Zocy)'

Proof:

(i) letx —B> ¥, then Ng(y) € Z. Since every open setis 3 —open set by theorem (2.2). Thus N(y) < Z, there fore X — y.

5 Ec y’ then for all F € ¥ and for all V € Ng(y), F NV # @. Since every open set is 3 —open set by theorem
(2.2). Thus forall F € X and forall V € N(y), FNV # @. Therefore £ « y.

Now, let

B
(ii) let X — y, then Ng(y) < Z. Since every B*c — open set is 3 —open set by remark (2.6). Thus Ng-.(y) < Z, there

B
fore T —> y. Now, let 5 f( y’ then for allF € X and for allV € Ng(y), FNV # @. Since every B*c —open set is
B —open set by remark (2.6). Thus for all F € X and for all V € Ng«.(y), F NV # @. Therefore ZBoccy .

The converse of theorem (3.12) is not true in general. The following example showing that

Example (3.13):

(i) Let X = {a,b,c} with T = {@, X, {a, b}}, then Bo(X) = {0, X, {a}, {b}, {a, b},{a,c},{b, c}}, let L = {X, {a, b}} be a filter
on X, since N(a) = {X,{a,b}}, then N(a) € %, thus X converges to a. Since Ng(a) = {X,{a},{a,b},{a,c}}, then
Ng(a) ¢ Z, therefore X is not § —converges to a.

Also, B*co(X) = {9, X}, since Ng-c(a) = {X}, then Ng+.(a) < %, thus £ B*c —converges to a. But Ng(a) ¢ Z, therefore X
is not B —converges to a.

(ii) Let X = {a, b, c,d} with T = T4 , then
Bo(X) = {0, X,{a}, {b},{c},{d}.{a b}.{a c}{a d},{b,c},{b,d},{c,d}{a, b,c},{a b,d},

{a,c,d}, {b,c,d}}, letZ = {X,{a},{a, b}, {a,b,d}} be afilter on X, since N(d) = {X} = X « d.
Since Ng(d) = {X,{d},{a, d}, {b,d},{c,d},{a, b,d},{a,c,d}, {b,c,d}}, thus X is not B —cluster to d.
Since {d} n {a,b} = 0.

B*c

Also, B*co(X) = {@, X}, since Ng+.(d) = {X} = S o d

Remark (3.14):

Let (X, T) be a topological space and let X be a filter on X. Then the limit point and B*c —limit point of the filter £
are independent in general. Also, the cluster point and B*c —cluster point of the filter X are independent in general.

Example (3.15):

(i) Let X = {a, b, c} with T = {@, X,{a}, {c}, {a, c}}, then Bo(X) = {@, X,{a}, {c},{a, c},{a, b}, {b,c}} and
B*co(X) = {0, X,{a, b}, {b, c}}. LetT = {X,{b},{a, b}} be a filter on X. Since N (b) = {X}, thus £ converges to b.
But X is not B*c —converges to b, since Ng+.(b) = {X, {a, b}, {b, cand Ng-.(b) ¢ Z.

Also, since Ng+.(a) = {X,{a, b}}, thus L B*c —converges to a. But X is not converges to a,

since N(a) = {X,{a},{a, b},{a,c}}and N(a) ¢ X.

(ii) In (i) note that, since Ng+.(c) = {X, {b, c}}, thus £ B*c —cluster to c. But X is not cluster to c,
since N(c) = {X,{c},{a,c},{b,c}}and {c} n {b} = @. Also, let £ = {X, {a}} be afilter on X. Note that, since
N(b) = {X}, thus Z cluster to b. But X is not B*c —cluster to b, since Ng+.(b) = {X,{a, b}, {b,c}}and {a} n {b,c} = 0.

. But 2 is not B —cluster to d. Since {d} n {a} = ©.

The following two diagrams showing the relation of among type points.

Limit point Cluster

AR

B —limit point L B*c —limit B —cluster

*c —cluster
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diagram(1) diagram(2)
Theorem (3.16):
Let X be a filter on a topological space (X, T) and y € X, then:

B
Ty

B*c
Txy’

@iz —B> y then

B*c
(ii) If X — y then
Proof:

(i) letX —B> y, thenNg(y) €%, thusFNV€EZ, for allV € Ng(y) and for allF € Z. SinceXis a filter onX, thus

FNV = @forall Ve Ng(y) and forall F € £, Therefore 5 5 y'

B
(ii) let X = y, then Ng«.(y) € Z, thusFNV € Z, for all V € Ng:.(y) and for all F € X. Since X is a filter on X, thus

FNV=0@forallVe Ng«(y) and forall F € %, Therefore Socy’

The converse of theorem (3.16) is not true in general. The following example showing that
Example (3.17):
(i) Let (R, Ty) be the usual topological space where R be the set of all real numbers and £ = {A € R:[—1,1] € A}

be a filter on R, then 5 E 0 but X is not  —converges to 0. Since (—1,1) € Ng(0), but (—1,1) & X.

B*c

(ii) In example (3.15), let = = {X, {a, c}} be a filter on X. Note that, since Ng:.(a) = {X, {a, b}}, then T xa

not B*c —converges to a. Since {a, b} € Ng+.(a), but {a, b} ¢ X.
Theorem (3.18):

Let X be a filter on a topological space (X, T) and y € X, then:

but X is

(D) Itz —B> y, then every filter finer than X also 8 —converges to y.

B*c
(ii) If ¥ — y, then every filter finer than X also B*c —converges to y.
Proof:
Itis a Obvious.

The converse of theorem (3.18) is not true in general. The following example showing that

Example (3.19):

(i) Let X = {a,b}with T = {@, X, {a}} ,then Bo(X) = {9, X, {a}}. Let X" = {X,{a}} and X = {X}. Since Ng(a) = {X, {a}},
then Ng(a) < X', thus X' is f —converges to a. But £ € ¥’ and ¥ is not § —converges to a, since Ng(a) ¢ Z.

(ii) Let X = {a,b,c} with T = {0, X, {a}, {c}, {a, c}}, then Bo(X) = {@, X, {a},{c}, {a,c},{a, b}, {b, c}}
and B*co(X) = {0, X,{a, b}, {b,c}}. LetX' = {X,{a, b}} and £ = {X}. Since Ng+.(a) = {X,{a, b}}, then Ng-.(a) € ',
thus X' is B*c —converges to a. But £ € 2’ and X is not B*c —converges to a, since Ng+.(a) ¢ Z.

Definition (3.20):

B
(i) A filter base Z- on a topological space (X, T) is said to be § —convergence to y € X (written X. — y) if and only if
the filter generated by Z. f —convergent toy. Also, we say that a filter base Z. hasy € Xas 38 —cluster point

(written Ec y) ifand only if each F. € Z. meets each V € Ng(y).

Yo

B+
(ii) A filter base Z- on a topological space (X, T) is said to be B*c —convergence to y € X (written 2. = y) if and
only if the filter generated by X. B*c —convergent to y. Also, we say that a filter base %. has y € X as B*c —cluster

point (written E( y) if and only if each F. € Z. meets each V € Ng-.(y).

Yo
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Definition (3.21):

Let X. be a filter base on a topological space (X, T) and y € X. Then:
(i) A point y is said to be f —adherent point of X. if y € § — cl(F.), for every F. € X..
(ii) A pointy is said to be f —accumulation point of X. if y € NP — cl(F.), for every F. € X..
(iii) A pointy is said to be B*c —adherent point of X. if y € B*c — cl(F.), for every F. € X..
(iv) A pointy is said to be B*c —accumulation point of X. if y € NB*c — cl(F.), for every F. € X..

Theorem (3.22):

A filter base Z. on a topological space (X, T) is B —convergence to a point y € Xif and only if for each V € Ng(y),
there is Fo € X. such thatF. € V.

Proof:

B B
Given X. —y, then a filter generated by Z. and £ - y. Then Ng(y) < Z, hence for each V € Ng(y), V € Z thus
there is Fo € %. such thatF. C V.
B B
Conversely, to prove that ¥. — y i.e., X be afilter on X generated by Z. with £ - y. Let V € Ng(y) then by hypothesis,
there is F. € X. such that F- € V. Since X is a filter on X, then V € £. Hence V € X and Ng(y) < Z, therefore Z. E> y.
Theorem (3.23):

A filter base X.on a topological space (X, T)is B*c — convergence to a pointy € Xif and only if for each
V € Ng+(y), there is F. € X. such that F. € V.

Proof:

B* B*
Given Z. 2 y, then a filter generated by X. and X = y. Then Np+.(y) € Z, hence for each V € Ng«.(y), V € X thus
there is Fo € %o such thatF. C V.
B* B*
Conversely, to prove that Z. —fy i.e. ,Zbe a filter on X generated by X. with X = y. LetV € Np+.(y) then by
hypothesis, there is F. € ¥. such thatF. € V .SinceXis a filter onX, thenV € £. HenceV € X and N:.(y) € %,
B*
therefore 5. — .

Theorem (3.24):

A filter X on a topological space (X, T) has y € X as a p —cluster point if and only if there is a filter X finer than X
which  —convergence to y.

Proof:

§
Txy
Ng(y)} is afilter base for some filter %" which is finer than £ and p —convergence to y.

Suppose that , then by definition (3.20.i) each F € £ meets each V € Ng(y). Then Y.={FNV:FEX,VE

Conversely, giveZ € X and X’ LS y, then ' L yand Ng(y) € 2. Hence each F € S and each V € Ng(y) belong to X',
Since ¥ is a filter, then F N V # @.

Theorem (3.25):

A filter I on a topological space (X, T) has y € X as a B*c —cluster point if and only if there is a filter X finer than X
which B*c —convergence to y.

Proof:

*

B*c
Txy
Np+c(y)} is a filter base for some filter " which is finer than £ and B*c —convergence to y.

Suppose that , then by definition (3.20.ii) each F € X meets each V € Ng:.(y). ThenX. = {FNV:FE X,V €
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. . B , B .
Conversely, giveX € ¥ and X = y, then £ —fy and Ng+.(y) € Z. Hence each F € X and each V € N+ (y) belong
to X' Since X is a filter, then FN 'V # @.

Theorem (3.26):

Let (X, T) be a topological space and A € X, y € X. Then y € B — cl(A) if and only if there is a filter X on X such that
A€EX andX E> y.
Proof:

Ify € B —cl(A), then ANV # @ for all V € Ng(y). Then . = {ANV:V € Ng(y)} is a filter base for some filter X.

The resulting filter contains A and Z E> y.
Conversely, [fA € £ and £ E> y, then Ng(y) € X. Since Zis a filter and ANV # @ forall V € Ng(y).
Thus y € f — cl(A).
Theorem (3.27):
Let (X, T) be a topologlcal space and A € X,y € X. Then y € B*c — cl(A) if and only if there is a filter £ on X such

that A€ X and X —>y
Proof:
Ify € B'c—cl(A),then ANV # @ for all V € Ng+.(y). Then Z. = {ANV:V € Ng«.(y)} is a filter base for some filter

B*
X. The resulting filter contains A and X = V.

B*
Conversely, IfA € X and X = y,then Ng(y) € X.Since Zis afilterand ANV # @ forall V € Ng-.(y).
Thus y € B*c — cl(A).
Corollary (3.28):

Let (X, T) be a topological space and A € X, y € X. Then:

(i) y € B — cl(A) if and only if there is a filter base Z- on X such that A € X. and Z —B> y.

B*
(ii) y € B*c — cl(A) if and only if there is a filter base X- on X such that A € X. and Z = Y.
Theorem (3.29):

Let f:X > Zbe a function andZ is a filter 2 on X,y € X. Then f is § —irresolute continuous if and only if

whenever £ E> yin X, then f (%) E) f(y)inZ.
Proof:

Suppose that f is B —irresolute continuous function and X E> y. To prove f (%) E>f(y) inZ. Let W € Ng(f (y)), since
f is B —irresolute continuous, then there is V € Ng(y) such that f(V) € W. Since X E> y, thenV € Z. But W € f (%),
B
thus f(Z) = £ ()
Conversely, suppose that the condition is holds, to prove that f is § —irresolute continuous. Let £ = {V:V € Ng(y)} is

a filter on Xand X L y. By hypothesis f () E>f(y) for each W € Ng(f(y)), we have W € f(Z). There is V € Ng(y)
such that f (V) € W.Thus f is f —irresolute continuous function.

Theorem (3.30):

Let f: X > Zbe a function andZ is a filter X on X, y € X. Then f is B*c —irresolute continuous if and only if
whenever —> vy in X, then f(Z) —> f(y) in Z.
Proof:
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Suppose that f is f —irresolute continuous function and X —> y To prove f(%) —>f(y) in Z LetW € Ng-.(f (¥)),
since f is B*c —1rresolute continuous, then there is V € Ng«.(y) such that f(V) € W. Since X —> y, then V € Z. But
W e f(2), thus f(2) —>f(Y)-

Conversely, suppose that the condition is holds, to prove that f is B*c —irresolute continuous. LetX = {V:V €

B* B*
Ng+(y)}is a filter on Xand X = y. By hypothesis f () —Sf(y) for each W € Ng+.(f(y)), we have W € f(Z). There
is V € Np+.(y) such that f (V) € W. Thus f is B*c —irresolute continuous function.

Theorem (3.31):

Let (X, T) be a topological space and A € X. A point y € Xis § —limit point of A if and only if A — {y} belongs to
some filter ¥ which  —convergence to y.

Proof:

Suppose thaty is f —limit point of A, thenA—{y} NV # @for all V€ Ng(y).Z. ={A—{y} NV:V € Ng(y)}is
a filter base for some filter X. The resulting filter contains A — {y} and Z E> y.
Conversely, If A — {y} € ¥ with X E> y,then A — {y} € £ and Ng(y) < Z. Since X is a filter. Then A — {y} NV # @ for all
V € Ng(y). Hence y is B —limit point of a set A.
Theorem (3.32):

Let (X, T) be a topological space and A € X. A point y € X is B*c —limit point of A if and only if A — {y}
belongs to some filter £ which B*c —convergence to y.

Proof:
Suppose that y is B*c —limit point of A, then A —{y} NV # @ for all V € Ng+.(y).Z. ={A—{y} N V:V € Np+.(y)} is

B*c
a filter base for some filter X. The resulting filter contains A — {y} and £ — y.

Conversely, If A — {y} € ¥ with X —f y,then A — {y} € ¥ and Ny-.(y) € X.Since X is a filter. Then A —{y} NV % @ for
all V € Ng+.(y). Hence y is B*c —limit point of a set A.

Definition (3.33):[8]

Let {h,:a € D} be a netin a topological space (X, T), £ is a filter generated by a filter base X. consisting of the sets
Ag ={hg:a=a,,a, € D}is called a filter generated by {h,:a € D}. i.e. , 2 = {A, S X: hyis eventually in A, }is
a filter base, X is a filter on X and it is called a filter associated with the net {h,:a € D}.

Theorem (3.34):

A net{h,:a € D}in a topological space (X, T) is 8 —convergence toy € Xif and only if a filter £ generated by
{hy:a € D} is 3 —convergent to y.

Proof:

A net {h,:a € D} is p —convergent toy € Xif and only if each V € Ng(y) contains a tail of {h,: a € D}, since the
tails of {h,: a € D} are a base for a filter generated by {h,: a € D}, the result follows.

Theorem (3.35):

A net {h,:a € D} in a topological space (X, T) is B*c —convergence toy € Xif and only if a filter X generated by
{h,:a € D} is B*c —convergent toy.

Proof:

Anet{h,:a € D}is B*c —convergent to y € X if and only if each V € Ng-.(y) contains a tail of {h,: a € D}, since the
tails of {h,: a € D} are a base for a filter generated by {h,: a € D}, the result follows.

Definition (3.36):[8]

Let X be a filter base on a topological space (X, T), for all F; ,F, € X, we put F; > F, if and only if F; € F,, then
(%.,>) is a directed set. For all F € X., define h: X. »U F, F € X. such that for all F € Z. take (fixed) hyz € F such that
h(F) = hg. Thus {hp: F € Y.} isanetin X and itis called a net associated with a filter base X..
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Theorem (3.37):

B
Let {hz: F € X.} be a net associated with a filter base X. on a topological space (X,T)andy € X. If%. -y,
B
then hg — y.
Proof:

Let X. E>y and V € Ng(y). Thus there is F. € 2. such that F. €V, then hg, €V, so hg €V for all F>F..
Therefore hg E> y.
Example (3.38):

LetX={1,2,3}and T = {@,X, {1}} beatopology onX. PutZ. = {1,3}and X = {{1,3},X},
Ng(1) = {X,{1},{1,2},{1, 3}}. Define h: 2. — {1,3} by h({1,3}) = 1, then his anetin X. Thus h E> 1, but Z. does not
B —convergence to 1, since {1} € Ng(1) but {1} & Z.

Theorem (3.39):

B*c
Let{hz: F € 2.} be a net associated with a filter base £- on a topological space (X,T)andy € X. IfZ. — y,
B*c
then hy — y.
Proof:

B*
Let %o —Sy and V € Ng+.(y). Thus there is F. € Z. such that F. €V, then hg, €V, so hg € Vfor all F > F..

*

B
Therefore hy — y.

Example (3.40):
LetX={1,2,3}and T = {@,X,{1},{3},{1,3}} be atopology on X. Put % = {1,2}and X = {{1 2},X3,

Ng-.(2) = {X,{1,2},{2,3}}. Define h: . - {1,2} by h({1,2}) = 2, then his anetin X. Thus h i 2, but X. does not
B*c —convergence to 2, since {2 ,3} € Ng+.(2), but {2,3} ¢ X.

Definition (3.41):[8]

Let Z. be a filter base on a topological space (X, T). PutD = {(y,F):y € F,F € X}, (D, =) is directed set by the
relation, (y,, F;) = (v, F,) if and only if F; € F,, so define a function h: D — X, by h(a) = h, € X, wherea = (y, F).
Then {h,: a € D} is called the canonical net (net based) of X..

Theorem (3.42):

A filter base Z. on a topological space (X, T) is B —convergence to a pointy € X if and only if the canonical net of
Y. is B —convergence to y.

Proof:

Let X. L3 yand V € Ng(y), then there is F- € X such that F. € V. Since F. # @, there is y. € F.. Picka, = (y-, F.),
then h, € Vforall a > a,. Therefore h, E> y.
Conversely, let h, E> y and V € Ng(y), there is a, € D such that h, € Vfor alla > a,. Thus there is F- € Z. and y- € F-
such thata, = (y.,F.). To prove F. €V, lety. € F.. Thena= (y,F) > (y.,F.) =a, thush, €V. HenceF. CV,
therefore X E>y.
Theorem (3.43):

A filter base X. on a topological space (X, T) is B*c —convergence to a point y € X if and only if the canonical net
of X.is B*c —convergence to y.

Proof:

B*c
Let . — y and V € Ng+.(y), then there is F. € Z. such that F. € V. Since F. # @, there is y. € F.. Pick a, = (y-, F),
B*c
then h, € Vforalla > a,. Therefore h, — y.
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B*
Conversely, Let h, = y and V € Ng=.(y), there isa, € D such thath, € Vfor alla > a,. Thus there is F. € . and
y. € Fo such thata, = (y-,F.). To prove F. €V, lety. € F.. Thena = (y,F) = (y-,F.) = a,, thush, € V. Hence F. € V,

B*c
therefore . — y.

Corollary (3.44):
A filter base X. on a topological space (X, T) hasy € Xasa:

(i) B —cluster point if and only if the canonical net on %- has y as a § —cluster point.
(ii) B*c —cluster point if and only if the canonical net on X. has y as a B*c —cluster point.
Theorem (3.45):

A topological space (X,T) is B —Hausdorff space if and only if every [ —convergent filter in X has
aunique B —limit point.
Proof:

Let (X,T) be a  —Hausdorff space and X be a filter on X such thatX E) y and X E> z with y # z. Since X is
a B —Hausdorff space, then there is V € Ng(y) and W € Ng(z) such that VNW = @. Since X E> y thenNg(y) € X
and X E> Z then NB(Z) C . Since X be afilter, then VN'W # @. This is a contradiction, hence the result follows.

Conversely, to prove that X is a f —Hausdorff space. Suppose not, then there are y,z € X with y # z such that for all
V € Ng(y) and for all W € Ng(z), VN'W # @. Then Z. = {VNW:V € Ng(y) and W € Ng(z)} is a filter base for some
filter X. The resulting filter B —convergence at y and z. This is a contradiction, thus X is a § —Hausdorff space.

Theorem (3.46):

A topological space (X,T) is B*c —Hausdorff space if and only if every B*c —convergent filter in X has a unique
B*c —limit point.

Proof:

B* B*
Let (X, T) be aB*c —Hausdorff space and Zbe a filter on Xsuch thatZ = yand X 23 withy # z. Since X is
-
a B*c —Hausdorff space, then there is V € Ng«(y) and W € Ng+.(z) such that VAW =@. Since X —Sy

B*c
then Ng:.(y) € X and X — z then N+.(z) S X. Since X be a filter, then VN W # @. This is a contradiction, hence the
result follows.

Conversely, to prove that X is a B*c —Hausdorff space. Suppose not, then there are y,z € X with y # z such that for all
V € Np«(y) and for all W € Ng+.(z), VN'W # @. Then X. = {VNW:V € Np+.(y) and W € Np+.(z)} is a filter base for
some filter X. The resulting filter § — convergence at y and z This is a contradiction, thus X is a B*c —Hausdorff space.
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